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An initial boundary value problem for

the Boussinesq equation in a Trapezoid

¢
This paper considers an initial boundary value problem for a one-dimensional Boussinesqﬁ uation
S es

in a domain, that is, a trapezoid. Using the methods of the theory of monotone oper , ish
theorems on their unique weak solvability in Sobolev classes.
ono
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Introduction

The theory of the Boussinesq equations and its modificagions always attracts the attention of both
mathematicians and applied scientists. The Boussinesq equation, a | as its modifications, occupies
an important place in describing the motion of liquids t&mluding in the theory of unsteady
filtration in porous media. Here we note only the recent years, boundary problems for
these equations have been actively studied, since th: processes in porous media. The processes
occurring in porous media acquire special imp eep understanding in the tasks of exploration
and effective development of oil and gas fields.

In this paper, we study the issues of
for a one-dimensional Boussinesqg-type equ
represented by a trapezoid. Using the

ormulation of initial boundary value problems
ion in a domain with a movable boundary. The domain is
of monotone operators, we prove theorems on the unique

weak solvability of the considered ary value problems.
1 Stateme 1al boundary problem and the main result
Let O = {0 < z < ¢+ be the boundary of €, 0 < tg < T < oo. In domain @, =
Oy x (to, T), i.e., a trapézo onsider the initial boundary problem for the Boussinesq-type equation
O — Oy (Ju|Opu) = f, {z,t} € Qut, (1.1)
with bounda’
’ u=0, {x,t} € Sy = 0 x (to,T), (1.2)
and i @ ditions
u=mug, =€ Qy = (0,t0), (1.3)

where f(x,t), up(z) are given functions.
We have established the following theorems.
Theorem 1.1 (Main result). Let

S L3/2((t07T); Wy;é(gt))a up € H_I(Qto)'
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Then initial boundary problem (1.1)—(1.3) has a unique solution

u € L3(Qut).
Theorem 1.2 (On smoothness). Let
f € L3/a(Qut), uo € La(S2y).
Then initial boundary problem (1.1)—(1.3) has a unique solution

w € Loo((to, T); La()),  [ul*?u € La((to, T); H (), dyu € Ly jo((to, T); W,

3/2(975

2 Auxiliary initial boundary problem in a rectangle
To prove Theorem 1.1, we first consider an auxiliary initial boundary value this
purpose, we pass from variables {z,¢} to {y,t} by formulas y = ¢, t =t and t e trapezmd

Q¢ into the rectangular domain @Qu = Q x (to,7), 0 < to < re y € Q =
= (0,1), 092 = {0} U {1}, gz = 9 X (to, ) This transformatlon is dhe-to- ntroducmg the
notation w(y,t) = u(yt,t) = w(§,t), wo(y) = uo(yto, to) and g(y,t e write the auxiliary
initial boundary value problem for (1.1)—(1. ) in the following form

1 Yy
Opw — t28 (|lw|0yw) — 8 w= QQW, (2.1)
- \ 22)
= (2.3)
By virtue of the one-to-one transformat i en ent variables {z,t} — {y,t} the given

g € Lgo((to, ~10,1). (2.4)

The following theorems are true
Theorem 2.1 Under conditions @ nitial boundary value problem (2.1)—(2.3) is uniquely solvable

w e L3(Qyt)-
Theorem 2.2 (On sm@) Let

9 € L3/a(Qyt), wo € La(9).
Then initial boundary problem (2.1)—(2.3) has a unique solution

) La(),  |w|'Pw € La((to, T); Hy (), dsw € Lays((to, T); Wiy 5(92))-
8 Auziliary statements

To prove Theorem 2.1, we first establish a number of auxiliary statements. Denote by A the operator
of problem (2.1)—(2.3)

1 1
A(t,w) = t—2A1(w) + ;Agl(w), where A;(w) = —0,(|w|0yw), Az(w)= —yo,w, (3.1)

and the operator As(w) can be represented as:

As(w) = Agi(w) + Aga(w), where Asi(w) =w, Ap(w) = —0,(yw). (3.2)
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Let us show that the operator Aj(w)+ Asj(w) will have the monotonicity property if we introduce
the scalar product in an appropriate way. For this purpose, we take as a scalar product

1
o) = [ o[(-a3) o). v e @), (33)
where d2 = £ = (=d2) " ¢ —d2) =9, $(0) = (1) =0,Yy € H1(Q).

