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The theorems about traces and extensions for functions

(smoothness) properties of functions in various metrics and has wide application in th
value problems of mathematical physics, approximation theory and other fields of
In this article, we prove the theorems about traces and extensions for functions fro
with generalized mixed smoothness and mixed metrics. The proofs of the ob
inequality of different dimensions for trigonometric polynomials in Lebesgue'spa
the embedding theorem of classical Nikolsky-Besov spaces in the space 6f ¢

Its is based on the

ith'mixed metrics and
s functions.

Keywords: Nikolsky-Besov spaces, generalized mixed smoothif@ss, fliixed \tetrics, a trace of function, an
extension of function.

edding of spaces of differentiable functions
was a result of S.L. Sobolev [1|. This theory st ortant relations of differential (smoothness)
properties of functions in various metrics. d'urther development of this theory is associated with new
classes of function spaces defined and studied in the works of S.M. Nikolsky [2,3], O.V. Besov [4, 5],
P.I. Lizorkin [6], H. Triebel [7,8] and m hers. The development of this research was determined
both by its internal problems and™b applications in the theory of boundary value problems of
mathematical physics and a % theory ([9]-[17]).

This paper continues our i igations of Nikolsky-Besov spaces with generalized mixed smoothness
and mixed metrics, whic e works [18,19]. In this article, we prove theorems on traces and
continuations for fun the above-mentioned spaces. The proof of these results is based on
i ferent dimensions for trigonometric polynomials in mixed-metric Lebesgue
v classical spaces embedding theorem into the space of continuous functions.

spaces and the Niko

1 Definitions and auziliary results

Lyeoydy) € N T = {x = (x1,...,%,) : x; € T% = [0,2m)%,i = 1,...,n} and
f(x) = ..,Xp) be measurable function on T4,
Let 1€ p = (p1,...,pn) < 0o. We say that the function f belongs to the Lebesgue space with
mixed metrics Lp(T9) if

p2/p1 Pn/Pn-1 1/pn
e = ([, (- ([, 0mapan) ™) a) <o
Tdn Td1
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i

1/pi
| f(xi) [P dxi> means that ess sup | f(x;)].

XiETdi
2 : ake i(k,x)y

kep(s

In a case when p; = oo the expression < /

Let us denote by

the trigonometric series of f ~ 37y c7a axe’ Wkxla, where (k,x)q = ZZ ki ’- is the (modified) inner
i=1 j=1

product, p(s) = {k = (ki,...,k,) € 29 : [257!] < max ]k’\ < 2% 4 =1,...,n} and {a] is the
]_ kA e
integer part of the number a.

Let a = (a,...,a,) ER", 1 <q=(q1,...,qn) <occand 1 < p = (p,...,pH <
The anisotropic Nikolsky-Besov space with generalized mixed smoothness and mix i (T9)
is a set of the series f ~ Y ) 7a axe’®¥)a such as

17l sgaceay = [ {22186y } |

< 00,

q
n

where (a,s) = Z%‘Sz’ is the inner product and |||, is the norm istrete Lebesgue space with
i=1

mixed metrics lq.

Here Bp4(T9) is a version of spaces, which was intro studied in |20].

eralized mixed smoothness Bp%(T4)

mentioned above is a hybrid structure of Nikolsky- ace (concerning to variables included in

derivative (concerning to variables included

, when p and ¢ are scalars, analogs of these

in different multi-variables) [21,22]. In the isot
spaces were studied by D.B. Bazarkhanov J23].

Let us denote by p = (p1,...,pm) for the multi-index p = (p1, ..., Pm, Pmtls---»Pn)-

Lemma 1 (Inequality of different ions, [3]). Let Ts(x) be a trigonometric polynomial of
order not higher than s = (sq,. Sm+1s---,Sn) by variables x = (X1,...,Xm,Xm+1,---,Xn)
and 1 < p = (p1,.-+,Dm, < 00, then for an arbitrary fixed point (Xm+1,-..,Xn) €
Tdm+1 x ... x T4 the followi

n
d;/pi
xn)lppmay < C T 87 1Tl ma).
i=m+1

where C is a po stant independent on s.

2 Main results

In ion, we prove the trace and continuation theorems for functions from Nikolsky-Besov
spaces w eneralized mixed smoothness and anisotropic Lorentz spaces are proved.
Theorem 1. Let 0 < oo = (1, ..+, Quny O 1y -+, On) < 00, 1 <@ = (@1, @y Gmtls - qn) < 00

1 <p=(1, -y PmrPmt1,---,Pn) < 00, then for o; = d;/p;, ¢ = 1 where i = m + 1,...,n the
following embedding holds

« d aq md
Bga(Td) < BIY(TI).

