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Internal boundary layer in a singularly perturbed
problem of fractional derivative

This paper is devoted to the study of internal boundary layer. Such motions are often associated with effect
of boundary layer, i.e. low flow viscosity affects only in a narrow parietal layer of a streamlined body, and
outside this zone the flow is as if there is no viscosity - the so-called ideal flow. Number of exponentials
in the boundary layer is determined by the number of non-zero points of the limit operator spectrum. In
the paper we consider the case when spectrum of the limit operator vanishes'at the point To study the
problem the Lomov regularization method is used. The original problem is‘regularized and the main term
of asymptotics of the problem solution is constructed as the low viscosity tends to zero:-Numerical results
of solutions are obtained for different values of low viscosity.
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Introduction

A mathematical model of motion of a viscous flow; where a non-uniform transition from one physical
characteristic to another occurs, is described by wvarious differential equations with large or small
parameters, which are responsible for non-uniformity of ‘the transition. If we consider the self-made
flows, then the Navier-Stokes motion equations and the continuity equation are reduced to ordinary
differential equations. In addition, if we introduce assmall positive parameter then the motion equation
will have a small parameter at the highest derivative. Such an equation is called singularly perturbed.
Solution of singularly perturbed differential equations is fundamentally different from a solution of
ordinary differential equations with a small parameter. Solution of such equations has an area of rapid
change of the function, whichds located, as a rule, in a neighborhood of one (or two) boundary points
of the problem. Such an area of rapid change of function is called area of mathematical boundary layer.
Location of the mathematical boundary layer coincides with hydrodynamic boundary layer. Thickness
of the boundary layer depends on size of the small parameter, and as the small parameter decreases, the
thickness of the boundary layer also decreases. The domain of integration is divided into the external
(outside the boundary layer) and the internal (inside the boundary layer). A solution of the singularly
perturbed equation is:sought as a solution suitable for the external a domain which is then refined in
neighborhood of a boundary point where the boundary layer is located [1]. A problem with an internal
boundary layer:does not belong to the number of standard problems in the singular perturbations
theory.<This is due to the fact that value of a small parameter is singular for a singularly perturbed
equation (see, for example, the equation (2)). In these cases, it is habitually to talk about a "singular
point". The singular point gives rise to a double dependence of the solution on singular and regular.
We will illustrate this fact with the following specific example - the Cauchy problem for an ordinary
differential equation of the second order [2]:

e%ij(t, e) +e (Mt )+>\2( ) gt ) + M(t)Xa(t)y(t, €) = h(t), 1)
y(0,e) =%, 9(0,e) =y,
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where ¢ > 0 is a low viscosity, for mathematics it is a small dimensionless parameter; y(¢, ) is a desired
function; function h(t) is a given known function, y°, 3! are known constants. It is necessary to study
the problem as ¢ — +0.

Let functions \;(t), A2(t) satisfy the following spectrum stability conditions:

1) N(t) #0, i =1,2;

2) Ai(t) # \o(t) VE € [0,T].

In this case structure of a solution of the problem (1) will be as follows:

+ w(t,e).
Let the spectrum stability conditions be violated only at one point:
A(t) =0 —=1DA(E), A{)#0, «¥t €[0,T].
and the condition 2) hold as usual, then instead of the decomposition (2) the following decomposition

of the problem (1) will take place:

y(t,e) = v(t) + e dr [wio(t)+ cwii(t) +...]+

t T
L [ Xa(x)da <1 [Ni(x)d
[ /Te 0 S L fwao (8t wan () + .. ] +

+ [wso(t) Fewsi (€) + . ..] = prya(t, e) + paya(t, )+
1
bot(B2) ua(t.0) + oaun(t.2) + walt.o),

where the new type of singularity

N @i | oo @ -
O’<t7*>:€ ’ /e ’ dT+/Te
&
0

0

A (z)dz
dr

O ==

gives the main contribution to describe the internal boundary layer

o (t, i) wi(t,e) + o3 (t, i) walt, <),

1. Statement of the problem

Internal boundary layers in singularly perturbed problems were considered in [3,4] from the stan-
dpoint of the regularization method [1,2], in [5-18] from the standpoint of the normal forms method.
In this paper the internal boundary layers are investigated in a scalar singularly perturbed problem
with fractional derivative:

Ley(t,e) = ey'™ +ty = h(t), y(0,e) =4°, tel0,T], (3)

Mathematics series. Ne 4(100) /2020 93



B.T. Kalimbetov, A.N. Temirbekov, B.I. Yeskarayeva

where £ > 0 is a small parameter, a = 1/2, h(t) € C*°[0,T] is a given known function, y° is a constant
number. It is required to find an asymptotic solution of the problem (1) as ¢ — +0.

