Bulletin of the Karaganda University. Mathematics Series, No. 4(116), 2024, pp. 41-56

https://doi.org/10.31489 /2024M4 /41-56 Research article

On solution of non-linear FDE under tempered ¥—Caputo derivative
for the first-order and three-point boundary conditions

K. Bensassa!, M. Benbachir?, M.E. Samei®>*, S. Salahshour®5¢

Y Analysis Department, Faculty of Mathematics, USTHB-University,
Bozx 32 El Alia Bab Ezzouar 16111 Algiers, Algeria;
2 National Higher School of Mathematics, P.O.Box 75, Mahelma 16093, Sidi Abdellah (Algiers), Algeria;
3 Department of Mathematics, Faculty of Science, Bu-Ali Sina University, HamedangIran;
4 Faculty of Engineering and Natural Sciences, Istanbul Okan University, Istanbul, Turkey;
5 Faculty of Engineering and Natural Sciences, Bahcesehir University, Istanbil, Turkey;
8 Department of Computer Science and Mathematics, Lebanese American University,sBetrut,) Lebanon
(E-mail: kbensasausthb@gmail.com, mbenbachir2001@gmail.com, mesamei@basu.ac.ir, §oheil. salahshour@okan.edu.tr)

In this article, the existence and uniqueness of solutions for non-linear fractional differential equation
with Tempered W—Caputo derivative with three-point boundary conditions\were studied. The existence
and uniqueness of the solution were proved by applying the Banach comntraction mapping principle and
Schaefer’s fixed point theorem.

Keywords: fractional differential equations, tempered W—Caputo derivative, nonlinear analysis, Schaefer’s
fixed point theorem; Banach contraction.

2020 Mathematics Subject Classification: 26A33; 34B25;:34B15.

Introduetion

Fractional calculus is a strong tool€ef,mathematical analysis that studies derivatives and integrals
of a fractional order. Fractional differential‘equations (FDEs) are used in many fields of engineering
and sciences such as physics, mechanics, chemistry, viscoelasticity, electro chemistry, porous media,
electromagnetic, for more details seéythé books [1-3| and applicable papers [4-10].

One of the useful generalizations of a fractional derivative and an integral is associated with a
dependent function [11].[ Mali €¢ al. developed well the theory of tempered fractional integrals and
derivatives of a function withespect to another function [12]. This theory combines the tempered
fractional calculus‘withythe 1-fractional calculus, both of which have found applications in topics
including continueus time random walks. In [13]|, Benchohra et al., by means of the Banach fixed point
theorem_and¢the nonlinear alternative of Leray-Schauder type, proved the existence of solutions for
the first order boundary value problem (BVP) for a FDE

Dlse(w) = h(w, 2(w)), w,n € Q:=(0,1), (1)

under condition ps(0) 4 gs2(1) = bo. In 1996, authors proved existence and uniqueness of problem (1),
for w € Q, where h : [0, T] xR — R, 0 < T < 400 is a given continuous function [14]. Also, the
authors in [15] by the Banach contraction principle and Schauder’s fixed point theorem investigated the
existence of solutions for problem (1) with integral conditions »(0) + pfOT 5¢(C) d¢ = 5(T). Recently,
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authors have presented very valuable works on the ability of fractional derivatives and fractional g-
derivatives with Caputo sense [16-23]. Salim et al. concerned some existence and uniqueness results
for a class of problems for nonlinear Caputo tempered implicit FDEs

{ D, ¢oe(w) = b (w,3e(w), DL, e#(w) ) s w € [ir, ], m € )

p1#(k1) + pasxe(K2) = p3a(n) + g,

in b-Metric spaces with three-point boundary conditions, where h € C(Q2 x R?), k1 < 1 < kg < 400
and p;,i = 1,2,3, q are real constants [24|. For more instance, consider [25-27].

