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On closed mappings uniform spaces 

Uniform spaces are an important class of spaces in general topology. The purpose of the study is to prove new 
theorems concerning the properties of uniform spaces. The u — continuous, u — closed, uz  — closed, u — per-

fect mappings have been determined and their some properties have been established. The importance of the-
se mappings classes is caused by that u — closed mappings are a subclass of the closed mappings class, and 
the closed mappings class is a subclass of the uz  — closed mappings. 
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1. Introduction 

Z. Frolik [1] introduced z — closed mappings, which are a natural generalization of the closed map-
pings ([2]) 

Definition 1.1 [1]. A continuous mapping :f X Y  a topological space X into a topological space Y is 
called z — closed, if the image ( )f F  of any functionally closed (≡ zero set) F in X is a closed set in Y. 

Below the uniform analogues of closed and z — closed mappings have been determined. Everywhere 
necessary information and denotations are taken from books [3–6]. 

Every uniform space be uX, where u be a uniformity in a uniform coverings terms, :f uX vY  be a 
mapping of uniform space uX into uniform space vY and if ( ) ,f F Y  then the mapping f is subjective. We 

denote * ( )C uX  to be a ring of all bounded uniformly continuous functions on uX, 

 1 *( ) (0) : ( )uX f f C uX Z  be a set of all uniformly zero-sets (≡ uniformly closed sets [5]), of the uni-

form space uX. 
Let Ru R  be a set of real numbers R with natural uniformity ,Ru  generated by the metrics 

ρ( , )x y x y   for any , ,x y R  and Iu I  be a segment [0,1]I   with uniformity ,Iu  induced by the uni-

formity  
Definition 1.2 [5]. A mapping ݂ ∶ ܺݑ	 → आܻ is called 	ݑ	—	continuous, if the inverse image ݂ିଵሺܨሻ ∈

Խሺܺݑሻ൫݂ିଵሺܷሻ ∈ ࣦሺܺݑሻ൯ for any ܨ ∈ Խሺܻݑሻሺܷ ∈ ࣦሺܻݑሻሻ. 
Remark 1.1. Every uniformly continuous mapping ݂ ∶ ܺݑ	 → 	 and	 continuous. If ࣯௙ — ݑ is ܻݒ ௙ࣰ — are 

fine uniformities of Tychonoff spaces ܺ and ܻ respectively, then for mapping ݂ ∶ ௙ܺݑ	 → -௙ — continuiݑ		.௙ܻݒ
ty is equivalent to the continuity of mapping ݂ ∶ 	ܺ → ܻ. There are ݑ െcontinuous mappings		݂ ∶ ܺݑ	 →
 ࣯Թ		which are not uniformly continuous. ,ܻݒ

Theorem 1.1 [5]. Let ݃ଵିଵሺ0ሻ ൌ ଵܨ ∈ Խሺܺݑሻ and 	݃ଶ
ିଵሺ0ሻ ൌ ଶܨ ∈ Խሺܺݑሻ, where ݃ଵ, ݃ଶ ∈ ଵܨ		 ሻ andܺݑሺ∗ܥ ∩

ଶܨ ൌ ∅. Then the function ݂: ܺݑ → ሻݔdetermined as ݂ሺ ,ܫூݑ ൌ |݃ଵሺݔሻ|/	ሺ|݃ଵሺݔሻ| ൅ |݃ଶሺݔሻ|ሻ	 for any ݔ ∈ ܺ, is a ݑ 
— function. 

Example 1.1. Let ܺ ൌ ሾെ1; 0ሻ ∪ ሺ0; 1ሿ and uniformity ࣯ on ܺ is induced by the uniformity 	࣯Թ of Թ. The 
sets ሾെ1; 0ሻ	and	ሺ0; 1ሿ are no uniformly separated, hence, there is no uniformly continuous function on the 
uniform space ܺݑ, which is separates these sets. Functions ݃௜: ܺݑ → ,ԹԹݑ ݅ ൌ 1,2, determined as ݃ଵሺݔሻ ൌ
,ݔ൫ߩ ሾെ1; 0ሻ൯ and ݃ଶሺݔሻ ൌ ,ݔሺߩ ሺ0; 1ሿሻ are uniformly continuous. Then the function ݂ሺݔሻ ൌ ݃ଵሺݔሻ/ሺ݃ଵሺݔሻ ൅
݃ଶሺݔሻሻ is an example of the 	ݑ — continuous function, which is not uniformly continuous. 

