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We investigate a system of linear ordinary differential equations ‘¢ontaining point and integral loadings
with nonlocal boundary conditions. Boundary conditions incl@de integral and point values of the unknown
function. An essential feature of the problem is that thegk@enels, of the integral terms in the differential
equations depend only on the integration variable. It@is shewn that similar problems arise during feedback
control of objects with both lumped and distributed parameters during point and integral measurements of
the current state for the controllable object. The préblem statement considered in the paper generalizes a lot
of previously studied problems regarding loaded differential equations with nonlocal boundary conditions.
By introducing auxiliary parameters, we obtain necessary conditions for the existence and uniqueness
of a solution to the problem under considération. To solve the problem numerically, we propose to use a
representation of the solution to the original problem, which includes four matrix functions that are solutions
to four auxiliary Cauchy problems.3¥sing solutions to the auxiliary problems in boundary conditions, we
obtain the values of the unknown_function at the loading points. This is enough to get the desired solution.
The paper describes the applicafiion of the method using the example of solving a test model problem.

Keywords: integro-differential equation, system of loaded equations, integral conditions, conditions of existence
and uniqueness.
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Introduction

The paper studies the existence and uniqueness of the solution of nonlocal problems with respect
to systems of linear ordinary differential equations, which are pointwise and integrally loaded, and the
kernels of integral terms depend on one variable of integration. The nonlocal conditions are linear and
contain point and integral values of the unknown function. Such problems are also called pointwise
and integrally loaded and they arise in many practical applications [1-4|. The specific feature of the
integral terms in the equations is important for the proposed approach to obtaining the existence
and uniqueness conditions for the solution of the problem and for its both analytical and numerical
solutions.
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The paper describes an example of an optimal feedback control problem for a heating process,
which leads to the class of nonlocal problems considered in the paper. Feedback is carried out due to
point and integral measurements of the rod’s temperature, the results of which are used to form the
current values of the control action [5,6].

In the paper, it is shown that the considered class of nonlocal problems, by introducing new
variables, can be reduced to well-studied pointwise loaded problems with separated boundary conditions
[7-9]. But taking into account the significant increase in the dimension of the problem, such an approach
to the study of the original problem is not recommended.

The approach to obtaining the existence and uniqueness conditions of a solution to the problem is
used to a certain extent for the proposed method for solving the problem both in an analytical form in
case of a constant matrix of a dynamical system, and for a numerical solution with a variable matrix
of the system. We present a study and an analytical method for solving one illustrative problem using
the proposed approach.

1 Problem statement and its analysis

We consider the following system of pointwise and integrally loaded differential’ equations:

I
du(z
1) o) + 3 Bl
lo TLy+2j
+3 B [ GOYOERDE). o € ro.2) o
j=1 TLq+2j—1
with non-local conditions
Is I TLg+2j
Sau NS [ BOu©E = 2)
i=1 3=y, Taya
Here u(-) € R™ is an unknownig¢ontinuously differentiable function. There are: non-negative integers
l1,12,13,14; continuous n-ditemsienal square matrix functions A(x), B}(x), sz(ac), i = 1,2,... 1,
J = 12,...)ls, at x € [wo,wf], C](HJ) —at r € [-%'L1+2j—1;-%'L1+2j]7 7 = 1,2,...,1o, Bj<1') - at

T € [Tr,42j—1, 1,48, Jconintious n-dimensional vector function D(zx); n-dimensional vector 7; points
xi, 0 =1,2,..., LaNAfA =, Lo = L1 + 2y, L3 = Ly + I3, Ly = L3 + 214 from segment [zg, x| (some
of the indicated pointsymay coincide), and it is assumed that, without loss of generality, the following
conditions are satisfied:

Tri+2f = TLy4+2j—1, J=1,2,...,00, Tr,42j > Xpa40i-1, J=1,2,...,14.

In the problem, it is required to find a continuously differentiable vector function u(-) € R™ for
x € [xo,xy], satisfying the system of pointwise and integrally loaded differential equations (1) and
nonlocal conditions (2), containing point and integral values of the unknown function.