Motivated by the studies [28-33|, we characterize an alteration of the ¥—Caputo derivative, the
Tempered W—Caputo derivative and consider the Cauchy problem for FDEs with, thisitype of a frac-
tional derivative. This derivative incorporates as uncommon cases the Tempered Caputoy30]. In this
manner, we study the following (BVP) for a FDE with the tempered ¥—Caputosfractional derivative
type

{ DEM se(w) = b(w, #(w)), wed=[0,T], me (3)

p152(0) + p23e(To) + p3x(T) = g,

where b : JxR? is a continuous function, Dg’)"w is a Tempered ¥—Caputo fractional derivative, increase
function ¥ is a continuously differentiable on [0, 00) with ¥(0)e= 0, W'(w) > 0, for each w € (0, c0),
limy 00 (W) = 00, p; (i = 1,2,3) are real constants with ¢ p; = poe M (To) 4 pse V(T 4 £ 0,
0<To<T.

In Section 2, we give a result, based on Banagh (Theorem,?2) and Schaefer’s (Theorem 3) fixed
point theorems. In Section 2.2, a case is given that illustrates the application of our primary comes
about. These comes about can be considered‘as a commitment to this developing field.

4 Preliminaries

In this section we present definitionstand theorems from fractional calculus theory which are used
in this paper. Let ¥ € C"[Tq, ToJ¢be an increasing differentiable function for all T; < w < T,. The
tempered W-fractional integral of ‘an order n — 1 < n < n(n € N) is present by

W

- 7)\\i/~(w) 1/ < \
T e LI}
1

where W, (w) = U(w) =2L(v). Now, let ¥(w) # 0 for all w € [T, To]. The tempered ¥—Caputo
fractional derivative ofyan order 7 is defined as

w ef»p(w) (w ~ P n N N
By, #(w) :/T Wi)()@z(w)) K I%L,lp(é) d¢,  A>0,
1

where %E\nlp (w) = [\I,,(w) 1" (e)“I’(W)%(W)). By employing the above assumptions the next theorem is
satisfied.

Theorem 1. Let W € C™[T1,Ty]. Then the following holds (I) D% [Iﬁr’l/\’q}%(w)] = x(w);

CiTq
n—1 ~
(1) T2 (DY (5e(w))] = se(w) — e 20D Sy [, (w)] " where
' k=0
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2  Main results

In this section, we consider BV (3). We consider the norm |s[o := sup {5¢(w) : w € J} on space

c@).

2.1 FExistence of solution

Let us start by defining what we mean by a solution of BVP (3).

Definition 1. A continuous function s : J — R is a solution of the BVP (3), if Dg’)"w%(w) exists
for all w € J, continuous on J, and s(w) fulfils equality (3) for all w € J.

Lemma 1. Let the function b € C(J x R) be bounded. Then the function »(wi),is asolution of the
BVP (3) defined on the interval J iff it is a solution of the following equation

TG, () ¢

.
se(w) = G 4 /O G(w, )

with G(w,v) = Gi(w,v), whenever 0 < w < T,, and G(w,v) = Go w,¥), .whenever T, <w < T,

where

p2€7;\W(W) ({I}V(To))nileiA(IjV(TO)
. pse M) (T (T))1=Le 20 (D) 4 (T ()7 ~Be 2T () 0<v<w,
1(w,v) = pze_;“l’?“’) (@V(To))nfle*m"’ﬁ") A Pse__;L(w) (\ilv(T))W*le*)“i’v(ﬂ7 w<v<T,
pze MW —1,-AT(T)
ey () e D, To<vsT,
pq2 e—/\\IJ(w)(\ijv(—r))n—le—k\yv('l')
Ga(w,v) = — B2 ) (, (T AT - (B (w)) T Le MM 0 <v < T,
20 = o (I T) 4 (B ()0, T, <v <,
pie—)“l’(w)(@V(T))”_le_’\\ijv(—r), w<v<T.

Proof. By performing the integral I(’)n/\’\l’ to both of Equation (3) and applying assertion (2) of
Theorem 1, we get s(w)l = cpes ") + ﬁ fgv(\i/z(w))"_le_’\\pi(w)\If’(é)b(z, »(())d(. Using condi-
tion (3) we have

7>\\ifi('ro)

To N
w=1-2 [ s s )

/\‘i/i(T)

T _
- [ @) R Qb @)

then the wnique solution of (3) is given by the formula

N N

To -
selw) = Je N — et / (U (To)) e M elTIW (0)n(C, 2(0)) dC
0

\ N

T -
— e [Ty O L #(2)
0

qr'(a)

—/\\ilz(w)

+ [ S @ E D)l )
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Let 0 <w < T,. Then (4) can be rewritten