2. Main results  

Example 2.1. Let ߝ ൐ 0 and Թା ൌ ሺ0;൅∞ሻ. A uniformity ࣯Թ	 of real numbers Թ is generated by the basis 
В, consisting of uniform coverings ߙఌ ൌ ሼ ఌܱሺݔሻ: ݔ ∈ Թሽ, where ఌܱሺݔሻ ൌ ሺݔ െ ,ߝ ݔ ൅   is open interval with		ሻߝ
center at point ݔ of length 2ߝ. Let ࣪ሺԹሻ be a set of all finite subsets of Թ and Թା. For any ߝ ∈ Թା any ܣ ∈
࣪ሺԹሻ	 suppose ߙఌ,஺ ൌ ሼ ఌܱሺݔሻ\ܣ ∶ ݔ ∈ Թ\ܣሽ ∪ ൛ሼܽሽ: ܽ ∈ ൟ. A family ࣜᇱܣ ൌ ൛ߙఌ,஺: ߝ ∈ Թା, ܣ ∈ ࣪ሺԹሻൟ is a basis of 
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some uniformity ࣯′ on Թ,	 more strong, than uniformity ࣯Թ. Really, ߙఌభ,஺భ ∩ ఌమ,஺మߙ ൌ ߝ ఌ,஺భ∪஺మ whereߙ ൌ
	݉݅݊	ሼߝଵ, ߜ  where	ఌ,஺ߙ ,ఋ,஺ is starry inscribed to the coveringߙ ଶሽ and the coveringߝ ൌ

ఌ

ଷ
. We note, that ࣯Թ ⊂ ࣯ᇱ 

	and ࣯ᇱ	 generates discrete topology on the Թ. 
Proposition 2.1. A set of rational numbers ℚ is not uniformly zero-set in the uniform space ݑ′Թ, i.e. 

ℚ ∉ ԽሺݑᇱԹሻ. 
Proof. We suppose, that ℚ ∈ ԽሺݑᇱԹሻ, i.e. there is such uniformly continuous function ݂ ∈  ᇱԹሻ, thatݑሺ∗ܥ

ℚ ൌ ݂ିଵሺ0ሻ. Then for any ݊ ∈ Գ there exist ߝ௡ ൐ 0	 and ܣ௡ ∈ ࣪ሺԹሻ such that the family ݂൫ߙఌ೙,஺೙൯ is inscribed 
to the covering ߙభ

೙
, i.e. for any ݕ ∈ ఌܱ೙ሺݔሻ the formula |݂ሺݔሻ െ ݂ሺݕሻ| ൏

ଵ

௡
	 is provided for all ݔ ∈ Թ. 	Let ݔ ∉ ܣ ൌ

⋃ ௡ஶܣ
௡ୀଵ , in force of everywhere density of ℚ in Թ, there is such ݕ ∈ ℚ\ܣ that |ݔ െ |ݕ ൏ ݔ ௡, hence for allߝ ∈ Թ 

for all such ݔ ∉ ݔ|	 and ܣ െ |ݕ ൏ |ሻݔ௡ we have |݂ሺߝ ൏
ଵ

௡
 for any ݊ ∈ Գ, i.e. ݂ሺݔሻ ൌ 0 for any ݔ ∈ Թ\ܣ. Thus, 

Թ\ܣ ൌ ݂ିଵሺ0ሻ, i.e. Թ ൌ ℚ ∪  .are countable sets, and Թ is uncountable ܣ is contradiction, since ℚ and ܣ
The proposition is proved. 
We consider the function ݄: ᇱԹݑ → ሻݔԹԹ, determined as ݃ሺݑ ൌ 0, if ݔ ∈ ℚ and ݃ሺݔሻ ൌ 1, if ݔ ∈ Թ\ℚ. Then 

h is continuous function, which is not ݑᇱ—	continuous function, since ݃ିଵሺ0ሻ ൌ ℚ ∉ ԽሺݑᇱԹሻ. By means of ex-
ample 2.1, it is naturally to determine a special closed mapping of uniform spaces. 