An essential feature of problem (1) and (2) is the dependence of the integrands in equation (1) on
one variable of integration. For example, optimal feedback control problems lead to such a problem [5,6].
In particular, the control synthesis problem for the heating process of a rod with the length d in the
furnace, which can be described by the boundary value problem for the parabolic equation:

ué(az, t) = C"QUZ? ($7 t) + :U'(x) [19 (t) — u(a:, t)] (3)
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with some initial and boundary conditions

u(z,0) = p(x), z €10, d], n
ﬁugc)y, t) _ p [9(t) —u(0,t)], ¢t €10,T7, -
8u({(9i, t) = —up [9(t) —u(d,t)], t €[0,T]. ©

Here u(z,t) is the temperature of the rod at the point = at the moment ¢, x € [0,d], t € [0,T];
p(x); o(x), a, py are the specified functions and process parameters; ¥(t) is a control function that
determines the temperature inside the furnace. There is a certain optimality criterion characterizing the
choice of control ¥(t). Assume that the given points z; and segments [Z2;_1, Z2;] of the rod, we take the
point u(z;,t), ¢ = 1,2,...,l; and integral u(z,t),x € [Toj—1,T2;],7 = 1,2,...,lo measurements of the
temperature. The measurement results are used to form the current temperaturg value in the furnace
(feedback control) in the form of the following relationship

Zklz «Tz; +Zk2j / ﬁ] 5 (7)

IQ] 1

Here the given functions f;(x),x € [x2j_1,x2;] areeweighted, the constant coefficients ki, ko ,
i=1,2,...,1;, are the optimizable feedback parameters|5,6].
Substituting expression (7) into equation (3) andyusihg the difference approximation of the derivatives

with respect to ¢

Ou(z,ts)  u(z, t— ufr,ts—1)
8t - ht + O(ht)’

we obtain the following system of loaded differential equations:

dPug(z
aoﬁiggg—) =g us(x) + az(x Z kyius(z;)

+Zkzj / Bi(Eus(©)dE| + fu(w), @€ (03d] , s=1,2,.i Ny (®)

232] 1

Conditions (4)—(6) can be written in the form

dus Zklzus 377, + Zk2j / 6] us d& - us( ) ) (9)

x2g 1
I Iy Taj
dug(d
D | (o) + 3y [ Bi©uslee )] (10)
i=1 =l gy
In (8)—(10) the following notations are used: h; is the discretization step, up(z) = wu(z,0)

o(x), x € [0,d] , us(z) = u(x, ts), ts = shy, s =1,2,..., Ny, hy = T/Ntv ag = a’hy, ar(x) = 1+ az(x),
a2(x) = ht,u(w)7 fs(x) = usfl(w)'
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To determine the feedback parameters ki;, koj, ¢ = 1,2,...,11, j = 1,2,..., 13 using any first-order
numerical iterative optimization methods, first, it is required to construct formulas for the components
of the gradient of the objective functional in terms of the optimizable parameters, and second, to
numerically solve problem (8)—(10) for given current values of these parameters. It is clear that system
(8) can be easily reduced to the considered system of first-order differential equations (1) and (2).

Note that some special cases of problem (1) and (2) were studied earlier. When BJQ({L‘) = 0,
j=1,2,...,ls, we have a point-loaded system of differential equations, investigated in many papers,
particularly, in [2—4,7]. When le () =0,7 =1,2,...,l;, we obtain an integro-differential system of
equations whose kernels Cj(x) depend only on the variable of integration [10-18]. Conditions (2) also
generalize many other local and nonlocal conditions. Their particular cases are Cauchy conditions,
two-point and multipoint conditions, conditions of an integral type [4,19].

Problem (1) and (2), by introducing new unknowns, can be reduced to a two-point boundary value
problem for a system of point-loaded differential equations. Let’s show how it is done. We introduce

new n-dimensional variables ¥/ (x),j = 1,2,...,ls, satisfying the system of diffezential equations:
dd (z) .
W =Cj(z)u(r), Tri42j-1 <T < wri42), §= 12, Nglos (11)
19](33) :OTL; :ES-/EL1+2]'717 j:1727"')l25

where 0,, is the n—dimensional zero vector. System (1) will haveuly, peint loading:

l1 l2
du(x) :
= Al)u(z) + > Bl @)u(z) + > BUaW (1, 195) + D(z), x € [20, z4]. (12)
=1 i=1
By introducing new n-dimensional vectors w&), ji= 1,2, ..., 14, satisfying the system of differential
equations
dw’ () .
du =Bj(@)u(z), “Bpasoj 1 < <wpgy05, j=1,2,...,14, (13)
wj(x)zon’ ZL‘S:EL:H*ijlv j:1727"‘7l47
conditions (2) are reduced to thefmatlgipoint conditions
l3 l4 )
D u(rr, ) + Y w (@ry05) = 7. (14)
i=1 j=1