() = $eTNVO) — maem { / S (e(To)) e M TOW (2 (Z, () di
0

q qr(n)

TO ~ T, \ N N \
+/ (\I/z(To))”_le’\‘I’Z(TC’)\II’(C)h(C,%(C))dC}

- gt [ e RO O () ot
To B
+ (@ (To)) e MW (Oh (L, (0)) dC
N i 1, A0, (T)
n=1,= AV, (T) g/ B
+ [ ) ¥On(L ) aE )

Here grouping the like terms, and then simplifying, we get the new funetien as,follows

_%Q—A@(w)(@V(To))n—le—A@V(To)

G — BN (i ()7 M) (0, (o))l N D<v<w
1(W7V) = %e_,\qj(w) (@V(TO))n—le—/\‘ilv(To) _ %e—/\\ll(w)(@V(T))n—le—)\‘i/v("r)’ w<v< T,
p3 —AU(W) ( —1 A0, (T)
q;se (U, (T))" e , To<v<T,
using this equality, relation (4) may be written as an integral equation,
TQ N N N N \
se(w) = G 4 s [RGalw, OV (Qh(E, #(0)) AL,
0

for the case w € [T,, T] we can write equality (4) in the form

AU (w To ~ i . 7.3 N N N
e(w) = §e W Bt /0 (F(To))7 e AT (@ (L, #(0)) AL

e=AY(w) To ~ . _)\\II(T) o . \ \
- {/ (T, (T)" e e ()h(L, 5(0)) dL
0

L / W(%(T»"—le”z”’qf'(z)h(z, (L)) d¢
Pyt v %<z>>da}

X TO ~ = N N N
srd [ <wz<w>>"1e—”’a<w>w’<n>b<c,%<c>>dc}
4 [t OO (E D) L

Here we introduce the new function

%e_m(w)(@V(T))U—le—/\‘l’v(T)

Golw,v) = %e*m(w)(\?V(T))nfle—,\\f/v(ﬂ + (({}V(W))etaflefj\\llv(w)’ 0<v< T
, %;se—w(w)(\I/V(T))’?—le—WV(T) + (Ty(w))17te AW T < v < w,
%ge—m(w)(@V(T))n—le—,\\ifvm7 we<v<T.
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Hence for the case w € [T, T|, we can write (4) in the form s»(w) = g e MW 4 F o) f-l- Ga(w, )
’(C)b(C %(C))dC So, we conclude that the solution of BVP (3) has the form s(w) = g e W) 4

fo F(nz)) B(C, »(C)) d¢. The proof is completed.

Theorem 2. Assume that

(H;) There exists a constant k > 0 such that |h(w,v1) — h(w,va)| < k|vi — va|, for all w € J, and for
each vy, vy € R.

If k/xn (|p2/4| + |ps/d| + 1) < 1, then the BVP (3) has a unique solution on J.

Pro_of. We _transform the problem (3) into a fixed point problem ¢ounsidering the operator
O :C(J) = C(J) defined by

O(#)(w) = Le AV / G(w, ) (2)h( Soe( Oyl (5)

It isn’t troublesome to see that, a fixed point O is a sélution of»(3). We might utilize the Banach
contraction principle to demonstrate that O charagterized by (3) includes a fixed point and O is a
contraction.

Case 1: Let w € J, so we have

[ @) = b )] a

< ’ﬂ'?n;”‘/ € () 32

< el (el e v
+/{)W(\i’g(To))"‘le‘“’z<To>\1/(&) dz} + | a] e {/Ow(\i/z(T))"‘le‘”}z(T)\I/’(é) a4l
+/To(@a(T>)"‘1e‘*‘"Pﬁ‘T)\If’(&) d¢ +/T
+/Ow(\i/z(ro))"*le—*@z<To>\1ﬂ(z) dZ)

T _ w -
) [ ryte i Owa+ [ (®z<w>>"‘1e—”’z(w)qf’<é>df:}
0 0

. (To) 200 IR e
< g / ) o e*‘dc+/ e Mg
! 0 0 0
< kv;(imw{ an—le—*idu/ z"—le—*id(‘:}
0 0

n)
r k
(71)} g T (

T

@z(ﬂ)"—le-*@zmw’<é>dé}

P2
q

TO ~
e [Tt TIw Q) al
0

+

P3
q

P2
q

k|1 — o
g ‘1 ‘

P2
T'(n) i

1"(?7) p3 P2
4 15 7

q

+ %3 )\%1—%2\.
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Case 2: Let w € [To, T], so we have

