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Abstract

In this paper it is established that in an infinite angular domaiafor Dirichlet problem of
the heat conduction equation the unique (up to a constantifacter), non-trivial solution
exists, which does not belong to the class of sugimable fuictions with the found
weight. It is shown that for the adjoint boundany:value pfoblem the unique (up to a
constant factor) non-trivial solution existsdxhichlbelongstethe class of essentially
bounded functions with the weight found inihie work##is proved that the operator
of a boundary value problem of heat conductivigin an infinite angular domain in a
class of growing functions is Noetherid@with an index which is equal to minus one.
MSC: Primary 35D05; 35K20; secondary450D05
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1 Introduction

Different kind§ of processes of mass and heat transfer lead to solving boundary value prob-
lems for parabelic equations in a domain with a moving in time boundary (non-cylindrical
domaid). These pFocesses are the most important factor that affects, for example, the re-
liabilityof various contact systems. Due to the increased speed-in-action of the electrical
contacts, that is, because of the short duration of the process, it is experimentally impossi-
ble to determine accurately the temperature field of the contact system and the dynamics
of itsichange in time. Therefore, the study of boundary value problems of heat conduction
in domains with moving boundary and the degeneracy at the initial time is actual. Con-
sideration of a wide range of issues of mathematical physics [1, 2], in particular, the solving
of boundary value problems in the heat equation degenerating domains leads to the need
to study the singular integral equations of Volterra type when the norm of a integral op-
erator is equal to unit. These problems have a direct connection with the theory of loaded
equations [3, 4]. It turned out that these issues have a close connection with the problem
of establishing the classes of uniqueness from [5-8], which have been further developed
in [9-16] and other works.

2 On classes of uniqueness

Let us give a brief overview of some works on uniqueness classes for parabolic equations.
In the domain Q = R” x (0, T') for the boundary value problem
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us(x, ) — Aulx, t) = 0, u(x,t)]4=0 =0

the following classes of uniqueness are established: u(x,t) < C - exp{k|x|*(In|x|)*}, o €
[0,1] (Holmgren [5]). u(x, t) < C - exp{ar|x|*} (Tikhonov [6]). u(x,t) < C - exp{|x|h(|x])},
floo h‘f’) = 0o (Técklind [7]). For the boundary value problem in Q = R” x (0, T):

ut(x, t) +Au(x1 t) = 07 u|t=0 = 07

where A is the linear elliptic operator of orders 2p, the following classes of uniqueness
established: "
u(x,t) < C - exp{k|x|?-1} (Ladyzhenskaya [9] for one equation with coefficient
depending only on ¢).
ulx,t) < C- exp{k|x|%} (Oleinik [10] for systems of parabolic equ it
coeflicients depending on x and ¢; [11] for the Cauchy-Neu

unbounded domain, arbitrarily ‘tapering’ at infinity).
ikova [14-16],

r parabolic equations

We also note works of Oleinik and Radkevich [12], Gagnidz
and others, devoted to the establishment of classes of uniquene

and systems.

3 VP Mihajlov’s example on the existence‘of non-trivial solution for the
homogeneous Dirichlet problem i erate domain

Let Q C R? be the domain bounde

origin of coordinates and the p@int

ve I': x2 = —2tInt, passing through the
and symmetrical with respect to the axis

0¢. The boundary value problem

(. — U (X, ) %
has a non-trivia

1€L2 )

although u;, u,, ¢ L,(Q), the following inclusions hold:

P (x,1), i (x,£) € Lo(Q).
4 Statement of the boundary value problem L
In the domain G = {(x;£) : —0o <t < 0,0 < x < —t} it is required to find a solution to the heat
conduction equation

(%, 1) = @ty (%, 1), 0]

satisfying the boundary conditions

lim u(x,t) =0, u(x,t)|x=0 = 0, u(x%,t)|x=—s = 0, (2)

t——00


http://www.boundaryvalueproblems.com/content/2014/1/213

he Jenaliyev et al. Boundary Value Problems 2014, 2014:213 Page 3 of 21
http://www.boundaryvalueproblems.com/content/2014/1/213

where u(x, t) has to belong to the class

Yy 8) - ulx, t) € Li(G), 3)
when
e 2 t
y (%, t) = max| ——— exp . ;1+exp i >2, {xt}ed.
t+x 4a’t a?

