
DOI 10.31489/2020M1/27-36

UDC 517.956

D.S. Dzhumabaev1,2, S.T. Mynbayeva1,3

1Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan;
2International Information Technology University, Almaty, Kazakhstan;

3K.Zhubanov Aktobe Regional State University, Kazakhstan
(E-mail: ddzhumabaev54@gmail.com)

One approach to solve a nonlinear boundary value problem
for the Fredholm integro-differential equation

A quasilinear boundary value problem for a Fredholm integro-differential equation is considered. The
interval is divided into N parts and the values of the solution to the equation at the left end points of
the subintervals are introduced as additional parameters. New unknown functions are introduced on the
subintervals and a special Cauchy problem with parameters is solved with respect to a system of such
functions. By means of the solution to this problem, a new general solution to the quasilinear Fredholm
integro-differential equation is constructed. The conditions of the existence of a unique new general solution
to the equation under consideration are obtained. A new general solution is used to create a system
of nonlinear algebraic equations in parameters introduced. The conditions for the existence of a unique
solution to this system are established. This ensures the existence of a unique solution to original problem

Keywords: quasilinear Fredholm integro-differential equation, quasilinear boundary value problem, a new
general solution, iterative process.

Introduction

Integro-differential equations (IDEs) are often encountered in the applications as mathematical models of real
processes [1–6] The solvability of different problems for IDEs and methods for solving them have been studied
by many authors [1, 4–20] General solutions play an important role in investigating qualitative properties
of problems for IDEs and solving them. However, the classical general solution exists not for all Fredholm
integro-differential equations (FIDEs) (see [7, 10]). Therefore, a new concept of general solution to FIDE is
proposed in [11]. Employing parametrization’s method [21] and choosing a regular partition ∆N of the interval
[0, T ] (see [9, 10]), a ∆N general solution x(∆N , t, λ) to the linear FIDE is introduced. In contradistinction
the classical general solution, x(∆N , t, λ) exists for all linear FIDEs and depends on a parameter λ ∈ RnN .
The paper [22] introduces the concept of the ∆N general solution to a nonlinear ordinary differential equation.
In [12], the concept of the ∆N general solution is extended to FIDEs with nonlinear differential parts. The use
of such a solution allows one to reduce a nonlinear boundary value problem (BVP) to a system of nonlinear
algebraic equations in parameters λr, r = 1, N.

We consider the quasilinear FIDE

dx

dt
= A(t)x+

m∑
k=1

ϕk(t)

∫ T

0

ψk(τ)x(τ)dτ + f0(t) + εf(t, x), t ∈ [0, T ], x ∈ Rn, (1)

subject to the boundary condition
Bx(0) + Cx(T ) = d, d ∈ Rn, (2)

where ε > 0, the n × n matrices A(t), ϕk(t), ψk(τ), k = 1,m, and the n vector f0(t) are continuous on [0, T ],
f : [0, T ]×Rn → Rn is continuous, ‖x‖ = max

i=1,n
|xi|.

The aim of this paper is to construct the ∆N general solution to equation (1) by using analogous solution
to a linear FIDE and solve BVP (1), (2).

Let us denote by C
(
[0, T ], Rn

)
the space of all continuous functions x : [0, T ] → Rn with the norm

‖x‖1 = max
t∈[0,T ]

‖x(t)‖. A solution to problem (1), (2) is a continuously differentiable on [0, T ] function x(t)

satisfying equation (1) and boundary condition (2). Here and below in the article, we assume that the functions
observed at the end-points of the intervals have one-sided derivatives.
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1 The ∆N general solution to equation (1)

Let ∆N be a partition of the interval [0, T ] with the points: t0 = 0 < t1 < . . . < tN = T.
We introduce the space C

(
[0, T ],∆N , R

nN
)
consisting of all function systems x[t] =

(
x1(t), x2(t), . . . , xN (t)

)
,

where functions xr : [tr−1, tr)→ Rn, r = 1, N, are continuous and have finite left-sided limits lim
t→tr−0

xr(t), with

the norm
∥∥x[·]

∥∥
2

= max
r=1,N

sup
t∈[tr−1,tr)

‖xr(t)‖.

