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Ehrenfeucht theories without powerful digraphs*

All Ehrenfeucht theories are based on digraphs having the local pairwise intersection property. In this case,
all known Ehrenfeucht theories are based on digraphs having the global pairwise intersection property. In the
paper, we construct examples of Ehrenfeucht theories with powerful digraphs having the local pairwise inter-
section property, without the global pairwise intersection property, and thus without powerful digraphs:
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1 Introduction

In [1], the notion of powerful digraph is defined and it is proven that powerful digraphs-are locally (i. e.,
with the local pairwise intersection property) presented in Ehrenfeucht theories (i. €., having finitely many
but more than one pairwise non-isomorphic countable models). All known examples of Ehrenfeucht theories
are constructed on a base of powerful digraphs with the global pairwise intersection property:

. dense linear orders [2—4];

. dense ordered trees [5-8];

. powerful digraphs with unbounded lengths of shortest paths and dense transitive closures [9];

. powerful digraphs with unbounded lengths of shortest paths and non-dense transitive closures [10].

In the paper, we construct examples of Ehrenfeucht theories with powerful types having the local pair-
wise intersection property and without the global pairwise intersection property.

We use without specifications the standard graph-theoretic and model-theoretic notions [11, 12], the
system of notions in [1, 9, 10] as well as general principles for constructions of generic structures based on
the syntactic approach [13]. All considered theories are first order, complete, countable, and without finite
models.

2 Construction and results

Let p(x) be a non-principal type‘of a theory 7, M be a countable saturated model of T.Recall [1, 10]
that the type p(x) has the local pairwise intersection property and denote it by (LPIP)p if for each formula

@(x)e p(x), there exists a formula y(x,y) of T such that for every a,be p(M), there is a tuple ¢ with
M Eo(c)ay(c,a)Ay(c,b).

If for y(x,y), a stronger property holds:

forevery a,be p(M), there is a tuple c € p(M) with M =vy(c,a) Ay(c,b),

it is called the global pairwise intersection property and it is denoted by (GPIP)p .(with respect to
v(x )

We omit the index -, in (LPIP)p and (GPIP)p if the type p is fixed.

Now we describe a modification of the construction in [9] allowing to produce a small generic theory
with a non-principal powerful type p(x) having the (LPIP)p and without (GPIP)p.

Let (A,Q,W> be a c-graph. We replace the graph language introducing a sequence of pairwise disjoint

binary predicates Q,, n € ®, such that O = U Q,, and substitute in W, instead of records on existence of ex-

nem

ternal paths connecting elements in 4, the records on existence of these paths with an information of colors
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m, for sequential arcs (b,,b,

1) €0, forming these paths. Moreover, we allow, in obtained record W', for

any two elements a,b € 4, to write a formula-definable information of form:

® . (a,b)= Elx(l_/f\o—'COI[ (x)A (i\z 0, (x,a)) A (i\z 0, (x,b)D A

k m-1 k m-1 k
/\—Ely([/\o—'Coll. (y)A ([\/O ,Q\OQ"] (v, a)j A (Lvo ,Q\OQI'] (y,b)D
such that the set of formulas over A, correspondent to W', is consistent. The obtained structure
<A,Qn , W’>nem is called a cv-graph.
The concepts of c-embedding and c-isomorphism are obviously transformed to the classof cv-graphs of
the language (QO,QI,...,Qn,...> with the preservation, via mappings, of arc colors and of satisfiability  for
@y, (a,b) in the records.

A cv-graph <A,Qn, A,WA> is called a cv-subgraph of cv-graph <B,Qn’ 5 W >new (written Ac_, B) if

AcB, 0,,=0,,N4*, neo, and W, consists of all records in W,, for which'pairs of elements in 4 are
used, and also of records, induced by the cv-graph ${\cal B}$, on the existence or on the absence of elements
a and b in accordance with ¢, , (a,b).

Let <A,Qn’A,WA>n€w,<B,Qn,B,WB> , and <C,Qn,C,WC> be cv-graphs such that 4=B(C,

new new

0,,=0,,N0,., new, and W, consists of all records, included both in 7, and in W, in which pairs of
elements in 4 are used, that induced by cv-graphs B and C. A cv-graph

(BUC.0,,UQ, ., UWaUW)
is called a cv-amalgam of B and C over A4 if W consists of all possible formulas, describing, for any elements
be B\ A and c e C\ 4, the existence and colors of elements @, for which there are (d ,b) - and (d ,c) -paths

new

(if their existence is implied by relations Q, , U@, . and W, UW, ), as well as the existence of elements e of

all finite colors m, not exceeding min{Col(b),Col(c)} and such that

= (i\_/OQi (e,b)j A (1\_/0 0, (e,c)j.
The record ¥ also contains,a finite set of formulas of form @, (b,c), m <min{Col(b),Col(c)},
m € w, for other pairs (b,c), where he B\ 4 and ce C\ 4.