Let us show the validity of the following lemma.
Lemma 3.1. The operator A; + As; is monotone in the sense of the scalar product (3.3) in the space
H~1(0,1), i.e., the following inequality is true:

((Al + Agl)(’wl) - (Al + Azl)(wg),wl — ’w2> >0, Vwi,ws € @(2) (3.4)
To the proof of Lemma 3.1. It suffices for us to show that the operator A; is monotene a tion
(3.4) will be satisfied (according to |7], chap. 2, s. 3.1). Indeed, on the one han

1

1
(Ay(p) — A1), 0 — ) = / (=) (ol — 1) (—2) Y o1y =

2 Jo
1 1
25/0 (lple = [l) (o — ) dyv Ve, v @

On the other hand, the convexity condition of the functlonal
Jilp) =3 fo lo()3dy, € D(Q), implies

(Ji(p) = J1(), 0 — &

Thus, we get
1
[telo - i) - ) BPE 0, Ve, v e D).
0
For the operator As; according to.sca oduct (3.3) we have:
1
\ 21(), ) :/Wffdy:
0
1 1
=E) wdy= [ ((-&) o) vy, Vo v D), (35)

0
where ghmis, theéigolution to the following problem: —d 2 = v, 1(0) = (1) =

the convex functional
1t 192
Jo1(u) = 5/ [(—dz) 2 u} dy. (3.6)
0
For the Gateaux derivative of functional (3.6) we have

Ty () = (=d2) ", (3.7)

that is, taking into account (3.7), we obtain the following convexity conditions of functional (3.6):

1
(b (u) — Jhy (v),u — ) = /0 [(-df,)‘1 (u — v)} (u—v)dy >0 Yu,v € D(Q). (3.8)
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Remark 3.1. On the other hand, inequality (3.8) is a consequence of the positivity of the operator

(—d;)_l. Further, based on relations (3.5) and (3.8), we establish that the following monotonicity

condition holds for operator As;:
<A21(t,u) — Agl(t,v),u — U> >0 Vu,v € @(Q), Vit e (tQ,T).
Thus, we have shown the validity of statement (3.4) of Lemma 3.1.

4 To the proof of Theorem 2.1

Let us preliminarily note that the nonlinear operator A(t,v) = (0.5t 2 A1+t~ 1 Ag)v : /2(2)
(3.1)-(3.2) of boundary value problem (2.1)—(2.2) has the following properties: 0
A(t,v) : L3(Q) — L3/2(Q) is a hemicontinuous operator% (4.1)
1A(to, 0) |y () < €llvllF @)y € >0, Vo € Ls( (4.2)
(A(T,v),v) > aHUHL3 @y @>0, Vve L (4.3)
This follows directly from Lemma 4.1, as well as from ([7], Ch on 1.1).

Recall the definition of a hemicontinuous operator.
Definition 4.1. Every operator B : V — V' having the f 1ng operty:

Vu,v,w €V function A — (B(u+ A\v), tlnu as a function from R to R,

is called hemicontinuous.
Now we take as the main space:

H=HY

where (—di)_lv = © is the solutio 0
’Qg' 0)=3(1) =0, ve H Q). (4.5)

Further, we have

g,v), i.e. the element g € Lg/5(Q2) is defined.