First, we set ε = 0 in equation (1) and consider the linear FIDE

dy

dt
= A(t)y +

m∑
k=1

ϕk(t)

∫ T

0

ψk(τ)y(τ)dτ + f0(t), t ∈ [0, T ], y ∈ Rn. (3)

Applying parametrization’s method (see [10; 345]) to equation (3), for the partition ∆N , we get the special
Cauchy problem for the system of IDEs with parameters

dvr
dt

= A(t)(vr + λr) +
m∑
k=1

ϕk(t)
N∑
j=1

∫ tj

tj−1

ψk(τ)[vj(τ) + λj ]dτ + f0(t), t ∈ [tr−1, tr), (4)

vr(tr−1) = 0, r = 1, N. (5)

A solution to problem (4), (5) for a fixed parameter λ = λ∗ = (λ∗1, λ
∗
2, . . . , λ

∗
N ) ∈ RnN is a function system

v[t, λ∗] =
(
v1(t, λ∗), v2(t, λ∗), . . . , vN (t, λ∗)

)
∈ C

(
[0, T ],∆N , R

nN
)
, where vr(t, λ∗), r = 1, N, are continuously

differentiable with respect to t on their domains, satisfy the system (4) for λr = λ∗r , r = 1, N, and initial
conditions (5).

We construct the nm× nm matrix G(∆N ) =
(
Gp,k(∆N )

)
with the elements

Gp,k(∆N ) =

N∑
r=1

tr∫
tr−1

ψp(τ)Xr(τ)

τ∫
tr−1

X−1
r (τ1)ϕk(τ1)dτ1dτ, p, k = 1,m,

where Xr(t) is the fundamental matrix of differential equation
dx

dt
= A(t)x on the interval [tr−1, tr].

Assume that the matrix
[
I −G(∆N )

]
is invertible and its inverse is represented in the form[

I −G(∆N )
]−1

=
(
Rk,p(∆N )

)
, k, p = 1,m,

where I is the identity matrix of dimension nm, Rk,p(∆N ) are square matrices of dimension n.
The invertibility of the matrix I − G(∆N ) provides the existence of a function system v[t, λ] =

(
v1(t, λ),

v2(t, λ), . . . , vN (t, λ)
)
∈ C

(
[0, T ],∆N , R

nN
)
, a unique solution to the special Cauchy problem (4), (5) for any

λ = (λ1, λ2, . . . , λN ) ∈ RnN and f0(t) ∈ C
(
[0, T ], Rn

)
. Moreover, the following inequality is valid∥∥v[·, λ]

∥∥
2
≤ χ

∥∥F0[·, λ]
∥∥

2
,

where χ is a constant independent of λ ∈ RnN and f0(t) ∈ C
(
[0, T ], Rn

)
, and

F0[t, λ] =
(
F0,1(t, λ), F0,2(t, λ), . . . , F0,N (t, λ)

)
∈ C

(
[0, T ],∆N , R

nN
)
, with elements

F0,r(t, λ) = A(t)λr +
m∑
k=1

ϕk(t)
N∑
j=1

∫ tj

tj−1

ψk(τ)dτλj + f0(t), t ∈ [tr−1, tr) r = 1, N.