It is required to show that problem (1)-(2) has not in the class (3) non-trivial solutions)
We note that the functions

2

ui(x,8) = &% + 2a’t, uy(x,8) = (=) 2 exp{ - X ,
4a’t

uz(x, t) = exp{x + azt}, (x,1) € G,

satisfying (1), do not belong to (3).

Boundary value problems of the form (1)-(2) arise in the mathematical modeling of ther-
mophysical processes in high-current electric arc of the disconnecting device. Tool for de-
scribing the physics of the processes in the arc is theheat'€@quation, in which the influence
of the heat sources in the arc and the effect of thecontraction of the axial section of the arc
in the cathode region to a contact spot are taken inte account. The diameter of the contact
spot is several orders smaller than the diameter ofthedeveloped section of the arc column
and this fact gives the chance to considerthe contact spot as a mathematical point. The
solution domain changes over timgaccotding to the law which is defined by the conditions
of the bridging contact. At thedfixed téxminal time the contacts close and the solution do-
main of the problem degeneérategFrom a mathematical point of view, problematic nature
of the problem consistsgfifthe presefice of a moving boundary and degeneracy of the solu-
tion domain at the fixed terminal time. It should be emphasized that the boundary value
problems for parabolic €guations in a domain with a moving boundary are fundamentally
different fromyjthe classical problems. Due to the size of the domain depending on the
time for thisytypejofsproblems methods of separating the variables and integral transfor-
mationsnot’be dpplied, as remaining within the classical methods of mathematical physics
you ¢annogeofiform the solution of the heat equation to the motion of the border line of
thé heagtransport domain.

In addition, the finding of a nonzero solution of the homogeneous problem (1)-(2) allows
oneito define precisely the uniqueness classes.

Let us consider the boundary value problem (1)-(2).

5 Reduction of problem L (1)-(2) to an integral equation
We are looking for a solution of boundary problem (1)-(2) as the sum of the heat potentials
of the double layer [17]

2

1 ft x { x
X —
137 ) )3 P\ A1)

u(x, t) =

}v(r)dr

(x + 7)?

1 /‘ —x-T
+ expl————
4a®m J o (t—1)3 P 4a2(t - 1)

}fﬂ(t)dr. (4)
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Using conditions (2) and the properties of heat potentials, we have the following system

of integral equations for the unknown densities v(¢) and ¢(¢) [17, p.480]:

(

a2 4a31f ft

-T

2
Iy expl- g e,
(t-t

0
0=-£9+ 3 ff _1)1 eXp{ Ete(r)dr )

4a3\/—f -~ 3 exp{- 4a2(t T)}V(T)d‘f

Excluding from system (5) v(¢), we find
1 /t T . 72
X -
207 J (t_f)% Pl a2 —7)
t—-t1
=—o(t d
w()+2m/_/ =Y eXP{ ey }w(r) T

4a’m / / (t T)(T—Tl)]

Ydt d 7
X exp{ Z(t— r) dz(‘[ ) o(t) T. 7)

v(t) = -

}(p(t)dr, 6

We introduce the following notation:

10 = 1 | et O ®)

where

ex ¢ ! dt
P 4a’(t-1) 4a%(t - 1)

ex { (t+‘L’1)2 }
t—1)} P 4a®(t —17)

@ed substitution z = / = t L in integral I(¢, 71) and the known equality [18,

[oo exp{—,uz2 - % } dz = l% exp{-2./un}.