Definition 2.1. A mapping ݂ ∶ ܺݑ	 →  continuous and for any closed	—	ݑ closed if ݂ is a	—ݑ is called ܻݒ
set ܨ in ܺ the image ݂ሺܨሻ is closed in ܻ. 

Definition 2.2. A mapping ݂ ∶ ܺݑ	 → -continuous and for any uni	—	ݑ closed, if ݂ is a	—	௨ݖ is called ܻݒ
formly closed set ܨ ∈ Խሺܺݑሻ the image ݂ሺܨሻ is closed in ܻ. 

Obviously, every ݑ — closed mapping is ݖ௨ — closed. It takes place the next simple 
Proposition 2.2. Every ݑ — closed mapping ݂ ∶ 	ܺݑ	 →  .௨ — closedݖ is ܻݒ	
Theorem 2.1. A mapping ݂ ∶ ܺݑ	 → ݕ ௨ — closed if and only if for every pointݖ is ܻݒ ∈ ܻ and every 

cozero-set ܷ ∈ ࣦሺܺݑሻ, containing ݂ିଵሺݕሻ, i.e. 	݂ିଵሺݕሻ ⊂ ܷ, there is such open neighborhood ܸ of point ݕ ∈ ܻ, 
that ݂ିଵሺܸሻ ⊂ ܷ. 

Proof. Necessity. Let the mapping ݂ ∶ 	ܺݑ	 → ݕ ௨ — closed andݖ be a ܻݒ	 ∈ ܻ be an arbitrary point and 
uniformly cozero-set ܷ ∈ ࣦሺܺݑሻ, containing 	݂ିଵሺݕሻ, i.e. ݂ିଵሺݕሻ ⊂ ܷ. Then ܺ\ܷ ∈ Խሺܺݑሻ is uniformly zero-set 
and ݂ሺܺ ∖ ܷሻ is closed in ܻ. Set ܸ ൌ ܻ\݂ሺܺ\ܷሻ 	is open in ܻ and ݕ ∈ ܸ, i.e. ܸ is open neighborhood of point ݕ. 
The next calculations: 	݂ିଵሺܸሻ ൌ ݂ିଵ൫ܻ\݂ሺܺ\ܷሻ൯ ൌ ܺ\݂ିଵ൫݂ሺܺ\ܷሻ൯ ⊂ ܺ\ሺܺ\ܷሻ ൌ ܷ are provided, i.e. 
	݂ିଵሺܸሻ ⊂ ܷ. 

Sufficiency. Conversely, let the condition of theorem is provided ܨ ∈ Խሺܺݑሻ be an arbitrary uniformly 
zero-set. The set ܷ ൌ ܨ\ܺ ∈ ࣦሺܺݑሻ is uniformly cozero-set and for any ݕ ∈ ܻ\݂ሺܨሻ we have 	݂ିଵሺݕሻ ⊂

ܺ\݂ ቀ݂ିଵ൫݂ሺܨሻ൯ቁ ⊂ ܨ\ܺ ൌ ܷ. Then there is an open neighborhood ௬ܸ of point ݕ ∈ ܻ\݂ሺܨሻ such, that ݂ିଵ൫ ௬ܸ൯ ⊂

ܷ. Suppose ܸ ൌ∪ ൛ ௬ܸ: ݕ ∈ ܻ\݂ሺܨሻൟ. Then ܸ is open ܻ and ܻ\݂ሺܨሻ ⊂ ܸ and ݂ିଵሺܸሻ ⊂ ܷ, i.e. ݂ିଵሺܸሻ ∩ ܨ ൌ ∅. 
Then ܸ ∩ ݂ሺܨሻ ൌ ∅, i.e. 	ܸ ⊂ ܻ\݂ሺܨሻ. Consequently, ݂ሺܨሻ ൌ ܻ\ܸ, i.e. the set ݂ሺܨሻ is closed. 