The order of the TFegilting linear system of loaded differential equations (11)—(13) is (lo 4+ l4 + 1)n.
Using the approach proposed in [8,9], multipoint conditions (14) can be reduced to separated boundary
conditions. To do this, each of the 2(l3+14+1) segments between all the points o, Tpppir &= 1,2,...,13,
Tpoiond = 1,2, ., lg, oy after their ordering, is divided into two parts. For each of the halves of
these segments between the points, systems of differential equations are introduced for new variables
corresponding to u(z), ¥(x), wi(z), i = 1,2,...,l1, j = 1,2,...,l3, but in different directions of
change of the argument x. As a result, we obtain a system of differential equations of the order
2(I3+ 14+ 1)(I2 + l4 + 1)n with two-point boundary conditions of the form (after individual scaling for
each segment and reducing them to segments of a unit length):

Alw(()) = AQ, Agw(l) = A4,
where Ay, As are the square matrices of size 2(l3 + 4 + 1)(l2 + l4 + 1)n; Ag, A4 are the vectors of the

corresponding dimension.
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Point-loaded equations with two-point and multipoint conditions have been studied well enough,
necessary and sufficient existence and uniqueness conditions of a solution were obtained for them in [11]
and [17], approaches to their numerical solution were proposed in [2,7,20]. Optimization and optimal
control problems, inverse problems in various formulations described by point-loaded equations we
investigated in [21-23|, numerical methods for their solution are described in [21,22].

Considering a significant increase in the dimension of the original problem (1) and (2), when it is
reduced to a problem with point-loaded differential equations with separated boundary conditions, the
use of the previously proposed methods both for study and their numerical solution is inappropriate.
This is especially true for optimization and optimal control problems that require multiple solutions
of problems of the kind (1) and (2).

Therefore, this paper studies the existence and uniqueness of solutions to problem (1), (2), and
also proposes an approach to solving that does not require an increase in the dimension of the original
problem.

2 Emistence and uniqueness conditions for the solution of problemwn(H) and (2)

Consider the following auxiliary system of differential equations:

ll . lg .
d i —j
1;5::) = A(z)u(z) + ; B}(x)A + ; B () A gDi&), x € [0, 7] (15)
with conditions (2). Here, XZ, XJ, 1=1,2,...,l1, 7=L1L2N..,l are arbitrary n-dimensional vectors,

the functions and parameters are the same as in equation ().
Under the accepted assumptions on the functionsyinvelved in the problem, the solution to system
(15) for an arbitrarily given initial condition

w(xo) = ug (16)

according to the Cauchy formula can be written as:

T

u(e) = lgfuh + F(o) [ FHOREE, o€ fov. ), (1)
xo
5 i lo _j
R(§) =) BION +)_Bj©X + D). (18)
i=1 j=1
Here, the n-dimensional square fundamental matrix F'(z) is a solution to the Cauchy problem
dF
da(:) = A(x)F(x), F(xo)=1In, € [zo,24], (19)

where I, is the n-dimensional identity matrix.
Let us introduce the notation:

F(2) = F(x) / FUOBNOE, i=1.2.... 1, (20)
F(z) = F(z) [FroB@d i=12 (21)
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Fl(x) = F(x) / FY(€)D(€)de. (22)

Then solution (17)-(18) of the system of differential equations (15) with an arbitrary given initial

—i  —~J
condition ug and the vectors A, A, i1 =1,2,...,l;, j=1,2,...,ly can be written as:

N
u(z) =F(z)ug+ Y _F ()X + Y F ()X + F'(a). (23)
i=1 j=1
i
Considering an arbitrariness of the n-dimensional vectors ug, A , A ;i =1,2,.... 011, j=1,2,...,19,

we require that they fulfill the following conditions:

Y74

A =u(xy), v=1,2...1, (24)

L
N GG uLZ---%\\' (25)

‘TL1+2;L71

TLi+2p

and conditions (2). It is clear that the total number of conditiéng’in (2), (24) and (25) is equal and
coincides with the total dimension of an arbitrary vectormu

