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On the boundary value problem for the loaded parabolic
equations with irregular coefficients

In the paper we consider the generalized solvability of boundary value problem for the loaded parabolic
equations with irregular coefficients. Theorem on unique solvability of the boundary value problem is
proved. The correctness of the theorem and the accuracy of selected functional spaces are established by
obtained a priori estimates. The proof of the theorem is carried out using the theory of Sobolev spaces, the
method of a priori estimates, and the Galerkin method. Along with the initial boundary value problem,
the corresponding adjoint boundary value problem is investigated. To prove.the solvability of the adjoint
problem, we define a linear continuous form and use the duality relations.

Keywords: generalized solvability, boundary value problems, irregular coefficients; a priori estimates, unique
solution.

Introduction

It is well-known that one of the central issues in the theory of boundary value problems for partial differential
equations is the question on the correct choice of functional spaces. Boundary value problems for the loaded
equations were studied systematically in [1, 2]. The questions of existence and uniqueness of solutions of the
loaded equations in the class of continuous functions were considered in [1, 2]. In present work we develop these
studies.

1 Statement of the of the boundary value problem

Suppose 2 € R™ is bounded domain‘with boundary I, @ = Q x (0,T), ¥ = x(0,T), T is positioned locally
on one side of the domain 2. We consider the following boundary value problem

n

Diu= > Dj (a;D} u)+

ij=1
P
+3ol0) [ extw & u(€ 0dE + 7 =0 on Q; &
i=1 2,
u(z,t) =0 on X; (2)
u(z,0) =up on €, (3)

where e; € L>°(0,T; L*(Q x Iy)); vi(t) € Ly(0,T),i=1,...,p, I';; are (n — 1) — dimensional manifolds from €,

n < 3{(for n = 1,T; are fixed points from Q); I';, i = 1,...,n together with T' from C?; a;; € L>(0,T; C* (%)),
aij=a;;, i,j =1,...,p for almost every {z,t} € @ :

B> =Y aiGiG; =By ¢ (4)
i=1

ij=1 i=1

Br, B2 = const > 0,Y¢ € R", f € L*(Q),up € Hy(Q).
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2 The theorem of existence and uniqueness of the solution

For the boundary value problem (1)—(3) we obtain a priori estimates to ensure the correctness and accuracy
of the selected function spaces.

Theorem 1. Let conditions (4) hold. Then the problem (1)—(3) has a unique solution v € Y (0,7
for all f € L*(Q) and wug € HJ(£2). Moreover, this solution continuously depends on the initial data, i.e.
the map {f,uo} — u of a direct product of the spaces L?(Q) x H}(Q) into the space Y (0,7T) is continuous,
where

Y(0,T) = {u/u € L*(0,T; H*(Q) N Hy(Q)), % € LQ(Q)} .

Proof. Now we take the inner product of equation (1) with Au

Ju "9 ou

7,7=1

+<Z () [ exto. g pute e Au> (), (5)
i=1 P,
where (p,v) = [ dz, |¢| = [(SONP)]% , A is Laplace operator.
Q
Further, we use the following inequality [3]
"0 < ou

301 2 2
- i A A > — zx|| T x|l
Bz, \ % 6:rj> yBu | 2~ [t %~ C1 [|uz|| (6)

1,j=1

" 2
for a.e. t € [0,7] and Vu € Y (0,7, |tzz| = < > uzuzj> , C1 > 0.

ig=1

2 301 2 2
() ) + =5 tael” = Co flual|” <

)

By inequality (6), equality (5) implies that
1
2 4

4
dt

<0 [ o ule e Aue) || +1 (78w . ™)
=1

I;

Applying the Holder inequality 3], we estimate the first term of the right hand side of (7).

p

> |0 [ et nute. i su )| <
i=1 P,
P
< > Ol llei®)l s gaxr,) VmeasQy/measTiC; lu@ll ) Al (8)
i=1
where C; satisfies the following inequality
lu@)llLar,) < Cillu@® ) » (9)

for a.e. t € (0,7),i=1,...,p [4]
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Then the relation (7) implies