0 2

Substituting the value of the integral I(¢, 1) into (8) we have

t+1 (t+m)?
0= / et {——W o }fp(n)dn- ©)
In view of (8)-(9), we rewrite (7) in the form
o(t) — /t K(t,t)p(t)dt =0, -oco<t<O, (10)
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where

K(t,1)=

1 t+T (t+1)? 1 t—-1
2aﬁ{_(t- 03 eXp<_4ﬂ2(t— f)> T e-h eXp<_4—az)}'

We note that the kernel K(t, 7) has the following properties:
(1) K(t,7) = 0 and is continuous on —c0 < T < t < 0;
(2) Timy 10 fyy K(&7)dT = 0;
(3) limg, oo ftg K(t,t)dt =1, —00 <ty < t < 0.
Indeed, properties (2) and (3) follow from the following equality:

¢ 2t b+ 8 N
/ K(t,t)dt =exp{——2} ~erfc<—i) +erf( 0),
to a 2a«/t—t0 2a

where ty, t satisfy a condition —oco < £y < £ < 0.
'@ tp — —00,

To prove (3) we note that the first summand of this equality tends to zero
since for large —t, for the exponent we have the inequality:

2t (t+1t)?

O<——<——"—.
a2 4a?(t-ty)

Here we have used the asymptotic formula [17,4.718, la 3].

6 Investigation of the integral equatic

In the homogeneous integral e%a nsform its kernel. Using the relations
T it t—1

t+T1=2t-(t—1), ) a2(t—r)+4—42’

we obtain

K(t,7) = _HI } (11)
where

- t o {_ tt }
i aﬁ(t—r)% P a*(t-1)

+41 (1+ex {——tt }) (12)
2a 7wt 1)t Tee-of)

It is well known that in order to solve (10) it is sufficient to find a solution of the following

equation:
o) — ft k(t,7)p(t)dt =0, where ¢(t) = exp{t/(4a2)}<p(t), —00<t<0. (13)

To solve (13) we introduce the following substitutions:

t=-1/y, T =-1/x, dr:dx/(xz), -00<T<Et<O, 0<x<y<+o0.
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As a result, (13) takes the form

3/2 3/2

X—y+y
o(-1/y) + «/_/ 36 x)3/2x2' " .exp{

1 y y1/2 212

C2ay7 Jo (y-x)12x2

1 -
T2y -2) ]‘P(—l/x) dx

|:1 + exp{—m”ﬂ—ﬂx)dx =0, O<y<oo.

From the latter equation using the next substitution of the required function,

v () =y 25(-1/y),

we obtain

1 y 1 1
yy0)- 2aﬁ/o e [1‘exp{‘a2(y—x>}]"’(’“)d

} Y(x)dx = (14)

y 1 1
e aﬁ/o (y - 22 e"p{‘az(y—x)

Applying to (14) the Laplace transform, we obtain

dp 2a./p

that is, we have \O

aw (p) 1 «ch ap
dp 2af

Av(p) 1 (1 2[)%9)}

(15)

The general solutio equation (15) is determined by the following formula:

(16)
inal‘of this function, we rewrite it in the form of a series

nd (2n+1)/p

ZCZexp{——}. 17)
n=0 a
Applying the inverse Laplace transform to (17) we have
C (2n+1) 1)?

v(y) = aTm y3/222n+1 exp{ 2 | 0<y<oo. (18)

By inverse substitutions ¢ = — %, T = —% and recalling that ¥ (y) = yg%(ﬁ(— %) equality (18)
takes the form

@) = Z(2n+1)exp{( nt 1) t}, —c0<t<0, (19)
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that is, for (10) a non-trivial solution is given by

nn+1)

C oo
w(t):m;(2n+1)exp{ — t}, —00<t<0. (20)

Thus, (19) defines a solution of the homogeneous integral equation (13) and (20) defines
a solution of the homogeneous integral equation (10), respectively.

However, the solution #nom(,£) (4) of problem (1)-(2) defined by the function ¢(t) (20)
does not belong to class (3), defined by the inclusion of

v, £) - ulx, t) € Li(G),

when
-t x> t+x
;t = v — ;1 I ) ,t )
y(x, t) max|: t+xexp T + exp s {x, ¢}
that is

Y, £) - thom (%, 1) € L1(G).

