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One approach to solve a nonlinear boundary value problem
for the Fredholm integro-differential equation

A quasilinear boundary value problem for a Fredholm integro-differential equation is considered. The
interval is divided into N parts and the values of the solution to the equation at the<eft end points of
the subintervals are introduced as additional parameters. New unknown functions are introduced on the
subintervals and a special Cauchy problem with parameters is solved with.respeet to a system of such
functions. By means of the solution to this problem, a new general solution to the quasilinear Fredholm
integro-differential equation is constructed. The conditions of the existence of @ unique new general solution
to the equation under consideration are obtained. A new general solution istused to create a system
of nonlinear algebraic equations in parameters introduced. The conditions for the existence of a unique
solution to this system are established. This ensures the existence of a unique solution to original problem

Keywords: quasilinear Fredholm integro-differential equation, quasilinear boundary value problem, a new
general solution, iterative process.

Introduction

Integro-differential equations (IDEs) are often encountered in the applications as mathematical models of real
processes [1-6] The solvability of different problems for IDEs and methods for solving them have been studied
by many authors [1, 4-20] General solutions’ play an important role in investigating qualitative properties
of problems for IDEs and solving them. However, the classical general solution exists not for all Fredholm
integro-differential equations (FIDEs) (see.[7, 10]). Therefore, a new concept of general solution to FIDE is
proposed in [11]. Employing parametrization’s. method [21] and choosing a regular partition Ay of the interval
[0,T] (see [9, 10]), a Ay general solution z(Ap,t,A) to the linear FIDE is introduced. In contradistinction
the classical general solution, x(Ajy,#, \) exists for all linear FIDEs and depends on a parameter A € R™V.
The paper [22] introduces the'concept of the Ay general solution to a nonlinear ordinary differential equation.
In [12], the concept of the An general solution is extended to FIDEs with nonlinear differential parts. The use
of such a solution allows one to.reduce a nonlinear boundary value problem (BVP) to a system of nonlinear
algebraic equations in parameters A, r = 1, N.

We consider the quasilinear FIDE

d m T
AT+ pn0) [ vnalr)dr + folt) +ef(ha), tE DT, wE R (1)
k=1 0
subject to the boundary condition
Bz(0)+ Cx(T)=d, deR", (2)
where ¢ > 0, the n x n matrices A(t), ¢x(t), ¥r(7), k = 1, m, and the n vector fy(t) are continuous on [0, T,
f:[0,T] x R™ — R"™ is continuous, ||z| = max |z;]|.
i=1n

The aim of this paper is to construct the Ay general solution to equation (1) by using analogous solution
to a linear FIDE and solve BVP (1), (2).

Let us denote by C ([O,T 1, R") the space of all continuous functions z : [0,7] — R™ with the norm
llz|lh = trer[léix [lz(®)|]. A solution to problem (1), (2) is a continuously differentiable on [0,7] function x(t)

satisfying equation (1) and boundary condition (2). Here and below in the article, we assume that the functions
observed at the end-points of the intervals have one-sided derivatives.
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1 The Ay general solution to equation (1)

Let An be a partition of the interval [0, 7] with the points: to =0 <t < ... <ty =T.
We introduce the space C([0,T], An, R™Y) consisting of all function systems z[t] = (21 (t), z2(t), ..., zn (1)),
where functions . : [t,_1,t.) = R"™, r = 1, N, are continuous and have finite left-sided limits , litm o LT (t), with
—tp—

the norm ||x[]H = max sup |z, (¢)].
2 r=LN tet,_1,t)