Proof. According to the inequality of different dimensions (Lemma 1) and Minkowski inequality,
we obtain
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||f(’ sy s XmAtls e aXn)”BQE‘_l(T&) =

{2609 1ag (7o

X)) ||Lp Td) <
<||{ 2@ Z Z Agiy (- A, (A5 ( <
=0 sm=0 Lpard) s
q
< (@) Z Z 5m+1

oo (D5 (P . (pa =

sn=0 Sm+1=0 Lp(Td) ‘

= 2(5‘5) Z e Z ||A ||Lp Td 6
sn=0 Sm+1=0

[oe) OO
< 9(@.8) Z 9(sndn)/pn 9(smt1dm+1)/pm+ )
Sn=0 sm+1 =0 ‘

<012 Z H{ “ A ( ||Lp(Td>}H

p(T9)

sp=0 Sm41=

(f)HLp ’Jl‘d) =0 ||f||ng(11‘d) )
here oy = d;/pi, ¢ =1 where i =m +1,...,n.

Let us show the conditions o; = d;/p;, qi"=,1 where ¢ = m + 1,...,n ensure that the following
property holds

| f(x1,...

7Xm7

hy) — <p(x1,...,xm)HL}_)(Ta) —0

for  max |h;| — 0, here |

' )2 (i=m+1,...,n).
i=m+1,...,n & ) ) (’L m+ 1, ,n)

(81,...,8n) € Z": Hmaxl max |5§-|)§N},

Indeed, let N € N an

i=1 J=hds
then
||f(x1,...,xm,hm+1,...,hn)—@(xl,...,xm)HLﬁ(Ta):
= || f(X1,--, Xm, D1, ..., hy) — f(x1, .,xm,O,...,O)HLﬁ(Ta):
= ||f(x1,. oy Xmy g1, .o hy) — So (fixa, oo Xy Bypg1, - )+
+Sry (fix1, .oy X, Dy, o hy) — Sy (f %1, .00, %0, 0,000, 0)+
+Sry (fiX1, .0, Xm, 0,...,0) = f(X1,..., X, 0,...,0)[ 5(1d) <
<Nfxa, e xms b, hy) = Se  (F X%, X, g, - n)”Lf,(Ta)‘l'
+|Sry (fix1s ooy X, 1, -2y hy) — Spy (fixa, .0, %, 0, ’0>HLP—,(’J1‘3)+
+||S’FN(f;x1,...,xm,0,...,0)—f(xl,...,xm,O,...,O)HLﬁ(Ta):I1+I2+13,
44
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where Sty (f;X1,. .., Xm, Xm+1, - - - , X is the partial sum of the Fourier series of the function f(xy,...,
Xm, Xm+1, - - -, Xn), corresponding to the hyperbolic cross I'y.

We will use Minkowski, different dimensions (Lemma 1) and Hoélder inequalities to estimate I; and
I3. For k=1 or k = 3 we have

Iy < sup ||f(xl7-~-aXm7Xm+17---7Xn)_

Xm+41;--Xn

_SFN(f;Xla s Xmy Xm41, - - 7XTL)HLI_)('[[‘H) =

= sup Z As(f;x) < Z Squ ||AS(f;X)||L1_)(Ti)

X X
m—+1s:-3Xn S%FN

Lp(rd) SEN Fmten
<Cp Y 27 WA AG(f5 %) ey < \

S%FN

<Cy { o) ||A (f X)HLP(Td) ‘ H 2 (as <
lq/
Moreover, to estimate I, we use the fact that the trigonometsic polymomial St (f;x1, ..., Xm, Xm41,

.,Xp) Is a continuous function, then we receive

||SFN(f;X1,...,Xm,hm+1,... O)HL}—,(’]I‘a) —0

for ~max |h;| — 0.
i=m+1,...,n
This completes the proof.
Remark 2. In contrast to the trace theorem for functions from Nikolsky-Besov spaces with dominat-

ing mixed derivative [21,22], proved ;/pi where i = m+1,...,n, in Theorem 1, the limiting
case «; = d;/p; is considered unde ondition ¢; = 1 for i = m—+1,...,n (this effect was previously
seen for example in [24,25]).

Theorem 2. Let 0 < o = oy Oy Qg 1y ey Q) < 00, 1< =(q1y -y @y Gty - -5 Qn) < OO
1<p=(P1,-sPmPm oo. Then for a; = d;/p; and ¢; = 1,7 = m+ 1,...,n, for the
function ¢(xq,...,x it is possible to construct a function f(x1,...,Xm,Xm+1,---,Xn)
having the follo ope

f € By(TY);
1/l Bgacray < Cllellp BAA(1d) }
(X1, X, 0,...,0) = (X1, .., Xin)-

Proof. Tet p € Baq(T ). This function can be represented as a series converging to it in the sense
of LI_’ (Td)

NE

(X1, Xm) = » As(p(x1, ..., Xm))

wl
Il
o

and

||g0HB§a(Ta) = H{Q(as) | As (SD)“LI‘)(TH)}HZ(—I.
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Let us choose the functions f;(x;) from the Bg‘iil(Tdi), where «; = d;/p;, such as f;(0) = 1 for
i=m+1,...,n. Let us introduce a new function

F(X1s e Xy Kt 1y - - s Xy ZA ox1,..oxm) [ As (fitxi).
Consequently, for this function, we get

|7 mgacoa) = [ {22 12 (@)1, 00}, =

l
= {25185 @y |, T Wilggerpssy = Colelsganey 56
i=m+1
According to the condition f;(0) =1 for i =m+1,...,n we have 6
f(X1y oy Xm, 0,...,0) = p(X1, ..., Xpm).