For violation of condition (3), it is sufficien show 1 the solution upom (%, £) (4),
is comstant. Violation of condition

corresponding to the first term of the sum
(3) really takes place, the homogengous L @ value problem L (1)-(2) in class (3) has
only the trivial solution. L 3

Thus we have established the fo in

Proposition 1 For the bou e problem L (1)-(2) in class (3)

dim{Ker{L} } =

7 Stateme djoint boundary value problem L*

In the d t):—00<t<0,0<x< -t} we consider the following problem: it is
uir n trivial solution to the heat conduction equation
2
S, t) = a’ul (x,1), (1)

satisfying the boundary conditions:

w0 =0, w8t =0, (22)
where u*(x, £) has to belong to the class

[y 0] - u*(x,0) € Loo(G) (23)

and

V-t 2 t
y (%, t) = max| ——— exp . ;1 +exp i >2, {xt}ed.
t+x 4a’t a?
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It is required to show that problem (21)-(22) has in class (23) only one non-trivial solu-
tion.

We note that the functions

2
_ 42 2 _ -1/2 X
ui(x,t) = x~ - 2a°t, uy(x,t) = (—t) exp{ ey },

uy(x,t) =exp{x—a’t}, (xt)€G,
satisfying (21), belong to (23).
8 Reduction of problem L* (21)-(22) to an integral equation

We are looking for a solution of boundary problem (21)-(22) as the sum of theheat poten-
tials of the double layer [17]

(o 0) 1 /0 x x
u(x,t) = expy —
4a’m Ji (1)} P da?(T -

1 /‘0 -X-T
+ exXpy————
PN T i W Cy)

Using conditions (22) and the properties of he

of integral equations for the unknown de

v*(t)+ 1 fto —r3QX

0 2:’2 4a> o @02
0= 5~z [ —gpexp (v)de (25)
+4a31ﬁft0 _t§ 4 _t)}l)*(‘[)d‘(.
Excluding from S ) v*(¢), we find
* e [ - }*(t)dr (26)
v Xp4 — s
(t —t)? P 4a?(t —t) ¢
‘) /0 e B L L (I 27)
o expl tTE ) =0,
2a7 )i (v -1)3 P17 a2 |7
e
0
10 =1 [ et @it ndn, (28)
a’mw J,
and

1 1 t2 ‘Elz
. ~ _ d
I(t,71) /; [(‘E—t)(tl—t)]% exp{ 4a2(t —t) 4{,;2(11—1)} T

(r1 +8)? }
C4a(t-t) |

T+t
= 2am— - exp{

tTl(Tl — t) 2
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Here we have used the substitutionz = _/ ::T i
[18, p.321, 3.325]

/(;exp{—uzz—z%}dz——%exp{ 2/mn}.

Substituting the value of the integral (¢, 7;) into (28), we have

J(¢)

0
" (0) / K*(6,1)¢"(2)d =0,

where
K*(t,7) = T+t exp @+ o) +
T \/— (t—t)3 C4a*(t —t)

We note that the kernel K*(¢, 7) has the follo proper
(1) K*(¢,7) > 0 and is continuous on — ;
(2) limy g0 [}° K*(t,T)dT = 0

(3) limy_o [OK*(t,7)dr = 1%
Indeed, taking into account th

2t -3t V-t
expy — ¢ erfc] ———— ) +erf 0 .
a? Za. [to—t 2a
st equality, the validity of properties (2), (3) of the function K*(¢, t) follows.

9 Investigation of the integral equation (30)

Animportant feature of (30) given by property (3) of the kernel K*(t, 7) is expressed by the
fact that the corresponding non-homogeneous equation cannot be solved by the method
of successive approximations.

We note that boundary value problems for spectrally loaded parabolic equation are re-
duced to analogous integral equations when the load line moves according to the law x = ¢
[19-21].