First, we set € = 0 in equation (1) and consider the linear FIDE

d = T
d% = Aty +)_ @k(t)/ Ur(T)y(r)dr + fot), t€[0,T], yeR™ (3)
k=1 0
Applying parametrization’s method (see [10; 345]) to equation (3), for the partition Ay, we get the special
Cauchy problem for the system of IDEs with parameters

m N t;
dv, g
= A®) (v + M) + Y@kt / ()0 (7) + AjldT + folt), AHE [t ayts), (4)
dt k=1 j=1"7ti—1
vp(tr—1) =0, r=1N. (5)
A solution to problem (4), (5) for a fixed parameter A = \* = (A}, \3,...;A%) € R™Y is a function system

v[t, A*] = (vl(t,/\*),vg(t,)\*),...,UN(t,)\*)) € C([O,T],AN,R"N), where v,.(t,\*), r = 1, N, are continuously
differentiable with respect to ¢ on their domains, satisfy the system (4) for A, = A%, r = 1, N, and initial
conditions (5).

We construct the nm x nm matrix G(Ay) = (Gp,k(AN)) with the elements

N tr T
Gp,k(AN)zz / U (T) X, (1) / X (m)er(m)drdr, pk=1,m,
7“:11%_1 N

d
where X,.(t) is the fundamental matrix of differential equation d%f = A(t)z on the interval [t,._1,1,].

Assume that the matrix [/ — G(Ay)| is invertible and its inverse is represented in the form

[1-GAy)] V= (Rip(An),  kp=Tm,

where [ is the identity matrix-of dimension nm, Ry ,(An) are square matrices of dimension n.

The invertibility of the matrixi] — G(Ay) provides the existence of a function system v[t, \] = (v1(¢,\),
va(t, A), ..., un(t, )\)) € C([O,T], AN,R”N), a unique solution to the special Cauchy problem (4), (5) for any
A= (A1, A2, ..., An) € R and fo(t) € C([0,T], R™). Moreover, the following inequality is valid

Il Allly < X[ ol Alllys

where x.7i8: a . constant independent of A € R"™ and fo(t) € C([0,T],R"), and
Fo[t, )\} = (Fo,l(t,)\),Fowg(t,A),. - ,FO,N(t,)\)) S C([O,T},AN,RnN), with elements

m N t; L
For () = A + 3 o) Z/ UV + o), € [tr,t) r =T, N.
k=1 j=1"ti-1

The number y is called a well-posedness constant of the special Cauchy problem (4), (5). Since I — G(Ay)
is invertible then, by results obtained in [11], there exists a unique Ay general solution y(Ay,t, \) to equation
(3) and

N
y(ANatv)\):/\T+Zdr,j(ANat))\] +br(AN;t)a te [t'r‘flatr)a 7“:1,N7
=1
N
Y(AN,T,N) = Ay + Y dn;(An, T)A; + by (AN, T),
=1
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with the following coefficients and right-hand sides

drj (AN 1) = X(t) / X7 [Z Rip(AN)Vpi(AN)+

tr—1 k=1

+ / ¢k(T1)dTl]dT, te [tr_l,tr], j#r, rj=1N,

drr(An,t) /X {Zsﬁk [ZRk,p (AN)Vpr(AN) + /%/Jk Tl dﬁ] + AT )} T,

p=1 tr—1

t

(Aot = %,(0) [ X @)% ZﬁmAm%mmm+hm} =T,

too1 p=1
tr T
Vor(An) = 7) X (T XY (m)A(r)drdr+
() tT/l%() ()t/l () A()dry
N m U T t,
#3305 [ wnxm [ X meadndn [ o,
i=1k=1," e o1
N & T
wdn. )= [ wrp), e seandr
r=L.7, .

Given a vector A(®) = ()\EO),)\QO),...,)\E\?)) € R™ and numbers py > 0, p > px, pu = p — px, We choose
the piecewise continuous on [0,77] function y©@(t)= y(Ay,t,A®), the function system v(O[t] = (vgo)(t),
véo)(t), UE\?)( )) with elements vﬁo)(t) =y ) - /\5,0)7 t € [tr_1,t;), r = 1, N, and compose the following sets

GO()—{( 2) € 0.7, |z — yOW)| < o},

SO, p2) = {d = (A Az M) € BV 1|6 = A < pr, 7 =T N},

SO, pu) = {ult] € CUO T AN, R™) : Jul] = vO ] <pu}

&3(p) = {(t2) e ly13ty). Iz =y O W) < p}, p=TN-1

N
G(0) = {(@0) S Bt o =y O 0)] < o} and G(Ax.p) = U G2,
r=
In ordersto comstruct the Ay general solution to equation (1), we employ again the parametrization’s
method.