We denote by KO the class of all cv-graphs that can be obtained by all possible transformations above

for c-graphs. Denote by 12;‘ the subclass of I?O, generated by taking of cv-subgraphs, cv-isomorphic copies,
and free cv-amalgams, as well as by routings and deroutings starting with the following cv-graphs
<A,Qn,A,WA >new , where the index -, in (a,b)n means that (a,b) €0,

T g =<{0’1’2}’{(0’1)m (1.2), ,(0,2)’13},W>,
where' Col(0) =0, Col(1)=B, Col(2)=y, a <P<y, ye®U{x}, W consists of nonempty finite set of for-
mulas, Cptm (0,1), m< min{Col(O),Col(l)}, m e o, and of nonempty finite set of formulas Cptm (0,2),
m < min{Col(O),Col(Z)}, me o

Lemma 2.1 (7 -amalgamation Lemma). The class 12;‘ has the

- -amalgamation property, that is, for
any cv-embeddings f,: A—,, B and g,:A—>, C, where A,B,C e K,, there exist a cv-graph DeK, and
cv-embeddings f:B—, D and g:C —_ D such f,of =g,°g,.

Proof'is obvious. o
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Denote by K the class of colored acyclic digraphs in which any finite subgraph forms a cv-graph in

K

0
Theorem 2.2. There exists countable, colored, saturated digraph M € K satisfying the following:
() if f1A—> M and g: A—_, B are cv-embeddings and B € K,, then there exists a cv-embedding

h:B—,, M suchthat f=goh;
(2) if A and B are cv-isomorphic cv-subgraphs of M, then 72 (A) =ip, (B );
(3) the coloring of restriction M ‘Q of M to the graph language <Q0,Q1,...,Qn,...> is inessential and

Q, -ordered for each n € o;
(4) the type p,,(x) has (LPIP) but does not have (GPIP).

Proof is similar to the proof of [9, Theorem 1.3]. The construction of the saturated structure M repeats
steps of construction for the structure M in the proof of [9, Theorem 1.3] with replacing-of K, by the class

KO and of K, by K. The property (LPIP) for p, (x) holds, since, by the generic construction, for any two
elements a and b, having the same color at least n+1, there exists an element ¢ of color » such that

)=( \j/0 Ql.(c,a)j/\( \j/0 Ql.(c,b)j. The absence of (GPIP) is followed since, by compactness, for any ne o

there exist realizations a and b of p,_ (x), for which there are no realizations ¢ of p, (x) such that
(c,a),(c,b)e U{Q,.j 0<i<mje oo}. O
Using the construction of M, we have that for any two realizations'a and b of p, (x), there exist num-
bers m,n € o and a realization ¢ of p, (x) such that =Q, (¢,a)A 0, (c,b). Moreover, an expansion of M
by binary predicates 0,, n €, and with (LPIP) A —(GPIP) admits the following property: for any realiza-
tions a,...a, of p,(x), there exist n,...,n, €® and a special realization ¢ of p,(x) such that
=0, (¢.a))A...AQ, (c,a;). Therefore, an obvious modification of construction in [9, Sections 1 and 2],

applied for an expansion of the generic structure M, states the following theorem.
Theorem 2.3. There exists a generic theory T satisfying the following conditions:

(1) [RK(T)[=2;
(2) some powerful type p e S (T ) has (LPIP) and does not have (GPIP).
Repeating the construction in:[9, Section 3] we obtain an Ehrenfeucht theory with three countable mod-

els, based on the structure 4/ :
Theorem 2.4. There exists a generic Ehrenfeucht theory T with 1 (T ,03) =3 and such that each non-

principal type p(x) has (LPIP) and does not have (GPIP).

Repeating the proof of Theorem 4.1 in [9], based on the structure M, we obtain the basic theorem of
[9] with (LPIR) and without (GPIP):
Theorem 2.5. For any finite preordered set <X ;S) with the least element x, and the greatest class X,

in the ordered factor set <X ;S} /~ with respect to ~ (Where x~y < x<y and y<x), and for any function
f:X > o satisfying the conditions f(%,)=0, f(%)>0 for |X|>1, and f(7)>0 for |§|>1, there exist a
complete theory T, with (LPIP)A—(GPIP)-structures of non-principal types, and an isomorphism
g:(X;S> S RK(T) such that IL(g(j/)) = f(j/) forany ye X /~.