1,2, 0L, j=1,2,.. I
— ~1 -2 lo
A =

2 —
: AL, A )T e Rbn,

i
- -1 15

Let us introduce the notation for vectors: A = (A , A T e Rhm,

A= (A,A) € RiHz)n,

“T” is the transposition sign.
From (24), taking into account (23), we obtain?
15 . lo . .
v 1 7 —~7 ~J 1
N =F(z)uo+ Y <@+ Fle)X +Fl(z,). v=12 .0 (26)
i=1 j=1
From (25), taking into acc @), for p=1,2,...,1ls, we obtain:
x
o E ho il

- W) |Fuo + Y F )3 + SO F o)X + o) | di 1)

—1

From conditions (2), taking into account (23), we obtain:

2 < Ay ~
> ai |Frppei)uo+ Y F (@rp)d + > F (wrya) X+ FHap,4) |+
i=1 s=1 j=1

I TL3+2j I i i lo s s
S / B | Fnyuo+ S F A+ S F A + Fl(n)| dn = 7. (28)
j: xL3+2]—1 =1 s=1

Relations (26)—(28) are systems of linear algebraic equations of an l1n, lon and n-th order, respectively,
i
with respect to the unknown n-dimensional vectors wg, A\, A ;i = 1,2,...,01, 7 =1,2,...,ls. The

total number of equations in these systems corresponds to the total number of unknowns: (uq, 7\, K) €
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R+t - After simple transformations and grouping, the resulting algebraic system can be reduced
to the form:

Giiug + Gioh + Gigh =Gy, i =1,2, ..., 1,
Ghyuo + Glph + G = Ghy, j=1,2,..., 1, (29)
Garug + G2 + GasA = Gy,
The matrix coefficients participating in (29) are determined from (26)—(28):
= Pla) e R
_1 i1 _i i+l _h

32 = <F (."L‘l), . F ({L‘l),F (iL‘l) —I,,F (:L‘l) L F ( ) = RnXlln

% - =2 Alz nx

l2n *
Giy=—FYz;) e R, i=1,2,. \
TL1+2j K b
Cy, = / C;(n)F(n)dn €

TL1+2j Ly
1 l1
Gy = Ci(n)F (n)dn, ; 77)F (ni)dn | € R™h™
TLy+2j—1
TLy+2j . TRy +25 - TLi+2j )
. — ~J— ~J
Gh=| [ coF wan.. GF Wi [ GmF tan-1,
TLq+2j—1 ©+2J 1 TLqy+2j—1
ZL1+2.7 TLy+2j5

%L n)dn, .., / C;(mF (n)dy | e R7ten,
J;L1+20 TLy+2j—1
IL1+2J 1
@ Ci(mF (n)dn € R2" §j=1,2,... 1,

xL1+2J 1
I3 1, FEat2
Ga1 =Y iF(xL,11) Z / Bi(mF(n)dn € R™",
i=1 xL3+2J 1
I3 ho g TLsr Lo
Ga2=) > F (xrypi)+ Y / Bj(n) ZF (n)dn € R™1™,
=1 s=1 i=lap, Ty i=1
l3 l2 —j l4 xL3+27 l2
G33 - Z Q; Z F (mL2+z) + Z BJ (77) ZF ( )dﬁ € RnXZQn
i=1 j=1 j:le3+2J_1 s=1
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L1425
ls 3127

l3
Gao=7—Y aiF (xL,pi) — Y / Bi(m)F*(n)dn € R™.
i=1 =10y b
From the solution of algebraic system (29), we determine the initial value of the unknown function
ug = u(xp), the point values

—1

A :u(xi),i:1,2,...,l1,

~J Li+25
and the integral values A = [ C)u€)ds, j = 1,2,...,15. This allows us to solve the
L1+2j—-1
Cauchy problem for the system of differential equations (15) instead of loaded system (1) with initial
conditions (16) without using nonlocal conditions (2).

Thus, the existence and uniqueness of a solution to problem (1) and (2) depends on the existence
i g

and uniqueness of the vectors ug, A , A , 1 =1,2,...,11,5 =1,2,...,ls, which arelgolutions of algebraic
system (29). This implies the following theorem.