The number χ is called a well-posedness constant of the special Cauchy problem (4), (5). Since I −G(∆N )
is invertible then, by results obtained in [11], there exists a unique ∆N general solution y(∆N , t, λ) to equation
(3) and

y(∆N , t, λ) = λr +
N∑
j=1

dr,j(∆N , t)λj + br(∆N , t), t ∈ [tr−1, tr), r = 1, N,

y(∆N , T, λ) = λN +
N∑
j=1

dN,j(∆N , T )λj + bN (∆N , T ),
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with the following coefficients and right-hand sides

dr,j(∆N , t) = Xr(t)

t∫
tr−1

X−1
r (τ)

m∑
k=1

ϕk(τ)

[ m∑
p=1

Rk,p(∆N )Vp,j(∆N )+

+

tj∫
tj−1

ψk(τ1)dτ1

]
dτ, t ∈ [tr−1, tr], j 6= r, r, j = 1, N,

dr,r(∆N , t) = Xr(t)

t∫
tr−1

X−1
r (τ)

{ m∑
k=1

ϕk(τ)

[ m∑
p=1

Rk,p(∆N )Vp,r(∆N ) +

tr∫
tr−1

ψk(τ1)dτ1

]
+A(τ)

}
dτ,

br(∆N , t) = Xr(t)

t∫
tr−1

X−1
r (τ)

[ m∑
k=1

ϕk(τ)
m∑
p=1

Rk,p(∆N )gp(∆N , f0) + f0(τ)

]
dτ, r = 1, N,

Vp,r(∆N ) =

tr∫
tr−1

ψp(τ)Xr(τ)

τ∫
tr−1

X−1
r (τ1)A(τ1)dτ1dτ+

+

N∑
j=1

m∑
k=1

tj∫
tj−1

ψp(τ)Xr(τ)

τ∫
tj−1

X−1
r (τ1)ϕk(τ1)dτ1dτ

tr∫
tr−1

ψk(τ2)dτ2,

gp(∆N , f) =
N∑
r=1

tr∫
tr−1

ψp(τ)Xr(τ)

τ∫
tr−1

X−1
r (τ1)f(τ1)dτ1dτ.

Given a vector λ(0) =
(
λ

(0)
1 , λ

(0)
2 , . . . , λ

(0)
N

)
∈ RnN and numbers ρλ > 0, ρ > ρλ, ρu = ρ − ρλ, we choose

the piecewise continuous on [0, T ] function y(0)(t) = y
(
∆N , t, λ

(0)
)
, the function system v(0)[t] =

(
v

(0)
1 (t),

v
(0)
2 (t), . . . , v

(0)
N (t)

)
with elements v(0)

r (t) = y(0)(t)−λ(0)
r , t ∈ [tr−1, tr), r = 1, N, and compose the following sets

G0(ρ) =
{

(t, x) : t ∈ [0, T ],
∥∥x− y(0)(t)

∥∥ < ρ
}
,

S
(
λ(0), ρλ

)
=
{
λ = (λ1, λ2, . . . , λN ) ∈ RnN :

∥∥λr − λ(0)
r

∥∥ < ρλ, r = 1, N
}
,

S
(
v(0)[t], ρu

)
=
{
u[t] ∈ C

(
[0, T ],∆N , R

nN
)

: ‖u[·]− v(0)[·]‖2 < ρu

}
,

G0
p(ρ) =

{
(t, x) : t ∈ [tp−1, tp), ‖x− y(0)(t)‖ < ρ

}
, p = 1, N − 1,

G0
N (ρ) =

{
(t, x) : t ∈ [tN−1, tN ], ‖x− y(0)(t)‖ < ρ

}
, and G0(∆N , ρ) =

N⋃
r=1

G0
r(ρ).

In order to construct the ∆N general solution to equation (1), we employ again the parametrization’s
method.

If a function x(t) satisfies equation (1) and (t, x(t)) ∈ G0(∆N , ρ), then the functions xr(t), r = 1, N, as the
restrictions of x(t) to [tr−1, tr), satisfy the system of nonlinear IDEs

dxr
dt

= A(t)xr +
m∑
k=1

ϕk(t)
N∑
j=1

∫ tj

tj−1

ψk(τ)xj(τ)dτ + f0(t) + εf(t, xr), t ∈ [tr−1, tr),

and (t, xr(t)) ∈ G0
r(ρ), r = 1, N. Introducing the parameters λr=̂xr(tr−1) and making the substitutions

ur(t) = xr(t)− λr, t ∈ [tr−1, tr), r = 1, N, we obtain the system of nonlinear IDEs with parameters

dur
dt

= A(t)(ur + λr) +
m∑
k=1

ϕk(t)
N∑
j=1

∫ tj

tj−1

ψk(τ)[uj(τ) + λj ]dτ + f0(t) + εf(t, ur + λr), t ∈ [tr−1, tr), (6)
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subject to the initial conditions
ur(tr−1) = 0, r = 1, N. (7)