The theorem is proved completely. 
The next theorem demonstrates, when ݖ௨ — closed of mappings implies ݑ—	closeness. 
Theorem 2.2. If a mapping ݂ ∶ 	ܺݑ → vܻ is closed and ݂ିଵሺݕሻ is Lindelof for any point ݕ ∈ ܻ, then the 

mapping ݂	 is ݑ	—	closed. 
Proof. Let ݕ ∈ ܻ be an arbitrary point, ݂ିଵሺݕሻ be a Lindelof and ܷ be an arbitrary open set, containing 

݂ିଵሺݕሻ, i.e. 	݂ିଵሺݕሻ ⊂ ܷ. Family ࣦሺܺݑሻ 	is a basis of topology of the uniform space [5] ܺݑ, hence for any point 
ݔ ∈ ݂ିଵሺݕሻ ⊂ ܷ there exists such uniformly cozero-set ௫ܸ ∈ ࣦሺܺݑሻ,	 which is the open neighborhood of ݔ, then 
ݔ ∈ ௫ܸ ⊂ ܷ. Then the family ሼ ௫ܸ: ݔ ∈ ݂ିଵሺݕሻሽ is open covering of Lindelof space 	݂ିଵሺݕሻ. Let ൛ ௫ܸ೙: ݊ ∈ Գൟ be a 
countable sub covering. Since ௫ܸ೙ ∈ ࣦሺܺݑሻ for all ݊ ∈ Գ, then ܸᇱ ൌ∪ ൛ ௫ܸೠ: ݊ ∈ ܰൟ is uniformly cozero-set [5] 
and ݂ିଵሺݕሻ ⊂ ܷ′ ⊂ ܷ. By ݖ௨—	closeness of mapping ݂ ∶ ܺݑ	 →  there is such open neighborhood ܸ of point ,ܻݒ	
ݕ ∈ ܻ, that ݂ିଵሺܸሻ ⊂ ܷ′ ⊂ ܷ. Then, on one of the closed mappings criterion [3], it follows, that the mapping 
݂ ∶ 	ܺݑ	 →  .closed	—	ݑ is ܻݒ	

The theorem is proved. 
Corollary 2.1. Let ݂ ∶ 	ܺݑ	 →   is bicompact for	ሻݕcontinuous mapping, i.e. ݂ିଵሺ — ݑ	 be a bicompact ܻݒ	

any. ݕ ∈ ܻ. Then the next conditions are equivalent: 
	ܺݑ	:݂ (1 →  .௨— сlosedݖ is ܻݒ	
	ܺݑ	:݂ (2 →  .сlosed —	ݑ is ܻݒ	
Proof. 1)⟹2). It follows immediately from the Theorem 2.2. 
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2)⇒1). It follows from the Proposition 2.2. 
Corollary 2.1. allows to define a special perfect mapping. 
Definition 2.3. A mapping ݂ ∶ 	ܺݑ	 →  .closed and bicompact	—ݑ	 perfect, if it is	—ݑ is called ܻݒ	
Remark 2.1. Obviously, every uniformly perfect mapping ([1]) ݂: ܺݑ →  perfect, and every–ݑ is ܻݒ

:݂ perfect mapping–ݑ ܺݑ →  .is perfect ܻݒ
ቀݏ௨೑ܺ, ,௨ೌܺݏ௙ቁ ሺ࣯ݏ  ,௔ሻ࣯ݏ

Example 2.2. Let ܺ be a locally bicompact Tychonoff space and ܽܺ its one-point Alexandroff 
bicompactification. Let ࣯௙ be a fine uniformity on ܺ, and ࣯௔ be a minimal precompact uniformity on ܺ (see 

