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On the Correctness of Boundary Value Problems for the
Two-Dimensional Loaded Parabolic Equation

The paper studies the problems of the correctness of setting boundary value problems for a loadedparabolic
equation. The a feature of the problems is that the order of the derivative in the loaded term ishless than or
equal to the order of the differential part of the equation, and the load point moves according to amonlinear
law. At the same time, the distinctive characteristic is that the line, on which the loadeddermiis set, is at
the zero point. On the basis of the study the authors proved the theorems about gorrectness of the studied
boundary value problems.
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Introduction

The steadily growing interest in the study ofgloaded differential equations is explained by the
expanding scope of their applications and the fact that loaded equations constitute a special class of
equations with their own specific problems. The main ‘questions that arise in the theory of boundary
value problems for partial differential equationshyremain the same for boundary value problems for
loaded equations. However, the presence of a loaded®operator does not always allow one to apply the
well-known theory of boundary value problams for loaded equations without changes. For example, the
question of the functional spaces correctuaghoice for solving problems is relevant.

Loaded differential equations age differential equations containing values of the unknown function
and its derivatives at some Mixed point§)of the domain or on some manifolds of nonzero measure.
General boundary value problems cemsisting of general boundary conditions and so-called differential
boundary equations (loaded*@ifferential equations) were studied by many researchers in the last century,
for example, the review artiéle By Kraall [1] and the literature cited therein. Recently, there has been
renewed interestdn the studygefthese kinds of problems, for instance, [2-6|. Because of their complexity,
numerical methods‘andmimgparticular, finite difference methods are mainly used to solve these general
boundary value preblems [7-10].

Loaded differential equations also arise in applied mathematics, where mathematical problems are
modeled hy_simplef ones that are easier to solve. As such an example, let us mention the case of
the Eredholm|integro-differential equations, where the integral term is replaced by an approximate
quadrature mdle, leading to loaded differential equations [11]. Then these equations are solved directly
or, in most cases, they are discretized using various difference schemes for the derivatives, leading
to loaded difference equations or systems of loaded difference equations. This procedure has recently
been implemented to solve linear boundary value problems for first order integro-differential Fredholm
equations [12].

Boundary value problems for loaded differential equations, in some cases, are correct in natural
classes of functions, that is, in this case, the loaded term is interpreted as a weak perturbation. If
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the uniqueness of the solution of the boundary value problem is violated, then the loading can be
interpreted as a strong perturbation. It turns out here that the character of the load is a perturbation
(weak or strong perturbation) [13-20].

1 Problem setting

In the domain
Q={(r,t),r>0,t >0}

consider the following problem:

ou 0*u 1-2B0u ok
Gt or T 7 or “ork|_, I o\ (1)
u(r,0) = 0;u(0,t) = 0, \

where 0 < < 1, A € R is a spectral parameter, f(r,t) € M(Q) is a given f

(ark// [Tﬁfif p[_4(2tt§2] t—T

M(Q) = Loo(€2) N C(2), M 00).
The purpose is to determine for which integer values k = O, 1, which valuesa > 0, 0 < 8 < 1
the problem (1)—(2) will be correct in other words have lut1on

Remark 1. Obviously, this problem at A =0

= [ [ [ -fe 5] b (3] remwean

By means of this solution, we in differentiated part of the problem. In order to invert it, we

transfer the loaded term )\g ¥

que solution due to the lack of a loaded term

right-hand side and consider it temporarily known, we obtain
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we calculate the inner integral:
B 7,,551 B 7"2 + 52 Tf _
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Using the following substitution
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mf—m §= , ;5 d§ = ,

dn

Mathematics series. Ne 4(108)/2022 35



A K. Attaev, M.I. Ramazanov, M.T. Omarov

we obtain

rP r? o ol=B(¢ — 7)1-6 -7 -7
Qrit—71) = e exp [_ o 7-)] /0 2(,:1—_5)771—,3 exp [_t - ,,72] Is(n) - 2(t )dn =

r2 21_5(15 — 7)1_5 > t—7T o] ;4
_ _ _ -8 _
- P [ 4(t — T)] r2=28 /0 b [ 2z } m ptmdn =