If a function #(t) satisfies equation (1) and (¢, z(t)) € GY(Ay, p), then the functions x,.(t), r = 1, N, as the
restrictions of z(t) to [t,_1,t,), satisfy the system of nonlinear IDEs

m N tj
d;t" = AWz, + Y er(t) Y / Ui(T)a; (T)dT + folt) +ef(t,x,), t € [tr—1, 1),
k=1 j=1"ti-1

and (t,z,.(t)) € G%(p), r =1, N. Introducing the parameters \,=z.(t,_;) and making the substitutions
ur(t) = 2, (t) = Ap, t € [tr—1,t), r =1, N, we obtain the system of nonlinear IDEs with parameters

o = A(t)(u, + ) +Z¢k /t.jlwk(T)[Uj(T)+)\j}d7'+f0(t)+€f(t,ur+>\r), t € tr_1,tr), (6)
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subject to the initial conditions
ur(ty1) =0, r=T,N. (7)

Problem (6), (7) is the special Cauchy problem for the system of nonlinear IDEs with parameters.
We represent problem (6), (7) as an operator equation and apply an iterative process for finding its

solution. Set X = {u[t] = (u1(t),u2(t),...,un(t)) € C([0,T),An,R™) : u(t,—1) = 0, r = 1,N},
Y = C’([O, T, An, R”N), and introduce the linear operator H : X — Y in the following way:

Hult] = (wg“(t), wi (), ... ,w§§>(t)),

m N t;
with w) (t) = i, (t) — A(t)ur — Y r(t) / Ur(T)ui(T)dr, tE€[tr_1,t,), r=1N.
k=1 j=1"ti-1

The domain of H is D(H) = {u[t] = (ua(t),uz(t), ..., un(t)) € X, where u,(t) is continuously differentiable

on [ty_1,t.), r =1, N}. It is easily seen that H is a closed unbounded linear operator.

Now, we can write down the special Cauchy problem (6), (7) as a nonlinear operator equation
Hult] = eF (u[t], \) + Folt, A], (8)

with F(uft], A) = (i (t),w$? @), ..., 0w ), w@ () = ftult)\), tEt,_1,t,), r=1,N.

Let L(Y, X) be the space of hnear bounded operators A : Y — X with the induced norm. Our assumption
that the special Cauchy problem (4), (5) is well-posed with the constant y leads to the invertibility of the
operator H : X — Y and the estimate HH‘lHL(KX) <x.

Theorem 1. Let the special Cauchy problem (4), (5) be well-posed with a constant x and the following
imequalities be valid:

i) ||f(t,2") = f(t,a")|| < Llla’ — 2”|, L is a constant, (t,2"), (t,2") € G%(p);
(i) ¢- = exL < L;

(iii) 1 €X max_  sup Hf(t vp(t, A) + Ap )H < pu forrall X € S(AO) py).
L—qe " r=T,Nt€t,_1.t)

Then for any A € S\ py\), < there ewists a unique function system ult,\e] = (ui(t,\e),
ua(t, N\, €),...un(t, A €)), the solutiom to the special Cauchy problem (6), (7) belonging to S(v(o) pu), and the
following inequality is true

sup Hf(t,vr(t,)\) +)\T)H. (9)

[|ul-, A& = wl: LN
r=1LN t€[t,—1,t,)

”2—1

Proof. Since the operator H has a bounded inverse, equation (8) is equivalent to the next operator equation:
ult) = eH 'F(ult],\) + H ' Fylt, A (10)
For anyfixed A€ S(A(), py), the solution to equation (10) we find by the iterative process
uOt, X\ e] = vlt, N,

uIOE N e] = eHTUF (™[t N e, \) + H M Rp[t, A, v=0,1,2,..., (11)