OGa)(w) - w)lﬁ / Ga(w, V() [b@,%)l(&» h(& (D)) a

To - = S S
e M {/ (T3 (To))" re M/ () dC}
0

T -
e M) {/ (T (T))" e M Dw'(2) dg

0

w ~ T -
+/ (‘i’g(T))nflefm'Z(T)\I/'(z)di +/ (\ifz(T))nflefm’i(T)\If'(Z)dZ}
To ~ w ~
+/ (\i!z(w))"*le*’\‘pi(w)\ll'(i)df‘,+/ (@z(w))ﬂ*lef)ﬂl’z(w)\lll(z)dz)
0 o
<t
T - -
/ (@Z(T))n—le—A‘I}E(T)\III(z) dé‘i‘/ (\iﬁ(w))n_le_)‘q'i(w)lll’(z) dé}
0 0

W(To) N w(T) W(w) N
/ e Al + / ¢t *“dc+/ et dg
0

/ {4 ‘“dc+/ gt ‘*Cdc}

: F§2)+%ZJ}<%(

P2

TO -
: / (B, (To)) " Te M2 Ty () dl
(0]

q

w

n
Thus, for all w € J, |O(31)(w) — O(5)(w)| & /\%(‘%’ + ‘%?" + 1)|561 — 32]. Consequently by (3), O

is a contraction. As a consequence of Banach fixed point theorem we deduce that O has a fixed point
which is a solution of the problem (3).

p3
q

P2 p3

q

P2 P2
q

'(n)
g| o T

) |%1 — %2|.

p3
q

p3
+ q

The second result is based on Schaéfer’sfixed point.

Theorem 3. Assume that
(Hz) The function b : J x R&:4Ris continuous;
(H3) There exists A > 0 sucli that |5, »)| < A for each w € J and all 5 € R.
Then the BVP (3) has atdeastrone8olution on J.

Proof. We shall usé Schaefer’s fixed point theorem to prove that O defined by (5) has a fixed point.

The proof will be given.in several steps.
Step 1: O is‘entinuous. Let {s,} be a sequence such that s, — s in C(J). Then for each w € J,

|OGaw) — O(2)(w)| = 0L, 24 (0) = (L, (L)) dC

N

T N N N
F(lmsgb(w, sa0)) = bl 0| [ G, D)

1

o2 1 Iy e (o0) — B, 00

N

Since b is a continuous function, we have

0Gen)(w) = O(3)(W)| < 57

Boymg 1\ [(w, 5 (W) = b(w, 32(w))|oe = 0,

as n — 00.
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Step 2: O maps bounded sets into bounded sets in C'(J). Indeed, it is enough to show that for any

r > 0 there exists a positive constant [ such that for each » € B, = {5c € C(J) : |5 < r}, we have
|O(5)|0 < I. By (Hs) we have for each w € J,

’
OGam < [4] + | [ GOm0 @ D)

p2
q

+

D3
q

<l oy [ @izl - (] o) =

Step 3: Here we prove that the operator O maps bounded sets into equicontinuous sets from C(J).
Let wi,wo € J, B, be a bounded set in C(J). As in Step 2 we assume that » € Bmand Ky
A max {¥'(w)e ™ : w € J}. Then the mean value theorem implies that }e_w(w?) S e_)“l’(wl)‘
Ky|wy — wq. B

Case 1: Let wq,wq € J. Then

VAl

O (5¢) (wa) — O(3¢)(w1)| = ‘g (efwvm N efmwl))
T

T .
“AU(wa) _ —AT(wy) Sy ) AY(0) 5>
e 2 e 1 ) _|_/0 (GI(W27 C) Gl(Wl, C)) T(n) dC

0
To ~ _
+ 22| M) (@, (To))1 e AT/ (8) dg
w2
b W = 1N (T a3y 43
+ Bl R0v2) (3, (T))1~te D (0) dC>
w2

w1 N . o
_ /0 W M) (1 (T, e T g () i

eV (i (T))1 e A e D (s) dL

To ~ 3
— [ B e O (To)) e T () de

w1

T A = 1A (T) g/ 3y 45
- [y O

w1

p2

<[] mutwa vl + o5 |2

(e—wmz) _ e—W(m))

To .
- / (Fy (To)) e 5w (2l
0
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To -
‘|z <€_w<w>_e—w<wn) / (B, () e e Dw' () dg
+/W2(@z(w ))Tle e Qde - /Wl e dz}
0

(To)

< supes —wlf [ + iy [g] [ e at

W(To) | s W(wa) | .
) c"—le—kﬂdc}+ / (1lem M.