In the homogeneous integral equation (30) we transform its kernel. Using the relations

(t +1)? tt Tt

T+t=(t-1)+2¢ = + ,
( ) da’(t —t) a*(r—-t) 4a?

_ / 'E1+t ex ('51+t)2 *(‘E)d‘f
B 2af (r — t P 4a?(t - 1) ginjen.
In view of (28)-(29), we rewrite (27) in the form

Page 9 of 21
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we obtain
Tt
K*(t,7) = k*(¢, t)exp{——}, (31)
4a?
where
t it
kK*(t,t)=— expy—
o aJm(t—t)2 p{ az(f—t)}

+;(l—ex {—L}) (
2aﬁ(r—t)% P a(r-t)))

It is well known that to solve (30) it is sufficient to find a solution of the following
tion:

0
() —/ k*(t,T)¥*(t)dt =0, where v*(¢) = exp{—t/(4 (33)

10 Solving the characteristic equation

To study the integral equation (33) we allocate its charagteristic patt, namely

v (o) - f k3 (&, )y (2) de = £ (8), & (34)
where Q
ky(t,T) = /k*tr t)dT, (35)
aﬁ(r—t)

and

uz(r - t)

haracteristic equation for (33) since

0
=1 lim ki(t,t)dr = 0.

t—>-0 J;

ssuming that the right side of (34) is known, we will find its solution, that is, the solu-
tionto the characteristic equation.

Similarly, as in [22, 23], (34) will be reduced to an equation with a difference kernel. To
this end, performing in (34) the substitutions

t=-1/y, T =-1/x, dr:dx/(x2), —00<t<1<0, O<y<x<oo,
VO =y ), 0=y L), (36)
we have
33124312

+
aJm J, y(x — 9)3/2x2

1
exp{—ﬂz(x_y)}w (-1/x)dx = f (-1/y),

Page 10 of 21
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or, further,

* 1 * 1 1 7 % _ %
P02 [ el ag oy P @eno. y0 ©7)

The homogeneous equation corresponding to (37) has the unique solution /*(y) =

(C1 = const); a solution of the non-homogeneous equation (37) is a function
- [o¢]
) =f () + / r-(y—x)f5(x)dx+ C;  (C; = const), (
y

where (see [24, p.86, according to the (1.2.56)] for A =1)

ol g} o

After substitutions inverse to (36) we obtain the solution of the -homogeneous equa-

tion (34):
0
V() =£7(2) +/ rt, O (1) dt + — (39)
where O

t , LT
S P _r 0

Using (39)-(40 solution of the characteristic equation (34) and taking into account
(35) for the fu % t), we obtain

r_(-60) =

0 0
* t ki, T)y*(r)dr +/t r(t,r)(/; kf(r,rl)l/r*(tl)dtl) dt + 5—_%
= /O{k*(t T)+ /T r(t, 1)k (11 T)d‘t’l}l//*(l’)d‘f + i —00<t<0 (41)
] 1\b ] ) 1 ) ﬁ’ .

We now calculate the inner integral in (41). We have
0= [ ek o
t

S —
=- n | ———expl-n*——
2a’m “— ¢ (m-t)2yT=1 a*(t - t)

Tt R
X <l—exp{—m}>dn=—2a—2n2n.ln(t,t), (42)
n=1
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Y S N S S
I"(t'r)_/t (rl—t)%ﬁeXp! " az(rl—t)}

and

find
I,(})(t; T)= _n:/% exp{—itt) },
1;2)(t;‘[) :_‘L'Z—teXp{ (:2(: i)z)r 0o
For the integral 12(6;7) using the equ@ , 3.325]
/(; exp{ —nzt - —= dz— un},
we obtain
So, we have
f =100 12 )

_aym { n’tt } { (n+1)2tr}
__nt«/r—t<eXp a2t —t) — P a2t -t )

Substituting the value [,,(¢; 7) in (42), we obtain

e nltt (n+1)%t
Jto= Zamz<e |t ) oo |)

n=

1 tt
B 2a/7(t - t) exp{—az(t —1) }

Thus, (41) takes the form

G £<0 (43)
= y XKL <.
e
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Thus, the integral equation (33) is reduced to (43) which is a non-homogeneous Abelian

integral equation of the second kind.