Using our assumptions, we obtain the following inequalities:

WO = oA =l Gl < mas s [0+ 0
r=1,N te[t,_1,t,)

H“("H)[w}\,d - u(”)['aA»E]HQ <e|H™ (™[, N e]) - F(“(V_l)["/\’g])Hz =

a7

<ex max  sup Hf(t,u&")(t, Ne)+A) — f(t,u&”_l)(t, Ae)+ A

r=1,N t€[t,_1,t,)

< (13)
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SstHu(”)[~,/\,e] —u(”_l)[-,)\,a]’ v=12,...,

27

[u D[N ] =], A, < ex max_ sup [ f(t0n(6,0) + ) - (14)

L =g " r=TNteft,_1.t,)

The inequalities (12)—(14) and condition (iii) of Theorem 1 provide the convergence of the iterative
process (11) to the function system u[t, A, €], a unique solution to equation (8) in S(v[t, A, pu), and validity
of estimate (9). O

Definition 1. Let a function system ult, \,e] = (ul(t,)\,s),ug(t)\,a),...,uN(t,)\,E)) € S(v[t, A], pu) be a
unique solution to the special Cauchy problem (6), (7) with parameters X = (A1, Az, ..., An) € S(AO, py). Then
the function x(An,t, A €) given by the equalities: £(An,t, \,e) = A\ + u,(t, A €) fort € [t,—1,6)pr= 1, N,
and z(An, T, \je) = Ay + t_l}%n_o un (t, \,€), is called a An general solution to equation (1) in'G°(An, p).

Definition 1 and Theorem 1 imply the following assertion.
Theorem 2. Under conditions of Theorem 1, there exists a function x(Ay,t,\,€), which is a unique Ay
general solution to equation (1) in G°(Ay, p), and this function can be represented in the form

(AN, t, N e) = y(An, t, A) + Az(An, t, A €),

where the function Az(Ap,t, A\ e) is compiled by the equalities Ax(An,iE, A, ) = u.(Ey\, &) — v-(¢, A), for
t € [tr_1,tr), r =1, N, Ax(An,T, N\ e) = . liqrﬂn OuN(t,)\,g) -, li:IFn OUN(t,)\). Moreover, the following estimate
—T— —T—

is valid

sup ||Az(An,t, A e)] < T ex max_ sup || f(t, v (&A) + A |-
te[0,T) —qe  r=1,N t€ftpl1,ty)

2 The solvability of problem (1)=(2)

In this Section, we investigate the solvability of quasilinear BVP,(1)—(2). We first consider a linear BVP for
equation (3) with the boundary condition (2).

Substituting the Ay general solution to equation (3) into the boundary condition (2) and the continuity
conditions at the interior points of the partition, we obtain the system of linear algebraic equations in parameters

N
By + CAy 0 dy j(Ax, T)A; = d — Chy (AN, T), (15)
j=1
N —
Ap + deu'(ANatp))‘j = A1 = —bp(An,tp), p=1,N-1 (16)
Tl

We rewrite equations (15), (16) in the form

Q*(AN)/\ = _F*(AN)

In accordance with: Theorem 2.2 in [10], the invertibility of the matrix Q.(Ay) : R™Y — R™V is equivalent
to the unique solvability of linear BVP (3), (2).

Now, swe study the solvability of quasilinear BVP (1), (2). If x(¢) is a solution to equation (1), and
z[tf=(x1(t);x=2(t), ...,zn (1)) is a function system of its restrictions to the subintervals [t,_1,t,), r = 1, N, then
the equations

t—1>itrpn—0 mp(t) = xp+1(tp)> b= LN -1, (17)
hold: Equations (17) are the continuity conditions for solutions to equation (1) at the interior points of
partition Ap.