Problem (6), (7) is the special Cauchy problem for the system of nonlinear IDEs with parameters.
We represent problem (6), (7) as an operator equation and apply an iterative process for finding its

solution. Set X =
{
u[t] =

(
u1(t), u2(t), . . . , uN (t)

)
∈ C

(
[0, T ],∆N , R

nN
)

: ur(tr−1) = 0, r = 1, N
}
,

Y = C
(
[0, T ],∆N , R

nN
)
, and introduce the linear operator H : X → Y in the following way:

Hu[t] =
(
w

(1)
1 (t), w

(1)
2 (t), . . . , w

(1)
N (t)

)
,

with w(1)
r (t) = u̇r(t)−A(t)ur −

m∑
k=1

ϕk(t)
N∑
j=1

∫ tj

tj−1

ψk(τ)uj(τ)dτ, t ∈ [tr−1, tr), r = 1, N.

The domain of H is D(H) =
{
u[t] =

(
u1(t), u2(t), . . . , uN (t)

)
∈ X, where ur(t) is continuously differentiable

on [tr−1, tr), r = 1, N
}
. It is easily seen that H is a closed unbounded linear operator.

Now, we can write down the special Cauchy problem (6), (7) as a nonlinear operator equation

Hu[t] = εF
(
u[t], λ

)
+ F0[t, λ], (8)

with F
(
u[t], λ

)
=
(
w

(2)
1 (t), w

(2)
2 (t), . . . , w

(2)
N (t)

)
, w

(2)
r (t) = f(t, ur(t) + λr), t ∈ [tr−1, tr), r = 1, N.

Let L(Y,X) be the space of linear bounded operators Λ : Y → X with the induced norm. Our assumption
that the special Cauchy problem (4), (5) is well-posed with the constant χ leads to the invertibility of the
operator H : X → Y and the estimate

∥∥H−1
∥∥
L(Y,X)

≤ χ.
Theorem 1. Let the special Cauchy problem (4), (5) be well-posed with a constant χ and the following

inequalities be valid:
(i)
∥∥f(t, x′)− f(t, x′′)

∥∥ ≤ L‖x′ − x′′‖, L is a constant, (t, x′), (t, x′′) ∈ G0(ρ);
(ii) qε = εχL < 1;

(iii)
1

1− qε
εχ max

r=1,N
sup

t∈[tr−1,tr)

∥∥f(t, vr(t, λ) + λr
)∥∥ < ρu for all λ ∈ S(λ(0), ρλ).

Then for any λ ∈ S(λ(0), ρλ), there exists a unique function system u[t, λ, ε] = (u1(t, λ, ε),
u2(t, λ, ε), . . . ,uN (t, λ, ε)), the solution to the special Cauchy problem (6), (7) belonging to S

(
v(0)[t], ρu

)
, and the

following inequality is true∥∥u[·, λ, ε]− v[·, λ]
∥∥

2
≤ 1

1− qε
εχ max

r=1,N
sup

t∈[tr−1,tr)

∥∥f(t, vr(t, λ) + λr
)∥∥. (9)

Proof. Since the operator H has a bounded inverse, equation (8) is equivalent to the next operator equation:

u[t] = εH−1F
(
u[t], λ

)
+H−1F0[t, λ]. (10)

For any fixed λ ∈ S(λ(0), ρλ), the solution to equation (10) we find by the iterative process

u(0)[t, λ, ε] = v[t, λ],

u(ν+1)[t, λ, ε] = εH−1F
(
u(ν)[t, λ, ε], λ

)
+H−1F0[t, λ], ν = 0, 1, 2, . . . , (11)