1d 3B1
3d [|u(t )HHl(Q) +

) llull gy IIAUII +1(f, Au) [,

where C(t) = 2|uz<>| le:(®)ll s aer,) Ci V/imeas y/meas T

Further, by usmg the Cauchy inequality with e [3], we have

1d 351
BYT, [Ju(t )||H1(Q) +

etz |* = C1 fJuz |

etz (8)1* = O s (B)I* <

C3(t) £20%

2 €1 2 2
< SOl + S0 e O + 5= WO + 22 O
where C5 is a constant in [|Au(t)] < v/Ca ||ug ()| By choosmg €1,€9 from conditions g1Cs +€2Cs < % , we
have 1 d ﬂ
1
5 5 Oy ) + 5 ||um<t>||2 <
2 2
< Ky (8) lu) g o) + g IF @IS (10)
where K (t) = C1 + 25( ). Inequality (10) implies
a ()17 2y < K (@) llwl) |52 o) 5 ) I£@)II* (11)
dt Hg(Q) = Hg (T )
where K(t) = 2C, + %Et)
- . - Knyar
Further, we use the Gronwall lemma [3]. Multiplying both sides of inequality (11) by e © , we transfer
the first term on the right hand side to the left hand side. So we obtain
t t
d 2 = K(r)dr 1 o — [K(r)dr
o) 2y o < lrrre st
By integrating from 0 to ¢ and by exploiting the fact that u(x,0) = ug, we have
fK (m)dr 1 fK(T)dT
g Tl et 422 [ @) .
Hence, it follows that
Il ey < const ( Nuallyien + [ 1SNt ). (12)
0
Substituting inequality (12) into the right hand side of inequality (10) by a standard way, we have
lll 20,712 0) N B2 ) A L (0,313 () <
< const ( uolageey + [ 1700t |- (13)
0

By inequalities (12) and (13), and equation (1) and by

vi(t) [ i, &, thu(€, t)dg € L*(Q),

r;
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we obtain the following estimate

T
[ull 20,7 m200) 2 2)) < K | woll g o) Jr/Hf(t)H dt ). (14)

0
For the further study we apply the Galerkin method. Let wi,ws, ..., wp, ..., be a basis of the
space H2(Q) N H}(Q), i.e. the elements wy,ws, ..., wx are linear independent for all N € N; the set of linear

combinations Y &w; is dense in H?(Q) N H(Q) (& are constants).
We define the approximate solution of the problem (1)—(3) in the following form

N
un(z,t) = ZgiN(t)wi(x)v (15)
i=1

where the functions g;n(t), ¢ = 1,..., N are chosen such that the following relations hold
Oupn - Ouy Ow;
P
+Z Vi(t)/eiuNdf,wj = (fiwj), 1<iEN, (16)
i=1 P,

un(x,0) = uon () = Y nivw;, where {n;n} such that
i=1

anwi — ug in H&(Q) when N — oo. (17)
i=1

The relations (16), (17) are the Cauchy problem for systems of linear differential equations for the functions

gin (t).
dgn

WNW + An(t)gn = fn, gn(0) = {min},

where

- ow; Ow;
Wy = ll(wiwp)ll. Ax() =Y (“”‘ax-’agﬁ%
? J

ij=1

+Z Vi(t)/ei(m,ﬁ,ﬁ)wi(g)d&wj :

=1 T,
gn(t) ={an®)}, fn = {(f,w;)}.

Since Wy is Gramian matrix, and consequently det Wy # 0, for the finite number VN, then the problem
(16), (17)/has.an unique absolutely continuous solution.

We show, that if N — oo, then uy — u, and w is the solution of the problem (1)—(3). Due to the fact that
for the approximate solution uy(x,t) of the equation (15) for each N has a priori estimate of the form (14),
then from the bounded sequence {un(z,t)}7_, one can take out a subsequence {u,(z, t)}:o:1 such that

u, — z weakly in H*'(Q). (18)

By theorem on traces and by lemma on linear continuous mapping of weakly convergent sequences [4], we
have \
u, — z weakly in H>3(I';(t) x (0,T)). (19)

The relation (19) implies that
u, — z stronger in L*(T;(t) x (0,7)). (20)
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Let now j be arbitrary fixed number and p > j. Since the relation (15) holds for N = p, then multiplying
it by function ¢(t) € ® = {p/p € C*[0,T],(T) = 0} and integrating from 0 to T, we obtain

T

Oun ‘ n _auN Bwj
/ ( ot "pwﬂ> + 2 <“”a 8:1:7>+
0

i,j=1
+Z (Vi(t)/eiuNdﬁ,gowj) - (f, @wj)]dt =0. (21)

i=1 I

Then integrating by part, we have

[ %50 35 (o)

0

+ (Vi(t)/eiuNdfaSij> - (f, Sﬁwj)]dt =
=1

r;
_(uN(x70)7 (p(O)’LUj(.'L‘)), Vi, J-

We take as ¢ € D((0,7)) C ® the function that is infinitely differentiable and finite function. Then, by
taking the limit as y — oo (that is possible by relations (18), (20):we obtain