= exp [— r ] 21_55};__2;)1_5 - exp {4(;j 7)] 261:1(25);2;22_1 Y <ﬂ’ 4(;j T)) N

_ 1 (ﬁ L)
r@ T\Tag-n))
2
where (f, z) is an incomplete gamma function. \

Therefore, we are able to express Q(r,t — 7) in the following way:

r2
=t ().
nD = P
Then the integral representation of solution (3) takes the form
¢ 1
u(r,t) = )\ T+ fo(r,t) (4)

it is apparent from (4) that in order to find a solu:Qbem —(2), it is sufficient to find the
Fu

value of the loaded term F3 R
I. Let k£ = 0 then relation (_ takes the follo

)=\ [ =—= —
unh = / )
Assuming r = t* in both pa the 0 ality (5) and introducing the notation pg(t) = u(r,t)|,_a we
obtain the following integral ion"with respect to the unknown function:

t
= /O Ko(t,7) - po(r)dr + folt),

u(&, T)|emro dT + fo(r,t). (5)

7.2
Ko(t:7) = 50557 (B g7 )+ J0(0) = o) e

VA € R, Ya > 0, Vfy(t) € M(0,00) can be found by the method of successive
s. Here we take into account that Ky(¢,7) < 1, and is continuous V(¢,7), 0 < 7 < t.
This implies that problem (1)—(2) has a unique solution.

Theorem 1. For k = 0 and YA € R, Yo > 0, Vfo(t) € M(0,00) the boundary value problem (1)—(2)
has a unique solution.

9,

IT. Let us assume that & = 1. Then (5) takes the following form:

“(""’t):A/otnlﬁ) (ﬁ’ <tjr>)'g_§

36 Bulletin of the Karaganda University

dr + fi(r,t).
g=re




On the Correctness of Boundary Value Problems ...

du

In order to determine the loaded term o€ considering it is possible, we differentiate both parts of

=T
this equality by the variable r and take following consideration r = t*. Yet it would be convenient to

calculate beforehand following:

w0 (4 155)

r=to N F(lﬂ) . [4(trj 7)} . . Q(tr_ 7) exp [_ zJL(tTi T)] ‘r:t" )
11 t8Da 2
IR PR RSt [‘4@ - 7)}

By denoting u(t) = %'r = t%, we obtain the following integral equation with respect toshe unknown

function puq (t) ’S

OE /0 Kv(t7) - n(r) + fi(0), E\ (6)

where
1 1 t(ZB—l)a

T3 221 (t—7)p P [‘4@

0
A0 = 2 A6 D).
If 0 < 8 < 1/2, then the kernel K (t,7) has a weak singuﬁ i 0, yet if 1/2 < 8 < 1, then in
Tt

order to have a unique solution the condition must be satisfie integral equation (6):

tQOz
Ki(t,7) =

Consequently, the theorem is valid.

Theorem 2. If k =1, then for 0 < § < 1/2 an R, Ya > 0, Yfi(t) € M(0,00) the boundary
value problem (1)—(2) has a unique solution u(r,t) € M(Q). As for 1/2 < < 1 in order for the
boundary value problem (1)—(2) to ha unique solution u(r,t) € M () the following condition must
be satisfied:

O0<ax< Y
Remark 2. Thus, for k_= or k = 1 under the conditions of Theorem 2 the loaded term
du

% | in equation (1) m (1)—(2) can be interpreted as weak perturbation.
=T

ITI. Let us a tha 2. Then (5) takes the following form:

= () 5

let us differentiate both parts of equality (7) twice

=T

dr + fa(r,t). (7)

g=r

In

ermine the loaded term %

o the variable r and take following consideration r = t*. Yet it would be convenient to
forehand next expression:

28 —1 r28-2 r2
= . . X —_—
R T

with re
calculate

82 7‘2
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By denoting

we obtain the following integral equation with respect to the unknown function pg(t):

t
pa(®) =X [ Kalt.) - pa(r) = fate). )
where
[P B O SO B 1 ¢
2(t, 7) = D) |22 (t— 7)1 921  2a(-B) (s — 1)1 [ P |yl 7
82
fa(t) = wfo(ﬁ t) o
Let us study the kernel Ks(¢,7) of this equation. Initially, we calc t@lowing integral:
t 1 t2o¢—1 25’— t20¢—1
Ko(t,7) = =—T — —1 .
[ ater) = i (55 L) )

Further, using the following equality:

we obtain

t2a—1 1 41—ﬁt1—ﬁ' t2a—1
K S )+1—5t2a<15> 'eXp[_ 1 ]

20—1 10
1-20)(1-8) g [_ta ]: (10

2-17_ _2-1 1 qamap g, [ 2
{”2@—@} 2521 B)T(f) e e

This implies that the inhomogeneous integral equation (8) has a unique solution V5 € (0,1) if the

condition a € (0, %) is satisfied.
Theorem 3. If k = 2, then for the condition 0 < o < 1/2 the boundary value problem (1)—(2) has
a unique solution u(r,t) € M () for VA € R, VB € (0,1), Vfa(t) € M(0,0).
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8 Conclusion

From (9)—(10) it follows that for 8 =1/2,a > 1/2 we have the following equality:

t—0

t
lim/ Ky(t,7)dr = 1.
0

In summation, this implies that the Volterra type integral equation of the second kind (8) cannot be
solved by the method of successive approximations. Moreover, the corresponding homogeneous integral
equation for A > 1 will have nonzero solutions, thus the inhomogeneous integral equation has a non-

unique solution. Then from relation (3) it will follow that the boundary value problem (1)—(2) will be
incorrect, since it has a non-unique solution.