V=1L3(Q), VcHCcCV, (4.6)
where each embe e and continuous. In notation (4.4)—(4.6), we introduce a linear continuous
functional

Ve i

v ntroduce

1
2\ —1
a(t,u,v) /[2t2|uluv—|— (—d) uv] dy, Yu,v € L3(Q).
0
We have ) ) )
_ _ 3 2\ —1/2
alt u,u) = (At ), u) = gl o) + 7 [ (=)™l
and
a(t,u,u —v) —a(t,v,u—v) >0 Vte (ty,T), (4.7)
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where the form a(t,u,v) corresponds to variational inequalities (3.4) and (3.8). Now, using (4.7), we
obtain the following variational formulation for initial boundary problem (2.1)—(2.3):

(w'(t),v) g + a(t,w(t),v) — b(t,w(t),v) = (g(t),v) Yv € Lz(Q) ¢ H (), (4.8)

w(0) = wo, (4.9)
where b(t,w(t),v) = t 71 (A (w),v).
We show that relations (4.8), (4.9) admit unique solvability.

4.1 Existence of the solution

method. Let vy, ..., vy, ... be a "basis" in the space L3(2). According to relatio nd (4.9), we
define an approximate solution w,(t) of initial boundary value problem (2 ol a subspace
[U1, ..., U] spanned by v1, ..., Up,:

(W, (£),v;) + a(t, (1), v;) — b(t, wn (L), @& m, (4.10)
i (4.11)

From equations (4.10)—(4.11), wy,(t) is determined on th to, tm], tm > to. However, due
to the validity of inequality (4.3) (A(t,v),v) > a||v||%3(9 rom (4.10)7(4.11) we obtain

Let us show that variational problem (4.8) and (4.9) has a solution. We will use‘t\ o-Galerkin
4.8)a

W (0) = wom € [V1, e, U], Wom —> w

1
Slwm 101y + a/ lwm (T)12,4¢ [ (T2, (0 lwm (7| (0 dr+

to

+/wvm (Dzatey dr -+ 3 lwomll-1(q) (4.12)

since

1
[b(tgpomly) ()] < - [ A220m (D)1, () [10m @) L)

A22wm(t)”L3/2(Q) < C2me(t)HL3/2(Q)7

C 8 [Cy\Y? a
22 i Mg o Ol00) < 5= (52) " T 20 + om0 <

t 9V3a
8 Co 3/2 3/4 o
< o=k () [lum@lBm] ™ + Shom®l0

where K 18 the embedding constant of (H‘l(Q))/ — L3/2(Q2), since by assumptions (4.4) and (4.6):
L3() c HY(Q) = (H_I(Q))/ C L3)p(Q) = (L3()) . Here we also use Young’s inequality (p~—! +
~1
g =1):
B d d

AB| = |(d"PA) (dY1= )| < = |AP + — |B|

4] = () (@) < Srap + S imr,
where

Cs

2
A= lom®lln, )0 B=lwn®liye), d= 7= p=3/2, ¢=3.
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We have similar calculations for the expression from (4.12):

8 34«
901l (D10 < 5= K [loOliey] "+ om0

Now, using a variant of Bihari’s lemma from ([8], Chapter 1, p.1.3, Example 1.3.1; it is important
here that 3/4 < 1), it follows from (4.12) that ¢,, = T and that

Wy, (t) are bounded in Loo((to, T); HH(Q)) N L3(Qye).-

Hence, we can extract such a subsequence of w,(t) that
\ 2
w, — w *-weak in Loo((to, T); H (1)), \

wy, — w weak in L3 (Qye),

w,(T) — ¢ weak in H ! @
A(t,wy) — x(t) weak for almost every 66 Qz (Qut),
due to condition (4.2) [|A(t,v)[L, @) < c||v||L3(Q), c >