T

Opw; = Oz Qw;
/{_ ( ot >+Z <6x o )*
0 L=

S <ui(t> / eizdg,sowi> - (. gowj)]dt =0, Vj.p € D((0,T)) (22)
i=1 P,
and
r 0z Ow
/l (2, w;) g0+2 (a” 8xj>80+
0 ij=1
+Z (Vl(t) /eiZdanj>99 - (fawj) SD‘| dt = 0.
i=1 P,

By definition of the Schwarzian derivative we have

T
0 = 0z Ow;
/&[(z7w])+z (alja a$1>+

0 1,j=1

—1—2 (Vi(t)/eizd& wj> - (f, wj)] p(t)dt =0, Vj,0 € D((0,T)),

i=1 T

where %(z,wj) e D'((0,T)).
It is well known that (F, ) =0 for all ¢ € D((0,T)) & F =0¢€ D'((0,T)), consequently,

0z - 0z Ow
(at’“’J) 2 (“”a aa;) + (23)
i—1 7

)=

+Z <V1 / f t)d§7w3> = (f,wj).

T;
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Further, since j is arbitrary, and the set of linear combinations of elements wy,ws, ..., wy, ... is dense in
H?(Q) N H}(Q). Then the relation (23) implies that
L S + Xp: / (€, t)de = f. (24)
vi(
at ) ox; i 896j !

i

Hence & € L?(Q), thus z € Y(0,T).
For final derivation one can examine as z satisfies the initial conditions. We take ¢ € ® such, that it is not
necessary to be the finite function. Then as N — oo we have

T

Opw; = 0z Ow;
[ 2 i)

Z( / z(&,t)dg, wwj> —(f,sowj)ldtz

I;

= —(uo(x), p(0)w;(z)), V4 and for ¢ € ®. (25)
Integrating by part the relation (25), we have

T
0z "9 dz
[+ E ok (erge s

0 1

5 n) / es2 (€, 1)d€ 0, = f>s0(t)] -

i=1 T

= —(uo(2), w;)p(0) — (2(x,0), w;)p(0).

By (24), we have —(uo(z),w;) — (2(z,0),w;) = 0, V4. Consequently, namely ug(x) = z(x,0) is the solution of
the boundary value problem ( )—(3). The proof of theorem 1 is complete.

3 The adjoint problem

Let
r &V Yo={u/u € Y(0,7), u(z,0) = 0}, py € H}(%). (26)

We consider the problem that is adjoint of the problem (1)—(3)

Dip+ Y Dy, (aiDyp) +

+Zm ~1y) [ el a ple. s = r(at) on @ (27)
Q

p(z,t) =0 on X, (28)

p(z,T) = p1, (29)

where ¢6(x —T";) — is the Dirac function. In order to prove solvability of the problem (27)—(29) we use the schema
2 from [4].
Under the condition of theorem 1 and by v;(t) € L2(0,T) the following operator

=Y () / equ(€, t)de

=1

r;
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corresponding to the problem (1)—(3) defines the homomorphism Y (0,7) — L?(Q) [5]. Consequently, if o (u) is
linear continuous form above Y (0,T), then by Riesz theorem [3]| there exists an unique element p(v) € L?*(Q),
such that Yu € Y

QWLZ—Ej£J@éi)—2ﬂ@/éwmmgzﬂm. (30)

i,j=1 i=1 P,
We define the following linear continuous form
o(u) = ((r(z,t), u(z, 1)) + (p1, u(z, T)), (31)

where ((.,.)) and (., .) are duality relations between spaces Y§ and Yy , H~1(Q) and H(f), respectively.
Thus we state the following intermediate result.
Theorem 2. The problem (27)—(29) has unique solution p(z,t) € L?(Q), that satisfies the integral identity
(30)—(31) for all {r,p1}, satisfying (26).
Let us give some of possible descriptions of the elements r(z,t) € Yj. We have

0) = role, )+ 5 (p(0),ra (2, 1)

ro(z,t) € L*(0,T; (H*(Q) N Hy (Q))), 71 € LA(Q)s

where p(t) is infinitely differentiable function, defined, for example, by the following way (0 < t5 < 4

3 t() is
fixed):

2 0 <t <to;
p(t) = { arbitrary, to << T to;
T—t,  T—tg<t<T

Indeed, the estimates, that analogous with the estimates (12)—(14), hold for boundary value problem
(27)—(29). And the following more stronger result isitrue. Let » = 0, we state

Theorem 3. Let condition (4) hold. Then the.problem (27)—(29) has unique solution p € Y (0,7) for all
p1 € H(Q). This solution continuously depends on initial data, i.e. the map of the space H}(€2) into Y (0,T) is
continuous.