As noted in [21-24], the corresponding boundary problems may turn out to He herians\with
both positive and negative indices. Further investigations of boundary problems ofityp )—(2) for
different laws of motion of the load point will be continued. %
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LPFA Kabapoun-Baikap evtavimu opmassizoiioir, Kordanbais, Mamemamura scone a8momMamurae uHEmumymol,
Hanvuux, Peceti;
2 Axademur E.A.Boxemos amwimndaezo, Kapazandv, yrusepcumems, Kapazandw, Kaszaxcman

Eki emmemai >KyKTeareH mapadosajiblK TeHAey YIIH NIeKapaJblk,
ecernTepaiH, JypPbIC KONBLIYbI

Maxkanaa )KyKTeareH mapaboJiablK, TEHIEY YIMiH MeKAPaJIbIK, €CEIITep/Ii JYPhIC KOIOIBIH CYPAKTaphl 36PT-
Tenred. EcenTepsin epekimetiri - KYKTeJIreH MYIIeZeri TybIHABIHBIH peTi Teraeyain audd
GeJIiriHiH, peTiHeH Killli KoHe OFaH TEeH, aJl XKYKTeMe HYKTEC] ChI3BIKTHI eMeC 3aH OOMBIHIIIA, KO
JKaFaaii1a epeKIneIeHeTiH Oe/ri — KYKTEeJIrTeH TEPMUH KOPCETIITeH KapacThIPbLIATHIH CBIQI
Tejie OpHAJIACKAH. 3epTTey Herisinje aBTopJiap 3ePTTeJIeTIH MEeKaPAJIbIK, €CeIITEPIIH, JYPBIC K|
TypaJIbl TeOPEMAJIAPIbI JIDJIEJIIET].

Kiam cosdep: xykrenren nuddepeHInaiiblK TeHIeyIep, TapaboIablK, THIITI Te , bipereiinik, 6ap
60J1y, IIEKaPAJIbIK, €CeIl, JKYKTEME, aybITKY.

A K. Arraes', M.I1. PaMa3aH0Bz M.T.

! Mnemumym npukaadmnot mamemamury v asmomamusayuy Kabap
Hanvuux, Poccus;
2 Kapaeanduncrkutl YyRUSepCumen ument axaieus A. mosa, Kapaeanda, Kaszaxcman

o-Baaxapcrozo nayunozo yewmpa PAH,

O KOppPEeKTHOCTH KPaeBbIX 3afiad JJisi JIBYyMEPHOTI'0 HArPY>KEHHOTO
napaboJindec paBHeHUs

¥ TTOCTAHOBOK KPAaEeBBIX 3aJ1ad JJIsl HAIPYKEHHOrO mapabo-
BJIIETCS TO, UTO IOPSAJIOK IPOU3BOIHON B HAIPYKEHHOM
[MAJIBHON YaCTH ypaBHEHUs, U IIPU 9TOM TOYKA HAIPY3KH

B crarpe mccienoBaHbl BOIPOCHI KOPPEKTH
smaeckoro ypasaeHust. OCoGeHHOCTHIO
cJlaraeMOM MEHBIIIE U PaBeH I10Ps],
JBUZKETCH 110 HEJIMHEITHOMY), 3aKO¥

i

JIMHUS, Ha KOTOPOU 33/1aeT TPYRKEHHOE CIaraeMoe, pacIoJioXKeHa B TOUKe Hy/Ib. Ha ocHOBe mcciemoBa-
HUSI aBTOPBI JOKA3aJIU TEOD! €KTHOCTH HCCJIEIyEMBIX KPA€BbIX 33/1a4.

Karouesvie crosa: Har nuddepeHnpaIbHble ypaBHEHNUs, yPaBHEHUs 1apab0IMIeCcKOro THIIA, €/INH-
CTBEHHOCTD, CYIIEGHBO e, DJpaHUYHAas 33/1a49a, HArPY3Ka, BO3MYIICHUE.

)
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