Singularly perturbed problems with fractional derivatives were studied in [19-22] from the standpoint
of the regularization method. In these problems, due to fulfillment of spectrum stability condition,
internal boundary layers do not arise. Presence of a singular point at ¢ = 0 generates an additional
singularity in solution of the problem (3), which is not described in terms of limit operator spectrum
of the problem (3). By definition of a fractional derivative [23], the derivative y1/? is denoted as
\/f%. Then problem (3) has the following form:

d
Ley(t.e) =eVil +ty=h(t),  y(0.) =" (4)
2. Regularization of problem (4)

We introduce the following regularizing variable:
¢
1 2
T=—= [ Vtdt = —=V13 = p(t,¢),
€ 3¢
0

and the additional regularizing variable, which takes into account the essentially special singularity,
induced by instability of the spectrum at the point ¢t = 0.

According to the regularization method [1|, we must move from the problem (4), the order of which
is reduced when € = 0, to some extended problem, which preserves its own order at ¢ = 0. Let us
construct the extended problem. If we denote a solution of the extended problem by g(t, 7, 0,¢), and
by y(t,e) a solution of the original problem (4), then the following identity holds

9t 7,0, €) Lyt eyo=atte) = Y(1:€)-

This identity will be satisfied if the derivatives with respect to of the functions g(t, 7, 0,¢) and y(t,¢)
will coincide.
Then for the functions §(t, 7, 0, ¢) the following "extended"task corresponds:

Legi(t, myove) =2Vt — 1% — 1590 4 o\/1%0 4t = h(t), 5)
(0005) y°.

The main advantage of the problem (5) over the task (4) is that its solution g(¢,7,0,¢) can be
searched in the form'of a regular classical series in powers of ¢ :

y(t,T,0,¢) ZEyktTO' (6)

where yi (¢, 7,0)€ C°[0,T], that could not be done for the original problem (4).
Substituting the series (6) into the "extended"problem (5) and equating the coefficients with the
same powers of €, we obtain the following iteration problems:

Yo Yo

Loyo(t,7) = _tﬁ —to S +tyo = h(t), 40(0,0,0) = y% (70)
0 0

Loy (t.7) = —VEZE = VIZE. 41(0,0,0) = 0: (71)

Loy (t,7) = —vE2%=1 — /1%t 4(0,0,0) = 0; k> 2, (Tx)
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3. Solvability of iterative problems

Solutions of the iteration problems (7;) will be defined in the following space of functions:
U={ylt,1,0): y(t,7,0) =yo(t) +y1(t)e” +y2(t)o, y;(t) € C ([O,T],l) ,j=0,1,2}.
The problem (7) has a solution in the space U, which can be written in the form:
yo(t,7,0) = cr(t)e” + fr(t)o + ho(t), (8)

where oy (t), f1(t) € C*°[0,T] are still arbitrary scalar functions, ho(t) = h(t)/t. Here expression of the
type h(t)/t at the point ¢ = 0 is understood in the limit sense:

= m

To calculate the arbitrary functions «(t) and B;(t) we subject the right-hand side of the equation
(71) to the orthogonality conditions (see, for example, [1]). We get the equations:

Vidi(t) =0,  Vipi(t) =0. 9)

Subjecting (8) to the initial condition y(0,0,0) = y°, we find that

a1(0) = y° — ho(0),
therefore, from the equation (9) the function aq(t):will be defined complitely:

o1 (8= 10 T 0).
Now let us calculate the function 51 (t). From (9):it follows that 51 (t) = const,

ho(0) + $1(0) = 0.
Thus we uniquely find the funetion:

A1(t) = —ho(0),
hence, the solution (8) of the problem (7y) will be found in the form
yo(t,7,0) = [y° — ho(0)]e” — ho(0)a + ho(?).

Doing here constriction on functions 7 = p(t,¢), o = q(t,¢), we obtain the main term of the asymptotics:
y(t.p(t,e),q(t,e)) =

= yo-(t) = [3° — ho(0)] €73V~

/ h(t)
2
_h 6 35 37 .
0(0 / t
0

a solution of the problem (4). The following approximations are calculated in the same way.

We formulate the corresponding result in the form of the following proposition.

Theorem 1. During consistent solution all iteration problems (Ty) are uniquely solvable in the
space U.
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4. Numerical results

Now we find a solution of the problem (4) by using the computer math systems Maple [24]:

>restart; with(plots); odu:=(epsilon)*sqrt(t)*diff( y(t),t)+t*y(t)=h(t);
odu =gt (d% y(t)] +ty(t)=h(1)

>ins:=y(0)=A;
ins =y(0)=4

5 g
)
h(_zl)e

()= E-\/_Z—]

0

>dsolve ([odu,ins]);