12 Solving the Abelian equation (43)
We will find a solution ¥*(¢) of the Abelian equation (43), corresponding homogeneous
equation (33) (for simplicity, we assume a constant C; equal to unity).

The solution of the Abelian equation (43) is determined by the formula [25]

1 7 ¢ -t
1/f*(;f)z\/—__t+gexp{—w}|:1+erf<§):|, —-00<t<0. (44)
Direct verification [24] shows that the function (44) is indeed a solutio 3):

We note that after the multiplication of (44) by exp{t/(4a®)} (@e. wi titution

after (33)), we obtain the solution ¢*(¢) of the homogeneous e onding to
the initial equation (30)
1 ¢ JT V-t
()= — — —1 fl — 45
(0 ﬁexp{4a2}+2a[ +er<za (45)

We prove (44) using a representation of t u of t belian equation (43) by us-
ing the convolution of the fundam sa @ the form of the Mittag-Leffler function

[22, p.33, (1.90)] 2
z* \

EQ(Z)ZZF(T’ »

with the right C; = 1and & = 1/2, by the following Hille-Tamarkin formula
[23, p.93]:
> 1 VT=t\* dr

" dt(/t ;r(gn)( ;a_ ) ﬁ)

k=1
1 = 1 _t £ an )
e NS cos*6do. 46
NS a;r(%n)(%ﬂ) /o o)

Here we use the replacement 7 = ¢sin® 6. To reduce solution (46) to (44) we use the fol-
lowing formula [18, p.383, 3.621.3, 3.621.4]:

(k1)1

12 cosk0dg =1 & 7, if k is an even number, 47)
A (k=1)1

ST if k is an odd number.
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In view of (47) from (46) we have

JT 1T & @k-2)n [ -\
v = T _+Z;[F(k)(2k—l)!!<4_az)

k-1 -\ E}
" F(k+1/2)(2k)!!<4a2> 2

1 [ed] k-1 1 _ k-1/2
_ Lo vr1 3 _ 2T Q@on (-t
Vot 2a a2k -1\ 4a?

7 2k k-1 [/ - \*
T2 k- @R (ﬁ)}

S 2%k e\ a1\
- kLA i I 48
Z[Za 20! (442) "2 k!(4a2> } (48)

k=0

It remains to transform the first sum in (48):

2%k e\ 1 & 2%k -t
S () S (o
a(2k)! (4a2> = 2a(2k)! <4a2

s 22k+1

_t k+1/2
4a?

2k —t k+1/2
2k + 1! (@)

M2k + 1)1

since we havegt position [18, p.320 3.321 (1)]

he second sum of (4.8) is equal to

TR 1=t \ 7 —t
-— —— ) =—expl— ).
20 &= \1a?) ~ 24 “P\az
k=0
Thus, the solution presented using the convolution from (46) coincides with the solution

(44).

13 Solving the initial boundary value problem (21)-(22)
Now we can find the solution of the homogeneous boundary value problem for the heat
conductivity equation in an infinite angular domain,

u;(x,t) + azu* L1 =0, u* (%, )| x=0 = O, U™ (%, 1) |x=—z = 0,


http://www.boundaryvalueproblems.com/content/2014/1/213

he Jenaliyev et al. Boundary Value Problems 2014, 2014:213 Page 15 of 21
http://www.boundaryvalueproblems.com/content/2014/1/213

which has a nonzero solution #*(x, £), defined by the formula

2

N 1 o x x "
u(x,t) = 4d3ﬁ/z (r—t)% exp{—4a2(r_t)}v (r)dr

1 O x-1 x+7)% ),
+ 4ﬂ3ﬁ‘/t\ (t_t)% exp!—m}(p (T)df, (4‘9)
where
* _ 1 0 -7 .[2 «
Y (t)__2aﬁ,/t (t—t)? eXp{_4a2(r—t)}(p (©)dr,

and the function ¢*(¢) is determined according to (45).
14 Estimate of non-trivial solution (49)

