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Analytical evaluation of the Uehling potential using binomial expansion theorems

In this paper, we have introduced a new method to study of Uehling potential using binomial expansion theo-
rems. Note that, the Uehling potential is a powerful tool to determine the effect of vacuum polarization in
atomic and muon-atomic systems. The correcting of vacuum-polarization for an electron in a nuclear Cou-
lomb field can be defined more precisely by the use of Uehling potential. From this point of view, the deter-
mination of explicit and closed-form analytical expressions for Uehling potential is very important. There-
fore, presented method is illustrated by analytically calculation of the Uehling potential with the simple bi-
nomial coefficients and exponential integral functions. As can be seen from table and figure, the newly de-
rived analytical expression well avoids the computational difficulties. An evaluation analysis of the Uehling
potential is reported for arbitrary values of parameters. Because of its simple form the/suggested method can
be generally applied to the quantum thermodynamical problems.

Keywords: Uehling potential, vacuum polarization, quantum electrodynamics, Bickley-Naylor functions,
Exponential integral function.

Introduction

The interaction potential between two electric charges which contains an additional term responsible for
the electric polarization of the vacuum was introduced by Uehling [1], and has seen a series of successful
applications in quantum electrodynamics (QED) [2—10]. This formalism can be applied to the effect of vacu-
um polarization itself and for various electrons and.atoms [11]. Note that the Uehling potential is the integral
function, therefore, before applying to the physical problems it should be analytically evaluated. Unfortu-
nately, there are limited numbers of studies in‘literature for the analytical evaluation methods of Uehling po-
tential. In this sense, recently, Frolov [2, 11] has suggested an efficient and useful analytical approximation
by using Bickley-Naylor functions and modified Bessel function of zero order. The Bickley-Naylor functions
are one of the conceptual tools in the nuclear computational science [11-15]. Therefore, obtaining the effi-
cient formulae for the any order Bickley-Naylor functions has significant role in physical applications of
Uehling potential. For the analytical evaluation of the first and second order Bickley-Naylor functions author
has proposed new formulae [12].

In the present article, by using binomial expansion theorems, we propose a new formula in terms of ex-
ponential integral funetions oceurring one infinite sum which enables fast and accurate evaluation of the
Uehling potential. The new analytical approach for evaluating the Uehling potential is conceptually simpler
than existing methods in theliterature.

Definition and basic formulas

The/interaction potential of two-point particles with including the vacuum polarization is described
by [1,2]:
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The Eq. (1) in the atomic units systems can be rewritten as:
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where Qis electric charge, & is fine structure constant (&' =137.03599911) and U (7) is Uehling poten-
tial determined as:
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Here [(r)is the Uehling function defined as:
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In study [2] useful formulae have obtained for Uehling potential in following form:

U(a)= %Kl+é} Ki,(a)— 5 Kl1 (a)— [é+%} Ki, (a)} (5)
U(a)= ;”Q {Kzo(a) Kzz(a)——KiA‘(a)}, (6)

where a =2a"'r . Here Ki (x) are the Bickley-Naylor functions determined as:

, exp(—xcosh?
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cosh
Notice that in special case of n=0 Bickley-Naylor functions. reduce to the Bessel functions

Ki, (x) =K, (x) and defined as:

k
Kiy (x) = K, (x) = Z( (k+1)+182 - lnx)ﬁ, ®)

where l//(k +1) is the Euler Function defined following as:

w(k+1)=—y— Z )

Here y is the well known Euler’s constant./Forn > 2 , Blckley—Naylor functions can be evaluated by the
following recursive formula [13]:
nKi,, (x)=(n—1)Ki,_ (x)—xKi,(x)+ xKi,_,(x). (10)