The proof of theorem 3 is similar with the proof of theorem 1.

Brief abstract of this work has been published in the Materials of the workshop «Differential operators and
modeling of complex systems» (April 7-8, 2017, Almaty, Kazakhstan) [6].
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M.T. ?Kuenames, A.C. KaceimbekoBa

Perynasapabl emec KO3 PUIMEHTTi XKYKTEJTEH NapadoJIaabIK
TeH/ieyJiep YIIIiH Oip IMIeTTiK ecen >KalbIHIa

Maxkanana perynaspas emec kodddunuenTTepi 6ap KYKTeJAreH mapaboJiablK, TeHIAEeyaep YIIH IneKapa-
JIBIK, €CEIITIH >KaJIlblJIaHFaH MmenmiMImr kapacreipbliasl. [lekapaJsiblk, ecenrepain Oipereit mrernrijeTisin
TYpaJibl TeopeMa JaJesaeHi. TeopeMaHbIH qYPHICTHIFGI KOHE TaHAAIFaH PYHKIIMOHAIIBIK, KEHICTIKTEPIIH
JIJIIIITT aJIBIHFAH AIIPUOPJIBLI GarajayiapMeH aHbIKTas Al Teopemannl mpiienaey CoboseB KeHiCTiriHig Teo-
PUSICBIH, alPUOPJIbI DaraJsay 9/icin koHe ['alepKuH 9/1iCiH KOJIJJaHa OTBIPBII XKy3€ere achbIpbLIAbl. BacTanksi
IIeKapaJbIK eCcelleH KaTrap, ColKec TYHiHIeC meKapaJsblK ecell 3epTTesi. Tyitinaec ecenTiy memiMIiirin
IoJesaey YIMH ChI3BIKTHI Y3imicci3 hopMa aHBIKTAIIbI KOHE TYHIHIECTIK KATHIHACTAD KOJIIAHBLI/IbI.

Kiam cesdep: »KaJmUbLIaHFaH IIENIIMIIK, IIEKApPaJbIK €CENTep, PEryysapibl eMec KodpUIMEeHTTED,
anpHUOpJIbl barasaysap, Kaarbl3 IIeiM.

M.T. /Ixxenamues, A.C. Kacbimbexkora

O06 omHoOIT KpaeBoii 3a/1a4e AJid HArPYy>KEHHBIX NapadoIMIecKnX
ypaBHEHUII ¢ HeperyJaapHbIMI. Ko3ddummeHTaMmn

B crarbe paccmorpena 0600IeHHAs PA3PEITUMOCTD KPACBOM 381841 JJIsT HATPYKEHHBIX MapabOInIeCKuX
ypaBHEHU ¢ HeperysipHbiMu Koddduipenramu. JJokazana TeopeMa 0 eIMHCTBEHHO pa3penIuMOCT Kpae-
BOI 3a71a9n. KOPPEKTHOCTD TEOPEMBI U TOYHOCTH BBIOPAHHBIX (DYHKITMOHAJIBHBIX TPOCTPAHCTB OIMPEIEIEHbI
MTOJTy YEHHBIMU AITPUOPHBIMEU OlleHKaMu. Jl0Ka3aTe beTBO TEOPEMBI ITPOBOIUTCS C UCIIOIB30BAHHEM TEOPUHU
npocrpancts CobosieBa, MeTO/Ia AllPUOPHBIX OLEHOK u Meroja lanepkuna. Hapsimy ¢ mcxomuoit kpaesoit
3a/adeil MCCiIeyeTcsl COOTBETCTBYIOMIAsI €l COIpsAXKeHHasg KpaeBas 3amada. Jlis nokasareabcTBa paspe-
IIAMOCTH COTPSI?KEeHHOW 3a1a9n 3aJ[aeTCs JIMHEeHas HempepbIBHAS (hOpMa U HUCIOTB3YIOTCST COOTHOITEHHUST
JIBOMCTBEHHOCTH.

Karouesvie carosa: 06001eHHAsT pa3PElIMIMOCTh, KPAaeBble 3a/1a491, HEPEry/IsipHbIE KO MUIIUEHTHI, allpuop-
HbIE OIEHKH, €IMHCTBECHHOE PEIICHUE.
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