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Decomposition formulas for some
quadruple hypergeometric series

Abstract: In the present work, the authors obtained operator identities and decomposition formulas for
second order Gauss hypergeometric series of four variables into products containing simpler hypergeometric
functions. A Choi—Hasanov method based on the inverse pairs of symbolic operators is used. The obtained
expansion formulas for the hypergeometric functions of four variables will allow us to study the properties
of these functions. These decompositions are used to study the solvability of boundary value problems for
degenerate multidimensional partial differential equations.
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Introduction

A variety of tasks related to almost all of the most significant sections of mathematical physics
and answering urgent technical questions are associated with the special functions applying, such
as the Bessel, Hermite, Gaussian hypergeometric functions, etc. Thus, for example, Bessel functions
are actively used in solving hydrodynamics, radiophysies, acoustics problems of atomic and nuclear
physics. There are applications of Bessel functions<in problems of elasticity and thermal conductivity
theories (determination of stress concentration near faults, plate oscillation) [1]. Many functions used in
astronomy are arranged in series of hypergeometric functions [2]|. Also, the hypergeometric functions of
many complex variables are applicable to the research of analytic continuation problems of Mellin
— Barnes type integrals [3], 4n the superstring theory [4], and in theoretical aspects of algebraic
geometry [5].

Generalized hypergeometric functions are used in solving boundary value problems for shell theory
equations whose applications are used in mechanical engineering. A.D. Kovalenko developed the app-
lication of the theory of generalized hypergeometric functions to determine the stress state in disks,
circular plates of alternant thickness and conical shells of rotation according to the equilibrium linear
theory [6]. Multiple hypergeometric series are used in research and development of aerospace systems [7].
At the same time, hypergeometric functions of many variables arise in quantum field theory as a
solution of Knizhnik-Zamolodchikov equations [5]. In [8-10], the connection of special functions of the
hypergeometric type with the actual problems of the theory of representations of Lie algebras and
quantum groups is shown, as well as the application of hypergeometric functions and series to applied
problems of various fields.

It should be noted that the Riemann functions and the fundamental solutions of degenerate partial
differential equations are expressed in terms of multiple hypergeometric functions. Thus, hypergeometric
functions are used in solving boundary value problems for degenerate differential equations [11]. In
particular, hypergeometric functions are used in [12| to find the fundamental solutions of a four-
dimensional degenerate equation of elliptic type, which can be used in solving known boundary value
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problems. Also in [13]|, Appel hypergeometric functions are used to construct a double layer potential
theory.

Second order hypergeometric functions of four variables were introduced in [14,15]. For one class
of hypergeometric functions of four variables, various properties, such as decomposition formulas,
integral representations were obtained in [16,17]. However, it should be noted that decompositions into
products of simpler hypergeometric functions can be obtained not for all the introduced second order
hypergeometric functions of four variables.

In this paper, we obtain decomposition formulas using operator identities for the following quadruple
hypergeometric functions:
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where (a),, =T (a+m) /T’ (a) is a Pochhammer symbol.
Operator identities
By means of Burchnall-Chaundy pair of mutually inverse symbolic operators V,,, (h) and Az, (h)

[18—20], decomposition formulas were obtained for the Appel’s hypergeometric functions of two variables
by the products of hypergeometric functions of one variable [21].
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To decompose multiple hypergeometric functions, a multivariable analogue of the above pair of
mutually inverse symbolic operators
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(636]. = xj%; j=1,2, ...,r) was introduced in [22].
To study the various properties of another class of generalized multidimensional hypergeometric
functions, J. Choi and A. Hasanov [23] introduced the following reciprocal operators:
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Theorem 1. For the second order hypergeometric functions of four variables (1)—(8), the following
operator identities are valid:
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where Fy, Fy, Fj are Appel hypergeometric functions [21], Fé?’) is Lauricella function [24], and Fg, Fr
are Saran functions [25]:
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Proof. Theorem 1 is proved by dint of Mellin’s transformations [26].
Decomposition formulas

Theorem 2. For second order hypergeometric functions (1)—(8) the following decomposition formulas
are valid:
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Proof. The proof of Theorem 2 is realized utilizing operator identities (9)—(24), some properties of
hypergeometric functions of many variables and the following operator identities [27, p. 93]
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As an example, we give a brief proof of the decomposition (25).
The following equality holds:

> a b momn . a
(1—t)_bFé3) <a1>b;01762703; ! Y - )Z Z (00 )m+n+p+qw7y72'77' (42)

1—t'1—t"1—1t 0 (c1)m(c2),(es), — mlnlplg!