Different values of these solutions depending on values of the small.parameter'e and the constant

yY are given in the following table:

t—=0 t-0,2 t-04 t-06 | 08  t—1
£=0,010 0 0,19557 0,39372 0,59230. 0,79L10 0,99005
£=0,025 0 0,18913 0,38450 0,58094 0,77795 0,97531
£=0,050 0 017888 0,36962 0,56252 0,75652 0,95125
£=0,075 0 0,16927 0,35537:0,54471 0,73573 0,92781
£=0,100 0 016027 034175 0,52754 0,71555 0,90500
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B.T. Kamum6eros, A.H. Temupbekos, b.1. Eckapaesa

Beuaiek perTi TYbIHABLIBI CUHIYJISPJIbI
aybITKBIFAH ecellTe iMiKi 1mekapa KadbaThl

Maxkausta imki mekapa KabaTblH 3epTTeyre apHajraH. MyHail KosraabicTap KebiHece TieKapa KabaTBIHBIH
ocepiMeH GaIAHBICTDI, IFHU TOMEH AFBIHHBIH, TYTKBIDJIBIFBI AFbIHIBI JCHEHIH Tap MapueTaaibl (KabbIpra-
Jibl) KabaTbIHA FaHa ocep eresi, ajl Oy alilMAaKTBIH CHIPTBIHA aFbIH TYTKBIPJIBIK, 2KOK, = HIeaJIIbl AFbIH eIl
araagbl. [TlekapabiK KabaTTarbl S9KCIIOHEHTAIAP/IBIH CAHBI IIIEKTI OMepaTop CIIEKTPIHIH HOJIK eMeC HYK-
TeJIepiHiH CaHbIMEH aHBIKTAJAbI. Makaja aBTOPJIApPBI IIEKTI OmepaTop CHeKTpiHiH 6ip HykTeme Oy3bLIraH
JKaraiiblH KapacTeiprad. Ecenri 3eprrey ymria JIoMOBTBIH peryasdpuanus o/ici KOJIJaHbLIFaH. bacTankbl
€CEITiH, Peryasapu3aluschl >KYPri3ijireH KoHEe a3 TYTKBIPJIBIK, HEOJIFEe YMTBUIFAHIAFBI €CEITiH, IIeNiMiHiH
ACHMIITOTHKACHIHBIH 0ac Mymreci KypbLIraH. TYTKBIPIBIKTBIH 9PTYPIIl MOHIEP] VIMTH IIENMHIH CAH/IbIK,
HOTHUKeJIeP] aJIbIHFaH.

Kiam ce3dep: cuHryJsisip aybITKY, Killll TTapaMerp, PeryJisipu3aius, CIeKTP/iH TYPaKTBUILIFbl, aCUMIITOTH-
KaJIBbIK, >JKUHAKTBLIBIK,

B.T. Kanumberos, A.H. Temupbekos, B.11. Eckapaesa

BryTpenHnuii morpaHmu4HbIi CJIOIl B CUHTYJISPHO BO3MYIIEHHOM
3ajiave ¢ TPOW3BOHBIM JPOOHOTO MOPsSaKa

Crarbsl MOCBSIIIIEHA U3YUIEHUIO BHYTPEHHErO [TOIPAHUYHOIO CJiosi. Takue NBHKEHUsI 9allle BCEro CBSI3aHBL C
BO3/EHCTBUEM IOTPAHUYMHOLO CJIOsI, TO €CTh HU3KAasl BI3KOCTD IIOTOKA BJIMSET TOJIBKO B Y3KOM ITaPUETAIEHOM
cJjioe 00TeKaeMoro Tefla, a BHE 9TOU 30HBI IOTOK, KaK ecjii Obl He ObLIO BA3KOCTH, — TaK HA3bIBAEMBII Hjie-
aJIbHBIN TOTOK. KOo/IM4ecTBO SKCIIOHEHT B IIOTPAHUYHOM CJIO€ OIIPEJIE/ISIeTCsT KOJIMYIECTBOM HEHYJIEBBIX TOUEK
[IPEIEIEHOTO OHEPATOPHONO CIEKTpa. B cTarbe pacCMOTpPEH CiIydail HeoOPATUMOCTH CIEKTPa IPEIe/ILHOIO
omneparopa B omHOil Touke. [l71s1 mccaenoBanus 3a/a9u UCHOJIB30BaH MeTo | peryisipudanuu Jlomosa. IIpo-
U3BEJIEHA PErY/ISIPU3aIlis UCXOIHON 33 14, ¥ TOCTPOEH IVIABHBIN YJI€H aCUMIITOTUKH PEIIeHUS 3a/a4U IPU
CTPEMJIEHUH MaJION BA3KOCTU K HYJIIO. I pa3sjanyHbIX 3HAUYEHUN MAJIOi BS3KOCTU IIOJIYUEHBI UUCIECHHDBIE
pe3yIbTaThl pelleHnsd.

Kmouesvie cro6a: CHHTYISIDHOE BO3MYIIEHUE, MAJIbI TApaMETP, PErYJIspU3aIlis, CTAOMIBHOCTh CIIEKTPA,
ACUMITOTUYECKAs CXOJAUMOCTb.
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