Vo (T) Y(wi)

M

olki

q

Case 2: Let wy € [0, To], wa € [To, T]. Then
O()(w2) = O(e) (w)] = |§ (€7AV0m) — =200

* 1 /OT (G2(w2. &) = Ga(w1, ) WL #(0)) dé:]

< |g] (¥ — emwen)

. To _
+F(An){ T W(WQ)/O (y(To))" e M T g a
+ %5 —A\I/(wg)/o (i,&(—r))n—lefA‘l/C(T)\I//(C) dc

To
+/ (B (wo))" e e p/ (@) dC
0

_l’_

q

p3 e)\‘I/(WQ)/ (\i, (T ))n*le—)\\ffz(T)\I,/(z)dz
+/ (B (wa)r e Dy at

o —|— B
4 |m e—)\‘I/(Wz)/ (ﬁ,z(T))n—le—Aﬂ/z(T)\I}/(z) dz

_|e2 e—)\\If(w1)/W1(\I;z(TO))T]16—>\‘I~’i(TO)\III(z) da
0

Llps e)\\ll(wl)/ l(i’z(—r))nile_)‘@i(—l—)\l/’(é)dz
0

N /Wl(‘i’\(m))’]16_mi(wl)‘lf’(i) dc

0
— || emxutm /w ) Le T g () g
_ B3| g—2wm) 1= (T g/ () 4
pq;, 1/W )1 W'(0)dC
_p3| ,—AT(wq) T, 1 AT, (T) 10> >
e I/TO@( X W)
To s AT (T >\ 15
< Kebwa =l 3]+ ofy [] [Ty e ag
A |ps

T -
/(@z(T))”‘le‘“’z(T)\Iﬂ(i)d&}
0

Ty |4
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+/W2(i,z(w ))7] 1 —)\\I/ 77 le_A\iZ(Wl)\I/,(&) da
0

< Kylws —Wl\{ ’g‘ + F(An)

0)de — /Wlxif

U(To) | LAl
p2 n—1_—
: e

p3

W(To) W(wz) .o
/ Cn 1 —)\C d(:} / Cn—le—AC dC
e, W(wi)

Case 3: Let wi,wy € [To, T]. Then

)

|O()(wa) — O(5)(w1)| = ‘% (6—/\\I’(W2) _ e—m(wl))

!
b [ Gata &~ Caln, O FS0L A
0

,W(WQ)(\i,z(—r))nqe—»ifz(T)\I,/(a) dé

/Wl _>\\Il(w1)( (T))n—lef}\\i/é('l')\y/(i) di
TO

w1 .
/ \I/ Wl ’r] 1 7)\‘11 (Wl)\pl(c)dc

T -
- [ e Qe D a

bl )
A

& V0 (0 (1)) Le D () g

T -
‘/ TR (B () Te MW (Q) d

o

w1

) / W2(ifz(wQ))"—le‘A@z(W”wz) ac —

< Kylwo —Wl\{ ’%‘ —i—ﬁ

(3 (wa)) e H O 9 () dz}

To

DR s Vo (w2) | s
Cn_le_ACdC}+[ C’I]—le—)\(,dC.

U, (wa)

The right hand side of the above inequalities for all Cases 1-3 tend for zero by wo — wi. From this
due to Arzela-Ascoli theorem and Steps 1-3 follows that the mapping O : C(J) — O(J) is continuous.

Step 4: Here we prove the necessary prior bounds. Indeed we show that the set T = {% €
C([0,R]) : 3 = pO(5) for some p € N}, is bounded. Suppose that s = pO() for some 0 < p < 1.