Considering operator definition H; (az,c4) and identity (42), from (9) we have

(4) y .
F) (a1, a,b;c15¢2,c3,c45, Y, 2, t)

B i (ca — a2)j(_5t)j i (al)m—‘rn—i—p(b)m-i-n-i-p-i-q ™ y" 2Pt

=0 (ca);! (c1)pn(c2),(es), — mlnlplgl

m,n,p,q=0

Using formula (41), we obtain

(4) : .
F1 ((11,(12,b,Cl,CQ,Cg,C4,I,y,Z,t)

_ - (_1)i(b)i(c4_a2)iti i (al)m+n+p(b+ )m+n+p+q$ y" Pt

i=0 (ca);a! m,n,p,q=0 (e1)m(c2)ncs)y m! nl plgl’

Mathematics series. Ne 4(100) /2020 49



A.S. Berdyshev, A. Hasanov, A.R. Ryskan

By virtue of the validity of the identity () =(A),,(A+m), we get

m+n

%
@ b 04 _a2) t
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m n
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In view of the F ((JS) Lauricella hypergeometric function definition, from expression {43). we obtain
decomposition (25).

Thus, the decomposition formula (25) is proved.

Similarly, we can prove each of the decomposition formulas (26)—(40).

Remark 1. The decomposition formulas (25) — (40) can also be proved by comparing the coefficients
before the factor 2™ y"zPt? in both sides of the equality.

Conclusion

In conclusion, we proved the operator identities written via the mutually inverse operators H and
H for the hypergeometric functions of four variables F1(4)7 F?E4) - Fé4), F§4), Fl(f), Fl(gl), the validity
of the former is proved using the Mellin transforms. By applying the obtained operator identities,
differentiation formulas for hypergeometric functions, and properties of hypergeometric functions, we
have proved decompositions for the functions F1(4), F?E4) — Fé4), F8(4), Fl(f), Fl(g) by products of such
known hypergeometric functions as the Appell’s functions Fp, F», Fy; Lauricella’s function Fg)); the
Saran functions Fg, Fp. Similarly, the decomposition fermulas for hypergeometric functions of four
variables Fl(;l), Fl(g), Fl(g), FQ(S‘), FQ(f), etc. can be obtained.
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A.C. Bepaprmes, A. Xacanos, A.P. Prickan

Keiibip TepT allHBIMAJIBI TUIIEPTEeOMETPUSLIIBIK,
KaTapJap YIIiH XKikTey (opmyJiiajgapbl

Maxkasazia TopT affHBIMAJIBI THIIEPTEOMETPHSIIBIK, [ 'aycc KaTapiapsl YIIIiH OTIEPATOPJIBIK, TEIe-TeHIIK TTeH Ka~
pamaiibiv dyHKImsIapra )ikrey dpopmysanapbl aibiHibl. CHMBOJIIBIK ONEPATOPIIAPIbIH, KEPI 2K YITapbiHa
Heriznenren Yowu-XacaHOB 9/1iCi KOMIAHBLIIBI. AJTBIHFAH TOPT aifHBIMAJIBI TUIIEPTEOMETPUSIIBIK, KaTapJaapbl
yinin xkikrey dopMynanapbl ocbl DYHKIUAIAPIBIH, KACKETTEPIH 3epTTen Olryre MyMKiHaik 6epei. AJba-
FaH KIKTeyJIep KOIOJIIeM Il a3FbIHIAJIFaH Jepbec TybIHABLIB nuddepeHIallIblK TeHIeyIep YIIiH IeTTiK
ecenTep/IiH MeNIiMIIIIK Macese/IepiH 3epTTey/ie Mai aHbLIa bl

Kiam cesdep: Aunmnennb runepreoMeTpusiibik, pyHKIuschl, Jlaypudenn dyHRimsacks, Capan QyHKIUACH,
TOPT aiffHbIMAJIbl TUIEPIeOMETPHUSIIBIK, KaTap, KIKTey (bOpMyaaphl, OIepPaTOPJIbIK Tele-TeHIIKTeP, Kepi
CHUMBOJIZBIK, OITEPATOPJIAP.