Using our assumptions, we obtain the following inequalities:∥∥u(1)[·, λ, ε]− v[·, λ]
∥∥

2
= ε
∥∥H−1F

(
v[·, λ], λ

)∥∥
2
≤ εχ max

r=1,N
sup

t∈[tr−1,tr)

∥∥f(t, vr(t, λ) + λr
)∥∥, (12)

∥∥∥u(ν+1)[·, λ, ε]− u(ν)[·, λ, ε]
∥∥∥

2
≤ ε
∥∥H−1

∥∥
L(Y,X)

∥∥∥F (u(ν)[·, λ, ε]
)
− F

(
u(ν−1)[·, λ, ε]

)∥∥∥
2
≤

≤ εχ max
r=1,N

sup
t∈[tr−1,tr)

∥∥∥f(t, u(ν)
r (t, λ, ε) + λr

)
− f

(
t, u(ν−1)

r (t, λ, ε) + λr
)∥∥∥ ≤ (13)
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≤ εχL
∥∥u(ν)[·, λ, ε]− u(ν−1)[·, λ, ε]

∥∥
2
, ν = 1, 2, . . . ,∥∥u(ν+1)[·, λ, ε]− v[·, λ]

∥∥
2
<

1

1− qε
εχ max

r=1,N
sup

t∈[tr−1,tr)

∥∥f(t, vr(t, λ) + λr
)∥∥. (14)

The inequalities (12)–(14) and condition (iii) of Theorem 1 provide the convergence of the iterative
process (11) to the function system u[t, λ, ε], a unique solution to equation (8) in S(v[t, λ], ρu), and validity
of estimate (9). �

Definition 1. Let a function system u[t, λ, ε] =
(
u1(t, λ, ε), u2(t, λ, ε), . . . , uN (t, λ, ε)

)
∈ S(v[t, λ], ρu) be a

unique solution to the special Cauchy problem (6), (7) with parameters λ = (λ1, λ2, . . . , λN ) ∈ S(λ(0), ρλ). Then
the function x(∆N , t, λ, ε) given by the equalities: x(∆N , t, λ, ε) = λr + ur(t, λ, ε) for t ∈ [tr−1, tr), r = 1, N,
and x(∆N , T, λ, ε) = λN + lim

t→T−0
uN (t, λ, ε), is called a ∆N general solution to equation (1) in G0(∆N , ρ).

Definition 1 and Theorem 1 imply the following assertion.
Theorem 2. Under conditions of Theorem 1, there exists a function x(∆N , t, λ, ε), which is a unique ∆N

general solution to equation (1) in G0(∆N , ρ), and this function can be represented in the form

x(∆N , t, λ, ε) = y(∆N , t, λ) + ∆x(∆N , t, λ, ε),

where the function ∆x(∆N , t, λ, ε) is compiled by the equalities ∆x(∆N , t, λ, ε) = ur(t, λ, ε) − vr(t, λ), for
t ∈ [tr−1, tr), r = 1, N, ∆x(∆N , T, λ, ε) = lim

t→T−0
uN (t, λ, ε)− lim

t→T−0
vN (t, λ). Moreover, the following estimate

is valid
sup
t∈[0,T ]

‖∆x(∆N , t, λ, ε)‖ ≤
1

1− qε
εχ max

r=1,N
sup

t∈[tr−1,tr)

∥∥f(t, vr(t, λ) + λr
)∥∥.

2 The solvability of problem (1)–(2)

In this Section, we investigate the solvability of quasilinear BVP (1)–(2). We first consider a linear BVP for
equation (3) with the boundary condition (2).