Theorem 1. For the existence and uniqueness of a solution to problem (W), and (2), the rank of the
(I1 + l2 + 1)n -dimensional square matrix of algebraic system (29) mmst*Safisfy the condition:

1 b 1 Ly [
Gll .. Gll G21 “ee G21 G31

rank | Gl, .. Gy Gy, .. GBI = (L +l+1)n (30)
Gly .. GY Gl .. 0% G

It is clear that if the rank of the matrix in (30),is lgss than n, then algebraic system (29) may have
no solutions or have an infinite number of solutions depending on the rank of augmented matrix (29).
Consequently, original problem (1) and (2)wumay have an infinite number of solutions or not have them
at all, respectively.

The above approach to studyingfthe,existence and uniqueness of a solution to problem (1) and
(2) can also be used to solve thegpteblem. But, as can be seen from the above formulas, to find the
coefficients of the system of algebfaig'equations (29), it is necessary to have a fundamental matrix of
solutions F'(x) and its inversematrix F~1(z), z € [xg, x]. If the condition A(z) # const, x € [z, z]
is met, the construction of these matrices in an analytical form is not possible in practice, and using
numerical methodsgrequires,a’ large amount of computation and memory.

In the next sectign, we present an approach to the numerical solution of problem (1) and (2) is
presented that does not'require knowledge of the matrix F~!(z), z € [zo, zy].

3 Approach to the solution of the problem

Below, we propose an approach to solving problem (1) and (2) using auxiliary Cauchy problems for
linear systems of differential equations. For the numerical solution of the auxiliary Cauchy problems,
known methods and software packages can be used.

The proposed approach is based on the representation of solution (23) to auxiliary problem (15),
(16) and the Cauchy problems given in the following theorem.

Theorem 2. The solution of the system of differential equations (15) for arbitrarily given independent
i
initial condition (16) and n-dimensional vectors A , A ,i=1,2,...,01,j =1,2,...,ls, can be uniquely

1 —~J
represented as (23), if n-dimensional square matrix functions F(z), F' (z), F' () and vector function
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Fl(z), at = € [z, 2], are solutions of the corresponding Cauchy problems (19) and

dl;j(:x) — A@)F (2)+ BMx), Fla)=0, i=1,2 .0 (31)
dﬁdq;(x) = A(m)ﬁj(aﬁ) + Bj(x), ?’j(wo) =0, j=12,.,b, (32)
df;f”f) = A(z)F'(z) + D(z), F(z¢) = 0. (33)

Proof. According to Cauchy formula, the unique solutions to problems (31)—(33) are the functions

—1 ~]
F (z), F (x), F'(x), respectively, defined by formulas (20)—(22). These formulas involve the matrix
function F'(x), which is a fundamental solution to homogeneous systems withyrespect to (31)-(33)

1 ~J
and the unique solution to Cauchy problem (19). It is clear that the fungtionsek'(z), F' (z), F' (z),

i —~J
F1(x) are independent of the initial condition ug and parameters A , A\ =Bt the répresentation of the
solution to the system of differential equations (15) in the form (23), bywdrtie of Cauchy formula (18),

-t ~J

is unique for arbitrarily and independently given vectors ug, A ,Qmi=1,2,...,01, 7 =1,2,...,1s.

From the above, we can formulate the following approach te s61ving original problem (1) and (2).
_i
First, we solve auxiliary Cauchy problems (19), (31)#(33), After finding the functions F'(x), F (z),
~J
F (z), FY(z x), i =1,2,...,01, j = 1,2,...,ls, furbherytaking into account the arbitrariness of the

—1 ]

parameters \ | )\ yi=1,2,...,l1, 7 =1,2,..., %, upe R in problem (15) and (2), we require that
they fulfill condltlons (24), (25) and (2). Then, front representation (23), we have:

N = u(zy) = Flx,)uo + ZFi(my)Xi +Y F (@)X +F (), v=1,2,..10, (34)
=1 Jj=1
. TLy+2p TLy+2p TLy+2p L
A= Cpu(Su€)dE= Cou(€) F(€) uodg + CuOS F(©N de+
Ly 42— TLq+2u—1 TLq+2u—1 =1
CEA+21 Io ) ) TLyi+2p
+ / Cu©) S F ()N de + / CU©FNE)AE, p=1,2, .12, (35)

3 la ]

~J
E Q; Lroti u0+§ :F L+z>\ +§ F( L+z))\ +F1( L2+i) +
— =

et h 7 1 la 8 8
+Z / 5€) |[FOuo + S F X + Y F ©X + F1©)| dn =1 (36)