Let z(Apn,t, )\ €) be a Ay general solution to equation (1) in G9(Ay, p). Substituting the corresponding
expressions of z(Apn,t, A\, ¢) into boundary condition (2) and continuity conditions (17), we get the system of
nonlinear algebraic equations

N
BAL+ CAy +C Y dnj(Ax, T)A; + CAz(AN, T, A e) = d — Cby(An, T), (18)

Jj=1
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N
Ap+ 3 dp (ANt = Apr1 + Az(An,tp, N g) = =by(An,t,), p=1,N- L (19)

=1

We rewrite system (18), (19) in the form:

Q«(AN)A = —F.(An) — AQx(AN, A €), (20)
where
CAz(AN, T, \e¢)
AQ. (AN, N\ ) = Az(An,t1, A €)
Az(Ay,ty-1, A e)

As proved in Theorem 3.2 [12; 31] the solvability of problem (1), (2) is equivalent to that of system of
nonlinear algebraic equations (20). The conditions of the solvability of (20) are established in the following
statement.

Theorem 3. Let the conditions of Theorem 1 are met and the following assumptions hold:

(i) Q«(An) is invertible and ||[[Q.(AN)]7 | < s

(ii) ag_qe(lfq (a+K0+5L)+1) <1,
€ ~ N
where @ = max max ai;( K max 7)||d7;
e Zn SOl Ko = mnm b L e
1 ex
iii -—=—~max (1,]|C||) max su t, v, t,)\(o) $ X0 < pa.
() T - Ty max (1, H)r_lNETroHf( (£ XA A)|| < s

Then system of nonlinear algebraic equations (20) has a unique solution X = (A1, Xa, ..., Ax) € S\, py).
Proof. A solution to equation (20) is found by the iterative process

2O = [Qu(AwI! Eu(Aw),

A = [QuAN T FiAx) + AQ. (Ax, AV, 6) ). (21)

Under conditions of Theorem the following inequalities hold:
D =A@ <5+ [|aQu(an, A &) <5 max (1, [])) mas HAm At A0e)| <

< v-max (1, ||C||)_7Xq m;d)](VtE[SUPt , ||f(tavr(t7>‘(0)) + )\go))H,
T 1,

[ACHD x| qu{l Xq (a+KO+eL)+1}H/\(”> A =12,
- Ye

(v+19/ 25, (0) LI 0 1 A©)
A A ” ST Wmax(l ||C\|),m?>;[te[tsru1i)n £ (&, on (8, AO) + A ||

Similarly to. the proof of Theorem 1, the iterative process (21) converges to the vector A € S(A,py), a
unique solution to equation (20). O

From Theorem 1 and Theorem 3.2 in [12], we obtain

Theorem 4. Let the conditions of Theorem 3 be fulfilled. Then quasilinear BVP (1), (2) has a unique solution
x*(t) such that (t,x*(t)) € G°(An,p).
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J1.C. JIxxymabaes, C.T. Mbabaera

®pearosibM MHTErpaJIabIK-auddepeHINAJIIbIK TeHAEeYi YVIITiH
CBHI3BIKTBHI eMeC IIeTTIK ecenTi mIenryaiH Oip oociii