Substituting the ∆N general solution to equation (3) into the boundary condition (2) and the continuity
conditions at the interior points of the partition, we obtain the system of linear algebraic equations in parameters

Bλ1 + CλN + C
N∑
j=1

dN,j(∆N , T )λj = d− CbN (∆N , T ), (15)

λp +
N∑
j=1

dp,j(∆N , tp)λj − λp+1 = −bp(∆N , tp), p = 1, N − 1. (16)

We rewrite equations (15), (16) in the form

Q∗(∆N )λ = −F∗(∆N ).

In accordance with Theorem 2.2 in [10], the invertibility of the matrix Q∗(∆N ) : RnN → RnN is equivalent
to the unique solvability of linear BVP (3), (2).

Now, we study the solvability of quasilinear BVP (1), (2). If x(t) is a solution to equation (1), and
x[t] = (x1(t), x2(t), ..., xN (t)) is a function system of its restrictions to the subintervals [tr−1, tr), r = 1, N, then
the equations

lim
t→tp−0

xp(t) = xp+1(tp), p = 1, N − 1, (17)

hold. Equations (17) are the continuity conditions for solutions to equation (1) at the interior points of
partition ∆N .

Let x(∆N , t, λ, ε) be a ∆N general solution to equation (1) in G0(∆N , ρ). Substituting the corresponding
expressions of x(∆N , t, λ, ε) into boundary condition (2) and continuity conditions (17), we get the system of
nonlinear algebraic equations

Bλ1 + CλN + C
N∑
j=1

dN,j(∆N , T )λj + C∆x(∆N , T, λ, ε) = d− CbN (∆N , T ), (18)
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λp +
N∑
j=1

dp,j(∆N , tp)λj − λp+1 + ∆x(∆N , tp, λ, ε) = −bp(∆N , tp), p = 1, N − 1. (19)

We rewrite system (18), (19) in the form:

Q∗(∆N )λ = −F∗(∆N )−∆Q∗(∆N , λ, ε), (20)

where

∆Q∗(∆N , λ, ε) =


C∆x(∆N , T, λ, ε)
∆x(∆N , t1, λ, ε)

. . .
∆x(∆N , tN−1, λ, ε)

 .

As proved in Theorem 3.2 [12; 31] the solvability of problem (1), (2) is equivalent to that of system of
nonlinear algebraic equations (20). The conditions of the solvability of (20) are established in the following
statement.

Theorem 3. Let the conditions of Theorem 1 are met and the following assumptions hold:
(i) Q∗(∆N ) is invertible and

∥∥[Q∗(∆N )]−1
∥∥ ≤ γ;

(ii) σε = qε

( χ

1− qε
(
α+K0 + εL

)
+ 1
)
< 1,

where α = max
t∈[0,T ]

max
i=1,n

n∑
j=1

‖aij(t)‖, K0 =
m∑
k=1

max
t∈[0,T ]

‖ϕk(t)‖
N∑
j=1

∫ tj

tj−1

‖ψk(τ)‖dτ ;

(iii)
1

1− σε
· εχ

1− qε
γmax

(
1, ‖C‖

)
max
r=1,N

sup
t∈[tr−1,tr)

∥∥f(t, vr(t, λ(0)) + λ(0)
r

)∥∥ < ρλ.

Then system of nonlinear algebraic equations (20) has a unique solution λ = (λ1, λ2, . . . , λN ) ∈ S(λ(0), ρλ).
Proof. A solution to equation (20) is found by the iterative process

λ(0) = [Q∗(∆N )]−1 · F∗(∆N ),

λ(ν+1) = −[Q∗(∆N )]−1
{
F∗(∆N ) + ∆Q∗

(
∆N , λ

(ν), ε
)}
. (21)

Under conditions of Theorem the following inequalities hold:

∥∥λ(1) − λ(0)
∥∥ ≤ γ · ∥∥∥∆Q∗(∆N , λ

(0), ε)
∥∥∥ ≤ γ ·max

(
1,
∥∥C∥∥) max

r=1,N

∥∥∥∆x(∆N , tr, λ
(0), ε)

∥∥∥ ≤
≤ γ ·max

(
1, ‖C‖

) εχ

1− qε
max
r=1,N

sup
t∈[tr−1,tr)