L3/9(Quyt)-
We extend wy, (t), A(t,wm(t)),... on the real a 7€ro ut81de the interval [tg, T], and denote

follows from (4.10)—(4.11) that

nce A(t wu are bounded in

the corresponding continuations by Wy, (t),

(w;rL(t)7 UJ)H T <A(t7 wm(t —1 1<A22wm(t)7 'U]> =
= (9(1),v5) + ( 6(t —to) = (wm(T), v)d(t = T). (4.13)
Now we can pass to the limit in ( m = p and fixed j, whence we have
(@'(t), v5) y + (X(t) = 2w(t), v;) = (9(t),v5) + (wo,v;)0(t —to) — (§,v;)0(t = T) Vj
and hence
'(t) t) — t 7t Agow(t) = §(t) + wod(t — 0) — E5(t — T). (4.14)
By restricting (4° T), we get that
w' (1) + x(t) =t Agpw(t) = g(1), (4.15)
from v t) € L3/o(Qyt), hence w(tp) and w(T') make sense, and comparing with (4.14), we get
that w(t o and w(T) = &. So, we will prove the existence of a solution if we show that
x(t) = A(t,w). (4.16)

From property (3.4), i.e., (4.7), it follows that

T
X, = / (t,wa(t)) — A(t, (1)), wa(t) — v(t)) dt >0 Vv € L(Qy). (4.17)
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According to (4.10)—(4.11),

T T T
_ 1 1
Jeat ) w it = [ Az, 0, 0u0)dt+ [ (00, de+ 3wl e = 5 lunDI -
to to to
(4.18)
and, therefore,
T
1 2 1 2
Xu= [ (g wp)dt + §||U0u||H—1(Q) - §||wu(T)||H—1(Q)+
to
T T T
+/t‘1<A22wu,w#>dt— /(A(t,w#),w dt—/(A(t,v),wu — o \
to to to \
whence (since lim inf Hw#(T)H%I_l(Q) > Hw(T)H%I_l(Q)): 6
r 1 1
im sup X, < | (g.) e+ 5ol oy — 5o @R
to
T T
+ / =1 Agy, w) dt — / (x(t), v) £ o) — v)) dt. (4.19)
to to
From (4.15) we can conclude, since integration is legal, that
T T ) T
[ e vyt + [(gw)de+ 3] S0 = [ u)dt
to to to

Comparing this equality with (4.17) a .19), and also considering (4.18), we get

@ — A(t,v),w —v)dt > 0. (4.20)

Now we use the hemico 1t§) property (4.1) of the operator A(t,w) to prove that (4.20) implies
(4.16). Let v = Au, A u € L3(Qyt); then it follows from (4.20) that

T
A {x(t) — A(t,w — Au),u)dt >0,
/

Whe<2 ’
/(X(t) — A(t,w — M), u) dt > 0; (4.21)

to
when A — 0 in (4.21), then we get that
T
/(X(t) — At w),u)dt > 0 V.
to

Therefore, x(t) = A(t,w). The existence of a solution to problem (2.1) and (2.3) is proved.
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4.2 Uniqueness of the solution

Let wy(t) and wa(t) be two solutions to problem (4.8)-(4.9). Then their difference w(t) = w1 (t) —
we(t) satisfies the homogeneous problem:

W' (1) + A(t, wi(£)) — A(t, wa(t)) — t L Aspw(t) = 0, w(0) =0,

(W' (), w(t)) + (At wi(t)) — A(t, wa(t)), wi(t) — wa(t)) — t{(Agow(t), w(t)) =0
and, due to (4.12) and the monotonicity property of the operator A(t,w), we have:

d 92K
(w'<t>,w<t>):Q—dt||w<t>||?qfl(msTuw(t)n%H ie wlt)

where K is the norm of the operator (—dz) e H-YQ) — [H{(Q
is an intermediate space [9].