[3, 7], Ex. 10) then ࣯௔ ⊂ ࣯௙ and ࣯௔ ് ࣯௙, as for the Samuel bicompactifications ቀݏ௨೑ܺ, ,௨ೌܺݏ௙ቁ and ሺ࣯ݏ  ,௔ሻ࣯ݏ

we have ݏ௨೑ܺ ൌ ௨ೌܺݏ is Stone-Cech bicompactification and ܺߚ ൌ ܽܺ is the Aleksandroff bicompactification. 
Obviously, ܺߚ ് ܽܺ (it is suppose that there is more than one uniformity on ܺ). A identical mapping 
1௫: 	࣯௔ܺ	 → 	࣯௙ܺ is a topological homeomorphism, it is not ݑ	—	continuous mapping. Thus, the class of 
perfect and closed mappings more wider than the class of ݑ–perfect and ݑ	—	closed mappings. 

The next properties of ݑ—	continuous mapping of the uniform spaces are take please. 
Proposition 2.3. A composition ݃ ∘ ݂ ∶ ܺݑ → ݂ continuous mappings	—ݑ of ܼݓ ∶ 	ܺݑ → 	ܻݒ	:݃ and ܻݒ	 →  ܼݓ	

	is ݑ	—	continuous mapping. 
Proof. Immediately follows from the definition of 	ݑ	—	continuous mapping (Definition 1.2). 
Theorem 2.3. If a composition ݃	 ∘ 	݂ ∶ ܺݑ	 → —	ݑ of ܼݓ 	continuous mappings ݂ ∶ 	ܺݑ	 →  and ܻݒ	

݃ ∶ 	ܻݒ	 → ݃|௙ሺ௑ሻ		 closed mapping, then restriction	௨—ݖ is ܼݓ	 ∶ 	 ᇱ݂ሺܺሻݒ → where ࣰᇱ ,ܼݓ	 ൌ ࣰ⋀݂ሺܺሻ, is 

 .closed mapping	௨—ݖ
Proof. Let ܰ ∈ Խሺݒᇱ݂ሺܺሻሻ, i.e. ܰ is a uniformly closed in ݂ሺܺሻ. Then from the properties of the uniform-

ly closed sets [3] it is follows there such ܰᇱ ∈ Խሺܻݒሻ exists, that ܰ ൌ ܰᇱ ∩ ݂ሺܺሻ. Then ݂ିଵሺܰᇱሻ ∈ Խሺܺݑሻ and 
݃	 ∘ 	݂ ∶ ܺݑ	 → closed mapping by the condition of the theorem. We have ݃|௙ሺ௫ሻሺܰሻ	௨—ݖ		is ܼݓ ൌ ݃|௙ሺ௫ሻሺܰᇱ ∩
݂ሺܺሻሻ ൌ ݃൫ܰᇱ ∩ ݂ሺܺሻ൯ ൌ ሺ݃ ∘ ݂ሻሺ݂ିଵሺܰᇱሻሻ and ݃|௙ሺ௑ሻሺܰሻ is closed in ܼ. 

The theorem is proved. 
Corollary 2.2. If a composition ݃	 ∘ 	݂ ∶ 	ܺݑ	 → ݂ сontinuous mappings —	ݑ of ܼݓ	 ∶ 	ܺݑ	 →  and ܻݒ	

݃ ∶ 	ܻݒ	 → ݃|௙ሺ௑ሻ		 closed mapping, then restriction	—	ݑ is ܼݓ	 ∶ 	 ᇱ݂ሺܺሻݒ	 → where ࣰᇱ ,ܼݓ	 ൌ ࣰ ∧ ݂ሺܺሻ, is 

 .closed mapping	—ݑ
Proof. Proof follows from the 		ݖ௨–closeness of any 	ݑ	— closed mapping (Proposition 2.5.). 
Proposition 2.4. Let ݂ ∶ 	ܺݑ	 →  Then .ܺݑ ᇱܺᇱ be a uniform subspace ofݑ continuous mapping and–ݑ be 	ݒ	

restriction ݂|௑ᇲ ∶ ݑ	
ᇱܺᇱ 	→ ᇱ݂ሺܺᇱሻ, where ࣰᇱݒ	 ൌ ࣰ ∧ ݂ሺܺᇱሻ, is ݑ — continuous mapping too. 