®perosbM UHTErPAIILIK-TU(DOEPEHITHAIBIK, TEHJIEY] YIITiH KBa3UChI3BIKTHL MMETTIK €Cell KAPACTHIPBLIIHI.
NurepBan N Gesikke OeJiiHemi yKoHE KAPACTBHIPBLIBINT OTBIPDFAH TEHJEY IIEINMIiHIH 1MmKi nHTepBaIIap/IbIH
COJI »KakK IIeTKi HYKTeJepiHaeri MoHAepi KOChIMINIA ITapaMeTpJiep perinje enridijesi. ki naTepBasiapra
Genricis yHKIUIAp €HTi3iIeai KoHe OChbl (DYHKIUSIAD YKYHeciHe KaTBICThI mapaMeTpsiepi 6ap apHalbl
Kommn ece6i memineni. Apnaiiblr Komu ecebinin TabblaraH IIelliMi apKbLIbI KBA3UCHISBIKTHI DPpearosbm
UHTErpaJIIbIK-1nddepeHnuaIbIK TeHIEYiHiH »KaHa »KaJIIbl MeniMi KypblIaibl. KapacThIpbLIbII OTBIPFaH
TeHJEY/IH *KAJIFbI3 KaHa memnriMi 6ap 6oy mapTTapbl aJbIHFAH: 2KaHa KaJIMbl MIEMIIMHAIH, KOMeriMeH eH-
riziJireH mapamerpJepre KaTbICThI ChI3BIKTBI eMeC aJrebpaiblK, TeHeyep Kyiteci kypoutanasl. Ocbl xKyiie-
HiH JKaJIFbI3 IIenriMi 6ap OoJiy IIapTTapbl TaraibIHAAJFaH, OyJI IIapTTAp KBA3UCBHI3BIKTHI IIETTIK €CENTiH
JKAJIFBI3 MIENmMiHiE 6ap OOybIH KAMTAMACHI3 eTefl.

Kiam cesdep: KBa3uCHIBBIKTH PPerobM NHTETPANIBIK-T(OMEPEHINAIIBIK TEH Y1, KBA3UCHI3BIKTHI IIIeT-
TIK ecell, »KaHa »KaJIIbI MIeITiM, UTEPAIUIBIK ITPOIECC.
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OauH 1oaxo[d K peleHnio HeJIMHEITHO KpaeBoii 3ajjadu JJ1s
nHTerpo-aud depeniaabaoro ypasueuus ®@pearoapma

Paccmorpena kBasmiinHeiiHast KpaeBast 3a/1a49a JJIsi HHTErpo-auddepeHInaabHoro ypasaenust @pearoabma.
NurepBamonesen na [N gacreil, a 3HAYEHUS PENIEHUsT PACCMATPUBAEMOTO YPABHEHUS B JIEBBIX KOHEUHBIX
TOYKAX IOJIEHTEPBAJIOB BBEJIEHBI B KadeCTBe JIOMOJHUTEIBHBIX HapaMeTpoB. Ha mogunTepBaiax BBEJIEHbI
HOBBIE€ HEU3BECTHBIE (DYHKIINU W OTHOCUTEHLHO ITOW CHCTEMBI (DYHKITHN pellieHa creruaibHas 3aaa4da Ko-
mu ¢ mapamerpavmu. HoBoe o0iree perieHne KBa3MJIMHEHHOTO HHTErPO-IuddepeHITHaIbHOr0 yPABHEHUST
®DpeAarosibMa MOCTPOEHO Yepe3 HailjleHHOoe pelllenue crienuajabHoi 3agaan Koru. Ilosydensr ycimoBust cy-
IITECTBOBAHUS €IMHCTBEHHOTO HOBOT'O OOIIEro pEIeHus pacCMaTpuBaeMoro ypapHerus. C MOMOIIBIO0 HOBOTO
ODIITET0 PEIIeH s COCTaBIeHA CUCTEMA HEJIMHENHBIX aJreOpanviecKux ypaBHEHNN OTHOCUTEIBHO BBE/IEHHBIX
mapaMeTpOB. YCTaHOBJIEHBI YCJIOBUsI CYIIIECTBOBAHUS €JIMHCTBEHHOI'O PEIIeHUs] 9TOW CUCTEMbI, 0becrevunBa-
IOIUe HaJIU4YNe €IMHCTBEHHOTO pelleHnsl KBaAa3UJINHENHON KpaeBoil 3aa4u.

Kmouesvie caosa: KBasuwimHeitHOe WHTErpo-auddepeHinaabaoe ypapaeane Opearosibma, KBa3uaInHeHHAS
KpaeBas 3aJada, HOBOe 00Iiiee pellleHre, NTEPAIMOHHBIN IPOIIecC.
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