References

1 Sudoplatov S.V. Powerful digraphs // Siberian Math. J. — 2007. — Vol. 48. — Ne 1. —P. 165-171.
2 Vaught R. Denumerable models of complete theories // Infinistic Methods. — London: Pergamon, 1961. — P. 303-321.

Cepusa «MaTtemaTtukar. Ne 1(69)/2013 107



S.V.Sudoplatov

3 Omarov B. Nonessential extensions of complete theories / Algebra and Logic. — 1983. — Vol. 22. — Ne 5. — P. 390-397.

4 Mayer L. Vaught's conjecture for o-minimal theories // J.Symbolic Logic. — 1988. — Vol. 53. — Ne 1. — P. 146-159.

5 Peretyat'kin M.G. On complete theories with a finite number of denumerable models // Algebra and Logic. — 1973. — Vol. 12.
— Ne 5. —P. 310-326.

6 Peretyat'kin M.G. Theories with three countable models // Algebra and Logic. — 1980. — Vol. 19. — Ne 2. — P. 139-147.

7 Reed R. A decidable Ehrenfeucht theory with exactly two hyperarithmetic models // Ann. Pure and Appl. Logic. — 1991. —
Vol. 53. — Ne 2. — P. 135-168.

8 Ershov Yu.L., Goncharov S.S. Constructive models. — New York: Plenum Publ. Corp., 2000. — P. 293.

9 Sudoplatov S.V. Complete theories with finitely many countable models. II // Algebra and Logic. — 2006. — Vol. 45. —
Ne 3. —P. 180-200.

10 Sudoplatov S.V. Ehrenfeucht theories with non-dense powerful digraphs // Vestnik of Karaganda University. — 2013. —
Vol. 67. — Ne 1.

11 Sudoplatov S.V., Ovchinnikova E.V. Discrete Mathematics: Tutorial. — Novosibirsk: Edition of Novosibirsk State Technical
University, 2012. — P. 280 (in Russian).

12 Sudoplatov S.V., Ovchinnikova E.V. Mathematical Logic and Theory of Algorithms: Tutorial. — Novosibirsk: Edition of No-
vosibirsk State Technical University, 2012. — P. 256 (in Russian).

13 Sudoplatov S.V. Syntactic approach to constructions of generic models / Algebra and Logic. — 2007. — Vol. 46. — Ne 2. —
P. 134-146.

C.B.CygnomnaroB

Ycrem oprpagrapabl KAMTBIMAHTBIH 3PEH(OUXT TEOpHsiJIapbl

Koc-kocTaH KUBLIBIMIBI JIOKAIIBIK KacHeTKe Me Heri3i oprpadTap Oosbin Tabbutansl. byn jkarmaiina koc-
KOCTaH KHBUIBICBIM/IBI 0acThl KacHeTke He 0oy OapublK O€Nrini 3peH(OHXTHIK Teopemalap YCTeM
rpadrapAblH HeTi3iHAe KypbUIaibl jAen OoipkaHaapl. Makaiiana KOC-KOCTaH KHBUIBICHIMIBI JIOKAJJIBIK
KacueTke ue, bipak Koc-KOCTaH KMbUIBICBIM/IBI 0ACThI KACHETKE M€ eMeC JKoHe YCTeM oprpadtap KypbUIBIMBIH
KaMTBHIMaWTBIH YCTEM THITI 9peH(BONXTHIK TEOPHsIAP IbIH MBICANIAPBL KYPBUIFaH.

C.B.Cygnomiaros

JpeH(oIXTOBBI TEOPHH, He HMECIOIIHME BJACTHBIX oprpagos

OCHOBOI OCTPOCHUsI BceX IPeH(ONXTOBBIX TEOPHil SIBISIOTCS oprpadpl, 006IagaoIne JIOKaIbHBIM CBOUCT-
BOM IIOIapHOTO TepeceueHus. [Ipi 9ToM BCE H3BECTHBIE 3PEH(OUXTOBBI TEOPUH CTPOSTCS Ha Oa3e BIACTHBIX
oprpadoB, IpeoaraloyX. HaIIIHe I100aIbHOr0 CBOWCTBA MOMAPHOTo NepecedeHust. B crarbe npuBene-
HBI TIPIMEPHI 3PEH(OIXTOBBIX TEOPHil C BIACTHBIMU THIIAMH, 00JIaIafONIMMH JOKaJIBHBIM CBOMCTBOM HOMAp-
HOTO IepecedeHys, HQ He MMEIOUMMH III00aJbHOTO CBOWCTBA MOMAPHOTO MEPEeCcedeHNs M, TeM CaMbIM, He
COZEPXKAIINUMH CTPYKTYp BIAaCTHBIX oprpacdos.
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