Proof. Let ܨ be a uniformly closed in ݂ሺܺᇱሻ, i.e. ܨ ∈ Խ൫ݒᇱ݂ሺܺᇱሻ൯. Then there such function ݂ ∈
ܨ ᇱ݂ሺܺᇱሻ൯ exists, thatݒ൫∗ܥ ൌ ݃ିଵሺ0ሻ. By the Katetov Theorem [7], there such function ݄ ∈  ሻ exists, thatܻݒሺ∗ܥ
	݄|௙൫௑ᇲ൯ ൌ ݃. Then a function ݄	 ∘ 	݂ ∶ 	ܺݑ	 → continuous and ሺ݄ — ݑ ԹԹ isݑ ∘ ݂ሻ|௑ᇲ ൌ ݃ ∘ ݂|௑ᇲ . Hence we have 

ሺ݃ ∘ ݂|௑ᇲሻ
ିଵሺ0ሻ ൌ ሺ݄ ∘ ݂ሻିଵ|௑ᇲ ൌ ݂ିଵ൫݄ିଵሺ0ሻ൯ ∩ ܺᇱ ൌ ݂ିଵ൫݃ିଵሺ0ሻ൯ ∈ Խሺݑᇱܺᇱሻ,	 	where and ݂ିଵ൫݃ିଵሺ0ሻ൯ ∩ ܺᇱ ൌ

݂ିଵሺ݄ିଵሺ0ሻሻ. 
The proposition is proved. 
Proposition 2.5. Let ݂ ∶ 	ܺ	ݑ	 →  where ,ܻݒ  be uniform subspace of	ᇱܻᇱݒ ௨ — сlosed mapping andݖ be ܻݒ

		ࣰᇱ ൌ ࣰ ∧ ܻᇱ and ܻᇱ ⊂ ܻ. Then a mapping of restriction 		݂|௙షభሺ௒ᇲሻ ∶ ݑ	
ᇱ݂ିଵሺܻሻ → ᇱܻᇱ, where ࣯ᇱݒ	 ൌ ࣯ ∧

݂ିଵሺܻᇱሻ, is ݖ௨ — closed mapping too. 
Proof. It follows from the equality 		݂|௙షభ൫௒ᇲ൯൫ܰ⋂݂

ିଵሺܻᇱሻ൯ ൌ ݂ሺܰሻ⋂ܻᇱ for any ܰ ∈ Խሺܺሻ. 

The proposition is proved. 
Proposition 2.6. Let ݂ ∶ 	ܺݑ	 →  .ܺݑ ᇱܺᇱ be closed uniform subspace ofݑ closed mapping and — ݑ be ܻݑ	

Then a constriction ݂|௑ᇲ: ݑ
ᇱܺᇱ → ᇱ݂ሺܺᇱሻ, where ࣯ᇱݒ ൌ ࣯ ∧ ݂ሺܺሻ, is a ݑ — closed mapping too. 

Proof. It follows from Proposition 2.13 and definitions of ݑ — closed mappings. 
Theorem 2.4. Let ݂ ∶ 	ܺݑ	 → ݃ and ܻݒ	 ∶ 	ܺݑ	 → -continuous mapping of the uni — ݑ	 be a subjective ܼݓ	

form spaces ܺݑ, ,ܻݒ ݃		∆	݂	 closed mapping. Then diagonal product — ݑ	 and ݂ is a 	ܼݓ ∶ 	ܺݑ	 → ݒ	 ൈ 	ܻݓ ൈ ܼ, 
where ࣰ ൈࣱ is the product of the uniformities ࣰ and ࣱ, is ݑ — closed mapping. 