To find the class of the non-trivial solution u(x, t) (49) we thelaccurat imate on its
order of growth

u*(x,t) = ui (%, £) + 15 (%, £), (50)
where \

. 1 t JT . .
We estimate the second su N@' . We have for ¢;(¢)

un (x, 1) = 1 - ex e+ o)’ 1 ex ! dr
T 43 £)3/2 P 4a’(t -t) | /-7 P2z
2 © x-t 1 5
_ . expl-ayld
Nl eotio
1 2
-~ exp{-a®yld
@ N ot
* * —x—1
< V0] + 1P|, «= 2a/~t

where we use the substitution y = —%. Further,

*(1)( t) 1 x2
u, (%, t) = ex s
2 2a%+/-t Pl 2a2

—u*(z)(x £) = ;exp i /Oo 1 exp{—azzz}dz
CED VLN 4a’t| o 1+22
1 x? e 5 5
< 2a3ﬁexp{m}fo exp{—a z }dz

RCAWES)

222 “t—x 4a’t
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Since ¢;(7) < 4, —00 < t < T < 0 we have for the function ¢;(t)

uyy (%, ) = . xp{—Lﬂz)}ﬁ[erf<£>+1:|dt

4a3f £)3/2 4a*(t —t) | 2a 2a

1 [° —x-7 p{ (x+71)? }dt VT,
a

< — €X] — “Uqyy (X, £),
T da* J, (t-1)32 4a’(t —t) n® 1)

T (0 f) = 1 O x-1 . (x+1)? p
U= 7 ) - P - | T

b [t /wex tox 1N (tma ]
N Pl = + P 2a 2ay 2

1 —-t—x o —t X
= —expy —— terfc| — ,
2a? P a? a 2a«/—t

where we use the substitution y = Ji_—z Hence it follows

. 1 —t a
U (%, 8) | x=0 = Y exp{ = } erfc(—),

a
Uyy (0, £) | xemr =

g B erfc < _t ) ’ *
242 2a
Thus we have Q\
*(1)
uy  (x,8)| < C3— exp (x,2)| < C4
| <G—= |

2
x P gzt

(51)
|us, (x,8)| < Csexp
The first two inequ an be replaced by the following one:
2 1 -t
exp * , since — < L,V—t >x>0. (52)
4a’t -t —t—x

ther for the first summand in the function u*(x, ) (50) we have

x2

a3f/ (7:—t)3/2 { 4a(t -t)

uj(x,t) =

}v* (tr)dr.
We express the function v*(¢) as the sum

V() = v (@) + v3(0),

where

2

T *
vi(t) = 2aff P 3 eXp{_ALaZ(r—t)}(pl(T)dr’

72 .
0= 2af/ (z_t)zexp{%a%r—t)}%(”dr'
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We have

N 1 o /= it
_vl(t)_Zaﬁ/t (r—tp2 e"p{_4u2(f_t)}d’
L el 2a(2) - [ ()
—mtJo 1l+y 4a? 2a —7t Jo 4a? 2a
1 /°° 1 tz* -tz G
- ——expl—d <—
“atJo 1+72 4a? 2a J—t

where we use the substitution y = r‘—_’t Further, since ¢;(7) < g, we have 0
2 &

N 1 -
0= 5w / gt T {_w(r )

- 1 [0 -7 . 72 .
] Tt expl
T2 ), (r-p)3 Pl 22 -9
/—t [ 3 t 4
=3 yz 3/2exp{ 2)/ ) }dy
az Jo 1+y?) 4a?(1 +y?)

e y 4
2 J, [ @+y)2 T @+ y2)pn Y

= —;t > exp{ t(i }d{
a

= ty? t 2tyd
y: L’ T D — dl—_#’
1+92 1+y? 1L+y2)?

z=(1 +y2)1/2, c=(1 +y2)_1/2.