Remark 4.1. Let us give the interpretation of the solution to problem ( the solution to
problem (2.1)—(2.3). By introducing o in (4.8), we obtain

1/2
1 1

/8tw17dy+/[ 752|w|w—|— ( 5 w + t‘_ (—8517) dy =

0 0

Hence, from here we have

1
_1
/ (8tw 62 2t2]w\w+— 8y 2 (yw) vdyz/g(t)f)dy—i-
0
-1 ~y=1 , ~
t2 lw|w ; w —|— 2 (y w)] 8yv|z=0 Vi € Hi(R). (4.22)
Or, taking into account t , the last identity can be written in the following form
1 - -
- t—28y (lw|0yw) — n ayw - g(t)) 0dy =0 Vo eDQ), (4.23)

w(y, t) satisfies a Boussinesq type equation (2.1). Now, returning to (4.22) and
taking ount (4.23), we get

t\.’)\»—t

1 1 - 1
[2_tg|w|w+z(—6§) 1w+¥(—8§) (yw}avh =0 Vi€ HY(Q),

1 1 -1 1
[2—t2|w|w Fro) M w (-03)”

l\J\»—l

(yw) ] 0 v|| ,=0Voe HY ().
The last equalities imply the fulfillment of boundary conditions (2.2). Finally, from the continuity of

the function w : [tg, T] — H we get that initial condition (2.3) makes sense. This completes the proof
of Theorem 4.2.
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5 To the proof of Theorem

Since the transformation of independent variables {z,t} — {y,t} is one-to-one, there is a mutual
correspondence of functional classes defining the given functions and solutions of initial boundary value
problems. Therefore, from Theorem 2.1 we obtain the validity of the statement of Theorem 1.1 in terms
of the existence of a solution to initial boundary value problem (1.1)—(1.3). Let us show the validity of
the assertion of Theorem 1.1 in terms of the uniqueness of the solution to problem (1.1)—(1.3).

We show that the operator A;(¢,u) in problem (1.1)—(1.3) will have the monotonicity property if
a scalar product is introduced accordingly. For this purpose, we take as the scalar product

t —1
o) = [ o[(a) ] de, Vo e B @, Vee D), (1)
: .

where d3 = iz, & = (=d3) " ¢: —d3d =, $(0) = (1) = 0,V € H (),
The following lemma is valid.
Lemma 5.1. Operator A;(t,u) is monotone in the sense of the scalar
H~1(€y), i.e., the following inequalities hold:

) in the space

(A1t ur) — Ai(t uz), ur —uz) > 0, Vur,up € D(S (to, T (5.2)
To the proof of Lemma 5.1. For each t € (ty,T) oper or one and condition (5.2) is
satisfied (according to |7|, chap. 2, p. 3.1). Indeed, on the on have

(ilte) = Mt —0) =5 [ ()

=5 [ Gete— 1wl - Mga. Y ven@), vt (t0,7)
Q¢

On the other hand, the convexity couddition o
D(y), YVt e (to,T), implies

he functional J(t,¢) = éth lo()Pdz, ¢ €

(J'(t, )

Thus, we get x@

>0, Yo, v €D(), Yt e (t,T).

dr >0, Yo, € D(Q), Vte (to,T),

21s es shed. Lemma 5.1 is proved.
w the uniqueness of the solution to problem (1.1)—(1.3). To do this, using
in the following variational formulation for initial boundary problem (1.1)—

that is, inequalit

Now we are pea
inequality (5,2),
(1.3):

Lo + ao(t, u(t),v) = (F(8),0) 10, Yo € La3(0,8) C HY (), Vi€ (t,T), (5.3)

u(ty) = uo, (5.4)
where
ap(t, u,v) = (Ay(t, u(t) /|uxt!umt v(x)dx, YVt e (to,T).

Let u;(t) and usa(t) be two solutions to problem (5.3)—(5.4). Then their difference u(t) = ui(t) — ua(t)
satisfies the homogeneous problem:

(u/(t),u(t))H_l(Qt) + (A1(t,ui(t)) — A1(t,ua(t)), u(t)) =0, Vt e (to,T); u(0) =0,
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and, due to the monotonicity property of the operator A;(t,u) (5.2), we have:

d .
() u(8)) 10y = 5510 -1 < 0. e () =0.

Thus, Theorem (1.1) is completely proved.
Conclusions

The initial boundary value problems for a one-dimensional Boussinesq type equation in a trapezoid

of the theory of monotone operators.
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