Proof. For a diagonal mapping ݂	∆	݃ ∶ ܺݑ → ݒ ൈ ܻݓ ൈ ܼ, by the definition, we have ሺ݂	∆	݃ሻሺݔሻ ൌ
൫݂ሺݔሻ, ݃ሺݔሻ൯ Let ࣻ௑ ∶ 	ܺݑ	 → and ࣻ௓ ܺݑ	 ∶ 	ܼݓ	 → ݂ be identical uniform homeomorphisms. Suppose ܼݓ	 ൈ ࣻ௓ ∶
ݑ	 ൈ ܺݓ ൈ ܼ → ݒ ൈ ܻݓ ൈ ܼ	, ࣻ௑	∆	݃	 ∶ 	ܺݑ → ݑ	 ൈ ܺݓ ൈ ܼ, where ሺ݂ ൈ ࣻ௓ሻ ∶ 	 ሺݔ, ሻݖ ൌ ሺ݂ሺݔሻ, ሻݔ݃ሻሺ	∆	ሺࣻ௑	 ሻ andݖ ൌ
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ሺݔ, ݃ሺݔሻሻ for any ݔ ∈ ܺ and ݖ ∈ ܼ	. If ܯ ⊂ ܼ and ܨ ⊂ ܺ are closed sets, then ݂ሺܨሻ ൈ ܻ is closed subset of ܯ ൈ ܼ, 
hence, ሺ݂ ൈ ࣻ௓ሻሺܯ,ܨሻ ൌ ݂ሺܨሻ ൈ ݂ and ܯ ൈ ࣻ௓ is ݑ — closed mapping. The mapping 	ࣻ௑	∆	݃: ܺ	 → 	ܺ ൈ ܼ is uni-
form homeomorphism of the space ܺݑ and ߁௚		 ൌ ൛൫ݔ, ݃ሺݔሻ൯:	ݔ ∈ ܺൟ is a graph of a mapping ݃ it is a closed 
subspace of ݑ ൈ ܺݓ ൈ ܼ. The closeness of the graph ߁௚		 in ܺ ൈ ܼ follows from the ܺݑ and ܼݓ are Hausdorf 
spaces. Then mapping ݂	∆	݃ is a composition of the mappings ࣻ௑		∆		݃	 ∶ 	ܺݑ → ݑ	 ൈ ܺݓ ൈ ܼ and ݂ ൈ ࣻ௓|௰೒ ∶

௚߁ᇱݒ	 → ݒ ൈ ܻݓ ൈ ܼ, where ࣰᇱ ൌ ࣰ ൈࣱ	⋀	߁௚ and mapping ݂ ൈ ࣻ௓|௰೒ is ݑ — closed as a restriction of the closed 
mapping ݂ ൈ ࣻ௓ onto the closed subspace 	߁௚ ⊂ ܺ ൈ ܼ, and ݂ ൈ ࣻ௓|௰೒ ∶ 	 ݒ

ᇱ߁௚ is a uniform homeomorphism. 
Thus, ݂	∆	݃ ൌ ሺ݂ ൈ ࣻ௓ሻ|௰೒ ∘ 	ሺࣻ௑		∆		݃ሻ is a 	ݑ — closed mapping. We have a diagram. 

The theorem is proved. 
 

 
 
Theorem 2.5. Let ݂ ∶ 	ܺݑ	 → ݃ and ܻݒ	 ∶ 	ܺݑ	 → -continuous mappings of the uni — ݑ	 are a subjective ܼݓ	

form spaces ܺݑ, ,ܻݒ ݃ and a composition is 	ܼݓ ∘ ݂ ∶ 	ܺݑ	 →  closed mapping. Then the mapping — ݑ	 is ܼݓ	
	݂	 ∶ ܺ	 →  .closed too — ݑ is ܻݒ	

Proof. By the condition of theorem ݃ ∘ ݂ ∶ 	ܺݑ	 → 	݂ closed and — ݑ is ܼݓ	 ∶ ܺݑ → -continu — ݑ is a ܻݒ
ous mapping, according to the Theorem 2.4., ݂		∆	ሺ݃ ∘ ݂ሻ ∶ 	ܺݑ	 → ݑ	 ൈ ܺݓ ൈ ܼ is a 	ݑ — closed mapping. By 
the surjectivity of mappings ݂ and ݃ ∘ ݂ we have 	൫݂		∆		ሺ݃ ∘ ݂ሻ൯ሺݔሻ ൌ ሺ݂ሺݔሻ, ሺ݃ ∘ ݂ሻሺݔሻሻ for any ݔ ∈ ܺ. Then 