Then for each w € J we can write

=i
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This fact in combination with (Hs) shows that for each w € J,

p3
q

+

06w < [4] + 5 /OT Gw, QW) at < |3+ 5 ( +1),

for each w € J. Thus the set T is bounded and O has a fixed point by Schaefer’s fixed point theorem,
that is a solution of problem.

2.2 An illustrative example

In this section we give an example to illustrate the usefulness of our main results, Letyus consider
U(w) = In(w + 1), and the following FBVP,

672w w(w =
DI (W) = it wel=10,1],n€(0,1], (6)
with
#(0) + 3 (3) + 221 =} "

—2w

Put bh(w, (w)) = 624T’1(1W)), (w,3) € J x [0,4+00). Let s, 30 € [0, $o0)and/w € J. Then we have

—2w 1 9 ’ — 672‘” |7{14’{2| < e

—2
Ih(w, 501) = b(w, 222)| = 624 D11 Zorpt1 WU Gath) ot S 24W 261 — 52| < 2*14‘%1 — 3|

Hence the condition (H;) holds with k = 5. We shall check that condition (7) is satisfied for appro-
priate values of n € ]0,1[ with py =1, pp = 3,.p3 =2, B.=1 T, = % and

G = p1 + pae M) 4 pae ML 4 3 AVO/2) 4 9 AV(O), @)
Then by Theorem 2 the problem (6)-(7) has a unique solution on J for values of 7 and \ satisfying

condition (Hp). For example
o If A =1 and for all n € (0, 1) then thanks to Eq. (8), we have ¢ = 3 and

 (
5]

0.16

P2
q

p3

15

4 1) ~ 0.09027 < 1.

0.14 1

012

01

gs‘gg;v

0.08

0.06 -

0.04 I I I I I I I I I
0 01 02 03 04 05 06 07 08 09 1
w

Figure 1. 2D-graph of ¢ < 1 for the BVP (6) whenever A = 0.5,1,3, n,w € Q

Fig. 1 shows 2D-graph of ¢ for the BVP (6) whenever A = 0.5,1,3 and n,w € Q.
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o If A =3 and n € 2, we have

i
AT

p2

it

p3
q

+1) = g (3] + 3]+ 1) <1 (9)

Table 1 presents numerical values of ¢ for the BVP (6) whenever A = 0.5,1,3 and n, w € €. Fig. 1
shows 2D-graph of ¢ for the BVP (6) whenever A = 0.5,1,3 and n,w € Q.

Table 1
Obtained results of £ < 1 in (9) when A =0.5,1,3 and n,w € Q
w 4
A =0.5 A=1 A=3
0.05 0.08463 0.09028 0.12091
0.10 0.08761 0.09028 0.11444
0.15 0.09070 0.09028 0.10833
0.20 0.09390 0.09028 0.10254
0.25 0.09721 0.09028 0.09706
04'80 0.14232 CLOQ’OQS 0.05;304
0.85 0.14734 0.09028 0.05021,
0.90 0.15254 0.09028 0.04752
0.95 0.15792 0.09028 0.04498
2.8 Data comparison
At present, we consider A = 3, threé values for n = 0.7,0.8,0.9 and four cases for ¥(w) as
Uy (w) =2V, Uy(w) = w (Caputo derivative); ¥s(w) = Inw (Caputo-Hadamard derivative);

U, (w) = /w (Katugampola derivative);*fer, the BVP (6).
results for these cases. One can seg illustrative results in the Figs. 2, 3 and 4. Therefore, these results
guarantee that for all of threefdifferent/ cases by terms of the order 1 and four standard fractional
derivatives ¥, the BVP admits at.least a solution on J.

0.09

0.08 1

0.07 [

0.06

0.05

0.04

0.03 £

@

0.02 [

A=3n=0T7

— k 2
4+l <

0.01

w

0 01 02 03 04 05 06 07 08 09 1

Tables 2, 3 and 4 show the numerical

Figure 2. 2D plot of ¢ in BVP (6) when A = 3, ¥(w) € {2V, w,Inw,/w} and n = 0.7 for w € Q
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Figure 3. 2D plot of ¢ in BVP (6)

Figure 4. 2D plot of £ in
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en A =3, U(w) € {2, w,Inw,/w} and n = 0.9 for w € Q