Thus we obtain
* C7 *
—vy(f) < e —vy(8) < Cs. (53)

Using (53), we estimate the following summands of solutions u]; («, ) and u}, (x, t):

" (5,) 1 /0 x x?
—U,\X, = - ex —
1 sz ), =022 TP a2t~ o)

}vf(t)dr

< G /0 x ex L dt
Tdadym )y J-Tt(r-1)32 P 4a?(t - t)
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Co/x [ { xy? }d
Zagf N /—ty —x 442 Y

C7 x2
= €X
PNE TR PYeT

C7 1 { xz
exp - dz:—-—exp —

2a2 J—t

[ ool -0 a(22=2)
|

=2a2C&—_teX {Wt} f/

X

where we use the substitution y =, / .
Further we have
1 o x x?
—uly(x,t) = — expy — vy(t)dt
12 ?) 443ﬁ/ TR p{ 27z —t)} 2(7) &

$2
8a3 / (t - L‘)g‘/2 { a’(t —t) } de

-5 f/ ep{ y}d@y) it zN—‘r)’

_ 1

where y = =L

Thus we have

|u*(x, t)| <|[Co+Cp- 1 exp * (54)
! - —t 4a’f

Estimates for the functions (i th:

and u}, (x,£) (51), (52), and (54) de

@ n]<C yl, 6 (55)
where O

1 t+x (56)
— hl+expi—1¢ |,
x 4a2t P a?

e€@G,ie,

wth they are accurate) u] (x,t), u3, (x,t),
following estimate:

y(x t) _ ) T tx exp{ 4a2t }’ {x, t} € Gl;
, 1+exp{_t+_x ’ {x,t} e G US;

where

- {{x,t}eG’—ix p{4—} —1+exp[—t;—2x}];
{{x,t}eG)—— [ }>1+exp[—t;—2x}};

G, =G\ {G US).

The following is established.
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Proposition 2 For problem L* (21)-(22) in class (23)
dim{Ker{L*}} = 1.

15 The main result. Classes of uniqueness
Theorem (The main result) The boundary value problem L (1)-(2) is Noetherian, i.e.

ind{L} = dim{Ker{L}} - dim{Coker{L}} =-1

From the above it follows that the classes of uniqueness for the boundary value proble
(21)-(22) are determined, for example, by the following proposition.

Proposition 3 Classes of uniqueness are
|u* (%) < C-ye(x8),  ye(r,)>2,0<e<],

where

-t x> )
= max expi — ;1 +ex
Ve PR ¢ 4a2(~t) P

Analyzing the previous expression for the fu

1 ya(x: t) < )’(x, t): {xr t} € G;
2. 3G, C G, meas{G,} > 0: y.(x,t) < @
L 2
t

16 Conclusion

To summarize, the following i a ed.
- In an infinite angular domai he homogeneous Dirichlet problem for the heat
conduction equatig e exi e of a unique (up to a constant factor) non-trivial

@ loes not belong to the class of summable functions with the

solution, which,

nstant factor) non-trivial solutions, which belongs to the class of

d functions with the weight is found in the work is established.

t class of summable functions it is shown that the index of the Dirichlet
is equal to minus one.

- Weight classes of uniqueness for the boundary value problem considered in the work
re found.

Problems in non-cylindrical domains, similar to those considered in this paper are highly
relevant not only for modeling the processes of electrical contact apparatuses but also in
the related field of the designing plasma torches. Similar problems arise in creating the
new technologies, the production of crystals, laser technology and in the other branches.
Mathematical modeling these processes allows one to carry out the optimal choice of
parameters and operating modes of technological equipment and maximize economic
and environmental benefits. Finally, we note that the results can be developed for non-
homogeneous boundary value problems of heat conduction, when the data are selected
from the corresponding weight classes.
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