൛൫݂ሺݔሻ, ሺ݃ ∘ ݂ሻሺݔሻ൯ 	 ∶ ݔ ∈ ܺ	ൟ ൌ ൛݂ሺݔሻ, ݃൫݂ሺݔሻ൯: ݔ ∈ ܺൟ ൌ ൛൫ݕ, ݃ሺݕሻ൯ ∶ ݕ ∈ ܻൟ ൌ  .௚߁
Obviously, that ൫݂∆ሺ݃ ∘ ݂ሻ൯ሺݔሻ ൌ ൛݂ሺݔሻ, ݃൫݂ሺݔሻ൯: ݔ ∈ ܺൟ ൌ ൛൫ݕ, ݃ሺݕሻ൯: ݕ ∈ ܻൟ ൌ  ௚ is closed߁ ௚. The graph߁

subspace ܻ ൈ ܼ and the mapping 	ߨ௒|௰೒ ∶ 	 ݒ
ᇱ߁௚ → ௒ߨ	 where ,ܻݒ ∶ ݒ ൈ ܻݓ ൈ ܼ → and ࣰᇱ ܻݒ ൌ ࣰ ൈࣱ	⋀	߁௚, is uni-

form homeomorphism mapping. Then ݂ ൌ ௒|௰೒ߨ ∘ ൫݂		∆		ሺ݃ ∘ ݂ሻ൯ ∶ ܺݑ → -closed mapping as a com — ݑ is ܻݒ
position of the uniform homeomorphism 	ߨ௒|௰೒ ∶ 	 ݒ

ᇱ߁௚ → ሺ݃	∆		closed mapping ݂ — ݑ and ,ܻݒ ∘ ݂ሻ ∶ 	ܺݑ	 → ݑ	 ൈ

ܺݓ ൈ ܼ. The next diagram takes place. We note, that the closeness of graph ߁௚ in ܻ ൈ ܼ is essential, as soon as 
for any 

 

 
 
Closed ܨ ⊂ ܺ, ൫݂		∆		ሺ݃ ∘ ݂ሻ൯ሺܨሻ ൌ ܻ ᇱ is closed inܨ ൈ ܼ and its image 	ߨ௒|௰೒	ሺܨ

ᇱሻ is closed in ܻ. It means, that 

݂ሺܨሻ ൌ ܨሺ	௒|௰೒ߨ
ᇱሻ and ݂ሺܨሻ is closed in ܻ, i.e. ݂ is 	u	—	closed. 

The theorem is proved. 
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А.И.Чанбаева  

Бірқалыпты кеңістіктердің тұйық бейнелеулері туралы 

Бірқалыпты кеңістіктер жалпы топологияда кеңістіктердің маңызды класы болып табылады. 
Зерттеудің мақсаты — бірқалыпты кеңістіктердің қасиеттеріне қатысты жаңа теоремаларды дəлелдеу. 
Мақалада ݖ௨–тұйық бейнелеулерінің сипаттамасы қойылған. ݖ௨–тұйықталуы жəне биокомпакт 
бейнелеулері кластағы u-тұйықталуы тепе-теңдінгі дəлелдеді, u-тұйық бейнелеулері үшін негізгі 
қасиеттері белгіленді. 

 

А.И.Чанбаева  

О замкнутых отображениях равномерных пространств  

Равномерные пространства являются важным классом пространств в общей топологии. Цель исследо-
вания состоит в доказательстве новых теорем, касающихся свойств равномерных пространств. В ста-
тье установлена характеристика ݖ௨–	замкнутых отображений, доказана равносильность ݖ௨–	замкнуто-
сти и ݑ–	замкнутости в классе бикомпактных отображений. Также для ݑ–замкнутых отображений ус-
тановлены их основные свойства. 
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