From (34)—(36) we get the system of (I; + Il + 1)n linear equations with respect to unknowns n-
—~

dimensional vectors uy, )\ A Lv=1,2,...,01,u=1,2,..., 1. Having determined these vectors, from
representation (23), we ﬁnd the desired solution to problem (1) and (2).
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If among B} (z), i =1,2,...,11, or sz(a:), j=1,2,...,1y, there are functions having the same or
different constant coefficients, then the number of auxiliary problems (31)—(33) can be reduced by the
number of coinciding functions. For example, if k1 B} (z) = k2Bl (z) = ... = kyB}. (x), then instead of

—1 _is T s
vectors A 1, ..., A it suffices to introduce into (24) one vector A = > kqu(z;,).
~J ~Js
Similarly, if k1B1 (x ) = kng () =..= ksBJQ-S (x), then instead of vectors A 1, oy A in (25) we
TLy+2jq
introduce one vector A = Z ke [ Cj(&u(§)dE. One of such cases will be demonstrated by
TLy+2jq-1
the example of an illustratlve problem given in the next section.

4 Illustrative problem

Consider the following problem:
du(x) ; ¢ x
= 3u(z) + 2u(1) + 3u(2) + G/u( YdT — 622 + 4a €40, 4], (37)
2

dx

. O\
u(0) — 2u(3) + u(4) + 3 u%& (38)
1
In equation (37) A(z) = const = 3, z € [0, 4] i@t\lons Bi(z) = 2 and Bi(z) = 3 differ in

constant coefficients; xg =0, z1 =1, 2 = 2, 2w=3,25=0,26 =3, 27 =4, 183 =1, 19 = 2,
Lh=21lo=14=1,13=3 L =2, Ly =4, L3 4=9;D(m)=—6x2+4x—118;01(m)=1;

ar=1, ao=-2, ag=1, [ =3, y=13
It is easy to verify that the solution t lem (37) and (38) is the function: u(z) = 222 + 1.

Let us introduce the notation O
) 3
%uu) Faue), A = / w(€)de. (39)
% 2

Let us construc roblems (
=3F F(0)=1 40
T _sp@). Fo)=1. (10)
d Fl 1 1
@) 35 @y 11, Flo)=o, (41)
dz
dﬁl 1 1
@) 35 ()16 F (0)=0 (42)
dz
Fl
d df) = 3FY(z) — 622 + 4z — 118, F(0) = 0. (43)
It is not difficult to determine solutions to Cauchy problems (40)—(43):
_1 1 1
F(l‘) — 6317 ($) _ —g3z _ —

€ )
3 3
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~1 11 11
F (z)=2¢% -2, Fl(2)=22% - ?863:0 + 78

Using representation (23) and notation (39), we obtain:

X = (2F(1) + 3FY(2)) uo + (2F'(1) + 3F'(2)) +

+ <2ﬁ1(1) + 3?1(2)> N+ (225’1(1) +31?1(2)> AL (44)

~1
A =

[F(&) o+ FUE) L F (X +F () ] . (45)

O,

_1 ~1
Substituting the found functions F(z), F (z), F (z), F'(z) into (44), (45) and adding condition (38),
we obtain the algebraic system (29):

-1 <
(3(3e5+263) up+ ((3¢5+26%) —8) A + (6(3¢5 + 22)N30) A =
= 118(3e5 + 2¢3) <674,
1 ~1
3(e? =€) up+ ((”—€%)—=3) X + (6(c?£™)227) X =
= 118(eY — &0 )68,
1

3((e?—2e%4+ €8 —€®)+1) ug+ ((e'2 2?5 —€e3) —2) X +

~1
+(6(e'? — 2e? + €0 — €3) — 12) XN=W18(e!? — 2¢” + b — %) — 227.

Direct computation shows that the rank of the magrix of this system is equal to 3, and its only solution
is: . T
w =1\ =33, N = —.
3
Then from representation (23) wéobtaini the required solution:

u(z) = F(x)tg £ F‘l(ac) . Xl + ﬁl(sc) . Xl + Flz)=222+1, z€l0,4].