A.C. Bepaprmes, A. Xacanos, A.P. Peickan

Dopmysbl pa3I02KeHNS I HEKOTOPBIX
TUIepreoMeTpudYecKnX psa/10B YeThbIpeX NepeMeHHbIX

B craTtbe momydensr omepaTopHble TOXKIECTBA B (DOPMYJIBI PA3JIOKEHUS JIJII TUIIEPIeOMETPUIECKUX PsITOB
T'aycca BToporo nopsifka deTbipex IepeMeHHBIX 10 HPON3BEIEHNAM, COIEePKAIIIM O0JjIee IPOCThIe TUIIEPTe0-
Merpudeckue MyHKIEH. ABTOpaMHU HCHOIL30BaH MeTos Jon-XacaHOBa, OCHOBAHHBIN Ha OOPATHBIX Iapax
CAMBOIMYECKHUX onepaTopoB. [losryaeHtbre popMyIIbl PA3/I0KEHUS /1T TUIIEPreOMEeTPUIeCKUX PYHKITHI de-
TBHIPEX IIEPEMEHHBIX IIO3BOJIAT U3Y4UTh CBOICTBA 3TuX PyHKnuil. JlaHHble pa3/I0KeHUs IPUMEHSIOTCS IPU
HCCJIEJOBAHUN BOIIPOCOB Pa3pENIMMOCTH KPAEBLIX 33144 JIJIsl BBIPOXK JAIOIIIXC MHOTOMEPHBIX nuddepen-
[UAJIbHBIX YPABHEHUM B YACTHBIX ITPOU3BOIHBIX.

Karoueswie caosa: runepreomerpudeckas dyukuus Anmnens, dyukusa Jlaypudesuia, dyukmus Capana, ru-
IepreoMeTPUIECKHIA PsIST YETHIPEX MEPEMEHHBIX, (POPMYJIbI PA3JIOKEHNsI, ONEPATOPHBIE TOXKIECTBA, 06paT-
HBIE CHMBOJIMYECKUE ONEPATOPHI.

References

Korenev,B.G. (1971). Vvedenie v teoriiu besselevykh funktsii [Introduction to the theory of Bessel
funetions]..Moscow: Nauka [in Russian]|.

Smart, U.M. (1965). Nebesnaia mekhanika [Celestial mechanics|. Moscow: Mir [in Russian].
Passare, M., Tsikh, A. & Zhdanov, O. (1994). A multidimensional Jordan residue lemma with an
application to Mellin-Barnes integrals. Aspects of Mathematics, E 26, 233-241. DOI:10.1007/978-
3-663-14196-9_8.

Candelas, P., de la Ossa, X., Greene, P. & Parkes, L. (1991). A pair of Calabi-Yau manifolds
as an exactly soluble super conformal theory. Nuclear Physics, B 359, 21-74. DOI:10.1016/0550-
3213(91)90292-6.

Varchenko, A.N. (1995). Multidimensional hypergeometric functions and representation theory
of Lie algebras and quantum groups. Singapore: Advanced Series in Mathematical Physics, 21,

World Scientific.

Bulletin of the Karaganda University



Decomposition formulas for some...

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

Kovalenko, A.D., Grigorenko, Ya.M. & Ilyin, L.A. (1963). Teoriya tonkikh konicheskikh obolochek
i yeyo prilozheniya v mashinostroyenii [The theory of thin conical shells and its application in
mechanical engineering]. Kiev: AS USSR [in Russian].

