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Lower and Upper Bounds for the Norm of Multipliers of Multpile
Trigonometric Fourier Series in Lebesgue Spaces
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Let 1 < p € ¢ < o, and let T" be the n-dimensional torus. We say that a sequence A& {Ar}rezn of
complex numbers is a multiplier of trigonometric Fourier series from L,(T") into L,(T") 4ffor an arbitrary
function f € Ly(T") with Fourier series ) czn F(k)ek= there exists a function fy € L,(T™)ywith Fourier
series Y .czn Ak F(k)e**= and if Ty, Thf = fx, is a bounded operator from Lp(T") into £,(T2). The set mY
of these multipliers is a normed linear space with the norm

Mlmg = 1Tall,~L,-

In this paper, we find lower and upper bounds for the norm of multipliers A € mJ. The methods used
in our proofs are based on the results in (1, 2] establishing new inequalities, describing the relationship
between metric properties of a function and the summability of its Fouriercoetficients with respect to the
trigonometric system.

The following result by Hérmander is well known [3]: if I < p€R < g < oo and 1/r = 1/p—1/q, then
the embedding /roo(Z") < m} holds, that is,
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Here l.oo(Z") is a discrete Lorentz space, E is thé'set of\all finite subsets in Z", and |e| is the cardinality
of a set e.

The assertion below is a refinement of Hérmander’sjtheorem for multiple series (n > 2).

Theorem 1. Suppose that 1 < p &£ 2°& g & oo, p' = p/(p ~ 1), and (j1,..-,7n) is an arbitrary
permutation of the sequence 1,...,n.¢Then the inequality
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holds, where the sequence {Avil. 2 bmenn is obtained from {|\;|}rez» by passing consecutively to the non-
decreasing rearrangenient Wwithiréspect to the indices r;,,...,r;, and C is a constant depending only on the

parameters p and_q ‘and the dimension n. ~

Let B = {img,mo + 1,....,mp + I} be an interval in Z, and let d € N, d > [. A set of the form
I = UpolB Fkd] = Uk_o{m + kd : m € B} will be called a harmonic interval in Z. Accordingly, a set
of the for™ = I --- X I,,, where the I; are harmonic intervals in Z, will be called a harmonic interval
in 2", :

Theoremf2. Let 1 <p<2<g<oo,letp =p/(p—1), and let My be the set of all harmonic intervals
in ZP. If A = {A\i}kezn € mY, then
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Definition. We say that a sequence {a;}rez~ of complex numbers is monotone in the extended sense
if there exists a number ¢ > 0 such that

la| < in reck

for every k € Z", where Qr = {r € Z*: 0 < |rj| < ||, j=1,....n}.
If a sequence A = {A;}xen~ is monotone or quasimonotone with respect to each k;, then it is monetone
in the extended sense. :

Corollary 1. Let 1 <p <2< g< o and p' = p/(p—1). Suppose that A = {Ai}rezd is @ monotone
sequence in the extended sense. Then a necessary and sufficient condition for the relation XN\ m] to hold is

S Y s,

ky=-m, kn=—m,

FA) = sup oo arie

< X4

In this case, [|Allmg ~ F(A).
Consider the Shapiro sequence {;}3%, (see [4]) defined by the recursion forfulas’s; = 1, =g = &4,
Cop4l = (—1)*ex, k € N. It consists of the numbers +1 and satisfies tHe estimate

‘Z‘ gimz

m=0

<eNYZ zge [0.27).

Let ¢ = {<i}kenn, where g = g, - -5,
Theorem 3. Suppose that either 1 < p < g <2 or 2K p &€ q < 00, £ = {ck}ren is the Shapiro
sequence, (j1.--.,Jn) 18 an arbitrary permutation of thedsequencel.. ... n, and

l_{l/?—%—l/q Jor2 <ip < g < <.
-
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The upper and lower bounds)in|Theorem 3 do not depend on the parameter p for 2 € p < ¢ < o and
on the parameter g for 1 <fp'§ ¢ '€ 2. This means that if these parameters are varied, then the class m{
varies with preservation of relation (1).

This assertion solvésthe problem of finding sufficient conditions for A to belong to the space of multipliers
m, = m}, essentially|depending on the parameter p. In this connection, we note that, according to [5], the
classical theorems$ on multipliers are somewhat unnatural, since the sufficient conditions in them usually do
not depend onfp.

Corollary 2 Let ¢ = {¢}kenn be the Shapiro sequence. Suppose that either 1 <p<g< 2 0or2<
g < oo. If the sequence {sx A }ren is monotone in the extended sense, then the relation {A\i}renn € mj is
equivalentfto the inequality

sup Z Z [Adey..kn | < 00,
"‘GN" (mq-- l/r k=l k,=1 v

where the number 1/r is defined in Theorem 3.

There are as “many” sequences satisfying the assumptions of Corollary 2 as sequences monotone in the
extended sense. For example, if A = {\;} is monotone in the extended sense, then A\ = {x A\, } satisfies the
assumptions of Corollary 2, since {2\ }ren = {Ac}renn.
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