Conclusion

We have proposed,an’approach to the study and solving a class of nonlocal problems with respect
to linear ordinary pointwise and integrally loaded differential equations. The main specificity of integral
loadings is that the kernels of the integral terms depend on only one variable of integration. This made
it possible to reduce solving the original problem to solving auxiliary Cauchy problems with respect to
ordinary differential equations.

The considered problem is of independent interest. But as shown in the paper, the optimal control
problems for objects with feedback are reduced to it, in which the current state measurements of an
object can be of a point and interval nature.

We have obtained existence and uniqueness conditions of the solution for the considered class of
problems, and provided study and solution of one illustrative problem.
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HykreJstik »KoHe MHTerpaJiibIK KYKTeJareH anddepeHnnaagbIk,
TeHJleyJiep KJachl 2KalbIHAA

K.P. Aitna-zazne!?, B.M. A6aynnaes!?

L Ozipbatiorcan Pecnybaukacs, Fourvim oicone Givim munucmpaiziniyy, Backapy orcytiesepi unemumymo, Baxy,

Ozipbatiocan;

2 Dzipbatiorcar Pecnybaukaco, Touavim orcone Giaim munuempaizingyy, Mamemamuka scorne METGHUKG UHCTUMYMbL,

Baxy, Osipbatiorcan;
3 Dzipbatiorcan Mmemaekemmir My rall srcone onepracin yrnusepcumemi, Baxy, Osipbatiocan

Beitmokan mekapasbik maprrapbl 6ap HYKTEIIK »KoHE WHTEIPAJIIBIK, }KYKTEMeJIEP/IeH TYPATHIH ChI3BIKTHIK,
KapamnaiibiM quddepeHnmaabK, TeHaeyrep xyieci seprrenren. [llekapanbik maprrapra 6ericis gpyHK-
[USTHBIH, THTETPAJIIBIK, XKOHEe HYKTEJIK MOHJepi kaTanabl. KcenTiH MaHBI3ABI mapThl AuddepeHIInaIbik,
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TeHJIeyAep/ieri UHTErPAJIJIbIK MYIIeJepIiH sIpoJiapbl TeK MHTErPAIMSIbIK alfHbIMAJIbIFA TOyeIITriHIe.
Yxkcac ecenTepiH 6aCKapbLIATBIH OOBEKTIHIH aFbIMIAFbl KYHIH HYKTEMTK YKoHE WHTErPaJIbIK OJIIIeyJep
Ke3iume GipikTipinren »kome GesiiHreH mapamerpsiepi 6ap eki 00beKTiHIH e Kepi GallIaHBICHIH OaKbLIAY
Ke3iH/e TYBIHIANTHIHBI KepceTiaren. Makasaga KapacThIPbLIFAH €CENTiH KONbLIYhI OEeMI0Ka I MIeKapasIblK
apTTapMeH YKYKTeJreH auddepeHnnaablK TeHIeyaep OOUbIHIIA OYPBhIH 3€PTTENeH KOIITEreH eCenTep/Ii
Kanmbutaiiael. Kemekmn mapamerpiiep/ii eHrisy apKbLIbl KAPACTHIPBLIATHIH €CENTIiH MIeTiMinig 6ap KoHe
2KaJIFbI3 OOJIYBIHBIH, KAaXKeTTi IMapTTapbl ajblHIbl. EcenTi canJbIK Typ/e Iemry yIinin TepT KkeMekin Korm
ecebiniy, mrentiMi 60JIBIT TaOBLTATHIH TOPT MATPUIIAJIBIK, (DYHKITUSTHBI KAMTUATHIH GACTAKBI €CEIITIH, eI MiH
nmaiinanany yceiHbLIaabl. llekapasbik Kargaiiapia KOMEKIT eCenTep/IiH MIeniMAIepiH naigasiaHa OThi-
PBII, XKYKTEy HYKTesepiHgeri 0esricis dyHKIMSHBIH MOHIEP] aJblHALI. Bys KaXkeTTi mermiMal ay yImiH
KeTKUTiKTi. Makasasa MOIEIbIIK €CenTi MIeNIy/IiH, MbICAIbI aPKBLIbL O/IICTI KOJIJAHy KOPCETiJIreH.

Kiam cosdep: narerpaabik-auddepeHnnaablK TeHIeY, XKYKTeJINeH TeHIeyep Kyieci, THTerpaJiIbIK, ap-
TTap, 6eiisIoKa mapTTap, 6ap *KoHe KAJIFbI3 60Ty MAapPTTapHL.