Table 2

f ¢ <1 in BVP (6) when A =3, ¥(w) € {2¥,w,Inw,/w} and n = 0.7 for w € Q

w Uy (w) = 2% Wo(w) =w Y3(w) =Ilnw Wy (w) = vw
q L q L q L q L

0.05 1.157 0.078 4.012 0.036 28001.000 0.019 2.790 0.044
0.10 1.140 0.079 3.593 0.038 3501.000 0.019 2.355 0.048
0.15 1.125 0.079 3.232 0.040 1038.037 0.019 2.095 0.052
0.20 1.112 0.080 2.921 0.042 438.500 0.019 1.915 0.055
0.25 1.099 0.081 2.653 0.045 225.000 0.020 1.781 0.057
0.70 1.027 0.085 1.429 0.067 11.204 0.025 1.284 0.072
0.75 1.023 0.085 1.369 0.069 9.296 0.027 1.260 0.073
0.80 1.019 0.086 1.318 0.071 7.836 0.028 1.239 0.074
0.85 1.016 0.086 1.273 0.072 6.699 0.029 1.220 0.075
0.90 1.013 0.086 1.235 0.074 5.801 0.031 1.203 0.075
0.95 1.011 0.086 1.202 0.076 5.082 0.033 1.188 0.076
1.00 1.009 0.086 1.174 0.077 4.500 0.034 1.174 0.077
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Table 3
Obtained results of ¢ < 1 in BVP (6) when A =3, U(w) € {2V, w,Inw,/w} and n = 0.8 for w € Q2

w Uy (w) =2V To(w) =w V3(w) =Inw Wy(w) =W
q £ q £ q L q L

0.05 1.157 0.070 4.012 0.032 28001.000 0.017 2.790 0.039
0.10 1.140 0.070 3.593 0.034 3501.000 0.017 2.355 0.043
0.15 1.125  0.071 3.232 0.036 1038.037  0.017 2.095  0.046
0.20 1.112 0.072 2.921 0.038 438.500 0.017 1.915 0.049
0.25 1.099  0.072 2.653  0.040 225.000  0.018 1.781 0.051
0.75 1.023  0.077 1.369  0.062 9.296  0.024 1.260  0.065
0.80 1.019  0.077 1.318  0.063 7.836  0.025 1.239  0.066
0.85 1.016  0.077 1.273  0.065 6.699  0.026 1.220  0.067
0.90 1.013 0.077 1.235 0.066 5.801 0.028 1.203 0.068
0.95 1.011 0.077 1.202 0.068 5.082 0.029 1.188 0.068
1.00 1.009 0.077 1.174 0.069 4.500 0.031 1.174 0.069

Table 4
Obtained results of £ < 1 in BVP (6) when A =3, ¥U(w) € {2¥,w,Inw, /w}.and n = 0.9 for w € Q

w Uy (w) = 2% Vy(w) =w V3(w) =Inw Wy (w) = y/w
q L q L q £ q [4
0.05 1.157 0.062 4.012 0.029 28001.000 0.016 2.790 0.035
0.10 1.140 0.063 3.593 0.031 3501.000 0.016 2.355 0.039
0.15 1.125 0.064 3.232 0.032 1038.037 0.016 2.095 0.041
0.20 1.112 0.064 2.921 0.034 438.500 0.016 1.915 0.044
0.25 1.099 0.065 2.653 0.036 225.000 0.016 1.781 0.046
0.75 1.023 0.069 1.369 0.055 9.296 0.021 1.260 0.059
0.80 1.019 0.069 1.318 0.057 7.836 0.022 1.239 0.059
0.85 1.016 0.069 1.273 0.058 6.699 0.024 1.220 0.060
0.90 1.013 0.069 1.235 0.059 5.801 0.025 1.203 0.061
0.95 1.011 0.069 1.202 0.061 5.082 0.026 1.188 0.061
1.00 1.009 0.069 1.174 0.062 4.500 0.028 1.174 0.062
Conclusion

This paper contains a new fragtional mathematical model of a BVP consisting of the Tempered
W—Caputo derivative in thepframework of the generalized sequential G-operators. We turned to the
investigation of the qualitative behaviers'of its solutions including existence and uniqueness. To confirm
the existence criterion, wesused theBanach contraction mapping principle and Schaefer’s fixed point
theorem. Comparison ofl data ebtained by choosing several types of fractional derivatives is of great
importance.
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