∥∥f(t, vr(t, λ(0)) + λ(0)
r

)∥∥,
∥∥λ(ν+1) − λ(ν)

∥∥ ≤ qε{ χ

1− qε
(α+K0 + εL) + 1

}∥∥λ(ν) − λ(ν−1)
∥∥, ν = 1, 2, . . . ,

∥∥λ(ν+1) − λ(0)
∥∥ ≤ 1

1− σε
· εχ

1− qε
γmax

(
1, ‖C‖

)
max
r=1,N

sup
t∈[tr−1,tr)

∥∥f(t, vr(t, λ(0)) + λ(0)
r

)∥∥.
Similarly to the proof of Theorem 1, the iterative process (21) converges to the vector λ ∈ S(λ(0), ρλ), a

unique solution to equation (20). �
From Theorem 1 and Theorem 3.2 in [12], we obtain
Theorem 4. Let the conditions of Theorem 3 be fulfilled. Then quasilinear BVP (1), (2) has a unique solution

x∗(t) such that (t, x∗(t)) ∈ G0(∆N , ρ).
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Д.С. Джумабаев, С.Т. Мынбаева

Фредгольм интегралдық-дифференциалдық теңдеуi үшiн
сызықты емес шеттiк есептi шешудiң бiр тәсiлi

Фредгольм интегралдық-дифференциалдық теңдеуi үшiн квазисызықты шеттiк есеп қарастырылды.
Интервал N бөлiкке бөлiнедi және қарастырылып отырған теңдеу шешiмiнiң iшкi интервалдардың
сол жақ шеткi нүктелерiндегi мәндерi қосымша параметрлер ретiнде енгiзiледi. Iшкi интервалдарға
белгiсiз функциялар енгiзiледi және осы функциялар жүйесiне қатысты параметрлерi бар арнайы
Коши есебi шешiледi. Арнайы Коши есебiнiң табылған шешiмi арқылы квазисызықты Фредгольм
интегралдық-дифференциалдық теңдеуiнiң жаңа жалпы шешiмi құрылады. Қарастырылып отырған
теңдеудiң жалғыз жаңа шешiмi бар болу шарттары алынған. Жаңа жалпы шешiмнiң көмегiмен ен-
гiзiлген параметрлерге қатысты сызықты емес алгебралық теңдеулер жүйесi құрылады. Осы жүйе-
нiң жалғыз шешiмi бар болу шарттары тағайындалған, бұл шарттар квазисызықты шеттiк есептiң
жалғыз шешiмiнiң бар болуын қамтамасыз етедi.

Кiлт сөздер: квазисызықты Фредгольм интегралдық-дифференциалдық теңдеуi, квазисызықты шет-
тiк есеп, жаңа жалпы шешiм, итерациялық процесс.

Д.С. Джумабаев, С.Т. Мынбаева

Один подход к решению нелинейной краевой задачи для
интегро-дифференциального уравнения Фредгольма

Рассмотрена квазилинейная краевая задача для интегро-дифференциального уравнения Фредгольма.
Интервал поделен на N частей, а значения решения рассматриваемого уравнения в левых конечных
точках подинтервалов введены в качестве дополнительных параметров. На подинтервалах введены
новые неизвестные функции и относительно этой системы функций решена специальная задача Ко-
ши с параметрами. Новое общее решение квазилинейного интегро-дифференциального уравнения
Фредгольма построено через найденное решение специальной задачи Коши. Получены условия су-
ществования единственного нового общего решения рассматриваемого уравнения. С помощью нового
общего решения составлена система нелинейных алгебраических уравнений относительно введенных
параметров. Установлены условия существования единственного решения этой системы, обеспечива-
ющие наличие единственного решения квазилинейной краевой задачи.

Ключевые слова: квазилинейное интегро-дифференциальное уравнение Фредгольма, квазилинейная
краевая задача, новое общее решение, итерационный процесс.
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