O KJ1acce TOYEYHO M MHTErpaibHO HAIPYKEHHBIX
anddepeHInaIbHbIX YPaBHEHMIA

K.P. Aiina-zane’?, B.M. A6aymnaés!?

L Hnemumym cucmem ynpasaenus Munucmepemea nayku u obpasosdiusiiAsepbatioocancroti Pecnybauxu, Baxy,
Asepbatiorncary
2 Mnemumym mamemamusy u mezanuky Munucmepemesa nayku u obpazosanus Asepbationcanckoti Pecnybauru, Baxy,
Asepbaiioocln;
3 Asepbatioorcancruti zocydapemeennuitl yrusepcumermgedmu U npomviuaernocmu, Baxy, Asepbatioocan

Nccnenosana cucrema JTHHENHBIX OOBIKHOBEHHBIX MIPMEPEHITNAIBHBIX YPABHEHUI, COIePKAIas TOUYE€IHbIe
¥ MHTETrPaJIbHble HATPY2KEHUS, ¢ HEJIOKAJIHLHBIMI KPAaeBbIMH YCJIOBUSAMU. KpaeBble YCJIOBUSI BKJIIOYAIOT WH-
TerpaJjibHble W TOYEYHbIE 3HAUYECHUS Henm3Be@rHOW pyHKmu. CyIlecTBEHHBIM YCIOBHEM B 33Jia9e SBJISIETCS
TO, YTO $1/Ipa UHTEIPAJIbHBIX CJIaraeMblx BMudPepeHnalbHbIX yPABHEHNUIX 3aBUCAT JIUIIb OT IIEPEMEHHON
nHTerpupoBanus. [lokazaHo, 9To MEIOOGHBIE BaJaun BO3HUKAIOT MPU YIPABJIECHUN ¢ OOPATHOM CBI3BIO KakK
00BEKTAMH C COCPETOTOYCHHBIMU, TAKYN PACIIPEIETIEHHBIMA TapaMeTPAMU [IPA TOYEYHBIX U MHTETPATbHBIX
3aMepax TEKYIIEero COCTOSHUS YAIDABIIsieMoro oObekTa. YKa3aHHas B CTATbe IIOCTAHOBKA 33Ja4u 0000Ia-
eT MHOTHE WCCJIeIOBAHHBIE DaHEeBaJaun OTHOCUTEIBHO HATPYXKEHHBIX AuddepeHInaabHbIX yPaBHEHUN C
HEJIOKAJIbHBIMU KPAeBBIMU HCAOBUSIMU. BBeIeHneM BCIIOMOTaTeIbHBIX TAPAMETPOB MTOJTY Y€HbI HEOOXOTUMbIE
YCJIOBHSI CYIIeCTBOBAHUS WM €AUHCTBEHHOCTH PEIIeHUs pacCcMaTpuBaeMoil 3ama4u. s duciieHHOro pere-
HUS 331841 NIPEJI0KEHO UCHOIb30BaTh NIPeJCTaB/JIeHue PellleHns NCXOAHOM 3a/4a4uu, BKJIIOYalollee YeThIpe
MaTpUYHbIe QYAKITAL, STBISTIONINECS PENIEHUsIMI YeThIPeX BCIIOMOTaTe bHBIX 3amad Kommu. Ucnonb3ys pe-
IIEHNsI BCIIOMOTQRENIbHBIX 3329 B KPAEBbIX YCJIOBUAX, IIOJIyYeHbl 3HAYEHNUSI HEN3BECTHOM (DYHKIUU B TOY-
Kax Harpy»KeHus. Q@0 J10CTaTOUYHO, YTOOBI IMOJYUYUTh UCKOMOE pelleHne. B craTbe NMPUBEIEHO U3JI0KEHUE
IIPUMEHEHNs METO/1a Ha IIPUMEpPe PelIeHus MOIEeIbHON 3a1adu.

Kmouesvie crosa: naTerpo-anddepeHnuaabHoe ypaBHEHNE, CHCTEMa, HArPYKEHHBIX Y PABHEHUN, THTET DA~
HBIE YCJIOBUS, HEJIOKAJIbHbBIE YCJIOBUS, YCIOBUS CYIIECTBOBAHUS M €IMHCTBEHHOCTH.
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