Note that the conditions «; = d;/p; and ¢; = 1 for i = m + 1,. @1 the continuity of the

functions f;(x;). Therefore we obtain

e

Hf(x17‘ < Xmy X1, - ~'7X’n) - SO(

(X1, X)) (

< ”SO(XI? s 7Xm)”LI—,

here max |x;| — 0.
i=m+1,...,n

These arguments show that trace’of the function f

The proof is complete. Q

Remark 3. Note that the t1 n operator constructed in the proof of Theorem 2 is linear.
We should note here tha k of V.I. Burenkov and M.L. Goldman [26], where it is shown
that in the limiting case asSical anisotropic Nikolsky-Besov spaces it is possible to construct only
a nonlinear continuation or, but this effect is not observed for Nikolsky-Besov spaces with a

dominant mixed
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K.A. Bekmaranberos'?, K.E. Kepgenes?, B: Teneyrazpr'?

em, Kasaxcman gusuansv,, Acmana, Kazaxcman;
uncmumymaol, Aamamos, Kasaxeman;
ueepcumemi, Kapazanow, Kaszaxcman

s1J1aD KEHICTIKTEPiHiH eHri3y TeopusiChl 9pTYpJii MeTpruKaJiap/ia dOyHKIUsI-
JIAPJBIH, MaHbI3Ibl Oaiifia HbICE en pynkmmanbH auddepeHnuanapik, (TericTilik) KacueTTepinin Ka-
TBIHACTAPBIH 3€PTTEIl/] € MaTeMaTUKAJbIK (DU3MKAHBIH IEKTIK €CelnTep TEeOPUSCHIHIA, YKYBIKTay

JIAHFaH apaJia iri >xoHe apajac merpukacel 6ap Hukonbckuit-Becos kericTikTepi DyHKIMITADBIHBIH,
i3mepi men bl TEOPeMaJIap JIDJIEJIJICHIeH. AJIbIHFaH HOTUKeJIEP/IiH JIDJIeJIeyl apajac MeTpu-
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K.A. Bexmaranberos'?, K.E. Kepsenes?, E. Toneyrazpr'?

! Mockoscxuti zocydapemeeniondi ynusepcumem umerny, M.B. Jlomonomosa, Kazaxcmancrkudl guruan, Acmana,
Kasaxcman;
2 Huemumym mamemamury, u mamemamuseckozo modesuposanus KH MOH PK, Aamamo, Kazaxcman;
3 Kapazandunckuti ynusepcumem umenu axademure E.A. Byxemosa, Kapazanda, Kazaxcman

Teopembl 0 ciiegax U NPOAOIXKEHUAX JJad (PYHKIINI U3 HPOCTPAHCTB
Hukoabckoro-BecoBa ¢ 060011IeHHOII CMenIaHHON IJIaJJKOCThIO

Teopus BoxkeHUsT TPOCTPAHCTB AuddDePEeHITUPYEMbIX DYHKINN N3y9IaeT BayKHBIE CBI3U M COOT e
nuddepeHIranbHbIX (VIAIKOCTHBIX) CBOHCTB (DYHKIUIT B Pa3jMYHBIX METPHKAX U UMee o
MeHEHVe B TEOPUU KPAEBBIX 33J1a9 MATEeMATUIECKON (PU3WKM, TeOpUU TPUOIUKEHUN u Py, 3/1e01a;
MaTeMaTuku. B maHHO cTaTbe MBI HOKA3bIBAEM TEOPEMBI O CJIeaxX M IPOJIOIKEHUSX [T H u

npoctpancTtB Hukonbckoro-Becosa ¢ 0000IeHHON CMeIIaHHOM IVIAIKOCTBIO M CO CME Ol ‘MEeTPUKOIl.
JlokazaTebCTBaA MOy YeHHBIX PE3Y/JIbTATOB OCHOBAHBI HA MCIOJH30BAHUNA HEPABEHCT i
JJIsI TPUTOHOMETPUYIECKUX MOJIMHOMOB B IIpocTpancTrBax Jlebera co cmenranHoi

JKeHUd Kjaccudeckux npocrpancTs Hukonbckoro-Becosa B mpocTpaHCTBO Hellpep

Kmoueswvie caosa: mpoctpancTtBa Hukonabckoro-Becosa, 0b6obienHast cme aJKOCTh, CMEITIaHHASI
METPHUKa, cell (PyHKIINY, TPOAOIKEHNE (DYHKITAN.
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