Vinogradov, Yu.l. & Konstantinov, M.V. (2016). Raschet sfericheskoho baka pri lokalnom voz-
deistvii [Calculation of a spherical tank under local exposure|. [zvestiia RAN. Mekhanika tverdoho
tela — Bulletin of the RAS. Mechanics of Solids, Vol. 2, 109-120 [in Russian|.

Niukkanen, A.W. (1983). Generalized hypergeometric series N F(x1,...,xy. Journal of Physics
A: Mathematical and General, 16, 1813-1825. DOI:10.1088,/0305-4470/16,/9/007.

Sneddon, I.N. (1980). Special functions of mathematical physics and chemistry / Third Edition,
Longman, London, New York.

Srivastava, H.M., & Kashyap, B.R.K. (1982). Special Functions in Queuing Theory.and Related
Stochastic Processes AP, New York, London, San Francisco.

Srivastava, H.M., Hasanov, A. & Choi, J. (2015). Double-layer potentials for a generalized bi-
axially symmetric Helmholtz equation. Sohag Journal of Mathematies, 2(1),4-10.DOI: 10.12785
/sjm/020101.

Hasanov, A., Berdyshev, A.S. & Ryskan, A. (2020). Fundamental solutions for a class of four-
dimensional degenerate elliptic equation. Complez Variables and Elliptic Equations, 65(4), 632—
647. DOI:10.1080,/17476933.2019.1606803.

Berdyshev, A.S., Hasanov, A. & Ergashev, T. (2020). Double-layer potentials for a generalized
bi-axially symmetric Helmholtz equation II. Complex Variables and Elliptic Equations, 65 (2),
316-332. DOI:10.1080/17476933.2019.1583219.

Exton, H. (1972). Certain hypergeometric funetions of four variables. Bull. Soc. Math. Grece
(N.S.), 13, 104-113.

Sharma, C. & Parihar, C.L. (1989). Hypergeometric functions of four variables (I). Journal of
Indian Academy of Mathematics, 11(2), 99-1153.

Exton, H. (1973). Some integral representations and transformations of hypergeometric functions

of four variables. Bull. Soc. Math. Greee (N.S.), 14, 132-140.

Exton, H. (1976). Multiple hypergeometric functions and applications John Wilcy and Sons, New
York.

Burchnall, J.L. & Chaundy, T:W. (1940). Expansions of Appell’s double hypergeometric functions
Quart. J. Math. Ogzford Ser. 411, 249-270.

Burchnall, J.L. & Chaundy, T.W. (1941). Expansions of Appell’s double hypergeometric functions.
1T Quart. J. Math. Ogford Ser. , 12, 112-128.

Chaundy, T'W. (1942). Expansions of hypergeometric functions Quart. J. Math. Ozxford Ser., 13,
159-171.

Erdelyi A., Magnus W., Oberhettinger, F. & Tricomi F.G. (1953). Higher transcendental functions,
Vol. I MeGraw—Hil, New York, Toronto, London.

Hasanov, A. & Srivastava, H.M. (2007). Decomposition formulas associated with the Lauricella
multivariable hypergeometric functions Computers and Mathematics with Applications, 53 (7),
1119-1128.

Choi, J. & Hasanov, A. (2011). Applications of the operator H (a, ) to the Humbert double
hypergeometric functions Computers and Mathematics with Applications, 61, 663-671. DOI:
10.1016/j.camwa.2010.12.012.

Appell, P. & Kampe de Feriet, J. (1926).Fonctions hypergeometriques et hyperspheriques; Poly-
nomes d’Hermite Gauthier-Villars, Paris.

Mathematics series. Ne 4(100) /2020 53



A.S. Berdyshev, A. Hasanov, A.R. Ryskan

25 Saran, S. (1955). Transformations of certain hypergeometric functions of three variables Acta
Mathematica, 93 (3-4), 292-312.

26 Marichev, O.1. (1982). Handbook of integral transforms of higher transcendental functions: Theory
and algorithmic tables Ellis Horwood Ltd, Chichester.

27 Poole, E. (1936). Introduction to the theory of linear differential equations Clarendon Press,
Oxford.

54 Bulletin of the Karaganda University