Note that for the calculation of Uehling potential by using Eq. (5), the Ki,(a)and Ki,(a) Bickley-Naylor

functions must be determined. It is clear from the literature that there is not enough and efficient studies for
the evaluation of these functions. Beside these insufficiencies recently the author [12] has given accurate
formulae for the one and second order Bickley-Naylor functions in his study as following'
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Here CI)(k +1) functions are determined as:
1 1 1
O(k+1)=1+—4+—+....+—. 13
(F+1) =142t to (13)
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The calculation tests show that it is necessary to give various accurate and efficient analytical formulae for
the evaluation of Uehling potential. The objective of this paper is to derive basic analytical expression for the
Uehling potential. For this purpose we use binomial expansion theorems for the evaluation of Uehling poten-

tial. The binomial expansion theorem can be demonstrated by [13, 15]:
N

(xty)" =2 &D)" £, (m)x"" y", (14)
m=0
here f, (1) are the binomial functions given as:
m—1
Ll_l(n —i) forinteger n
m={""
n)= " 15
for noninteger n
m!T(—n)

With the help of binomial expansion theorem we can rewrite Eq. (4) given for the Uehling potential follow-
ing as:

N .
I(a)=lim > _F;(1/2)(-1) |:E2 (a) %EM (a)} (16)
i=0
Here E, (t ) is the exponential integral function determined by:
= b
E, ()= =, 17)
Y
E (t)=t"T(1-mx). (18)

In Egs. (15) and (18), the F(OK) and F(OK,X) are well-known complete and incomplete Gamma functions,
respectively (see Ref. [13, 15] for exact definition):

Numerical Results and Discussion

In this paper, a new formula for the analytical calculation of the Uehling potential is presented. The
proposed algorithm is based on the binomial expansion theorem and exponential integral functions. The ana-
lytical evaluation allows us to calculate Uehling potential by using simple mathematical expressions. The
obtained formulae were performed by using Turbo Pascal programming language. The computational results
of Uehling potential for various.values of parameters have been demonstrated in Table and Figure.

Table

Comparison of obtained results by considering Eq. (16) and
Eq. (5) for calculating Uehling function (N=450)

r Results of Eq. (16) Results of Eq. (5)
1 2 3
0.01 8.115051 8.115036
00.2 7.422076 7.422061
0.2 5.122582 5.122568
0.5 4211433 4211418
1 3.526823 3.526809
1.5 3.129856 3.1298421
2 2.850633 2.8506191
5 1.984293 1.984275
8 1.562901 1.562887
10.5 1.330496 1.330483
15.7 1.007708 1.007696
20 0.828739 0.828728
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1 2 3
25.2 0.670948 0.670938
30 0.561539 0.561530
35.9 0.458456 0.458447
40.8 0.3913553 0.391347
48.7 0.3077415 0.307734
55 0.256683 0.256677
60.9 0.218009 0.2180029
100 0.0820734 0.0820701
200 0.0098917 0.0098914

In Table, our results have been compared with literature [2] and it is shown that obtained results are sat-
isfactory. In Fig. 1, we plot our analytical and literature results for Uehling potential as a function of
interparticle distance 7. The solid and dashed curves represent our and literature data, respectively.
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Figure. Using Eqs. (16) and (5), the values of Uehling function /(r) with respect to interparticle distance »

Table and Figure show that our analytical algorithm is reliable and fast in a wide range interparticle dis-
tance | For instance, in the case of ».=0.01, the CPU times taken from the use of Egs. (16) and (5) are
0.062 ms and 0.343 ms, respectively. As a result, we made the calculation time about 20 times as fast with
compared to the literature. Thus, we have proposed an alternative method for the evaluation of Uehling po-
tential which has significant role in atomic and muon-atomic systems, especially the interaction potential
between two electric charges.
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9. Yonyporny, T. Mexmerority

BI/IHOMI/laJIIlblK )KiKTey TEOpEMACHIH KOJAAaHY apPKbLJIbI
KOaunur MNOTCHIUAJbIH AHAJIUTUKAJIBIK KYBIKTAIl AHBIKTAY

Maxkanana FOnuHr MOTEHIMANBIH Talaay blH OHHOMHAIIBIK JKIKTEY TeopeMachlHa HeTi3AeNnreH jKaHa oJici
YCBIHBUIFaH. ATOMBIK JKOHE MIOOH-aTOMJIBIK JKY#Heliepre BakyyMHBIH MOJIIPU3ALMACHH aHbIKTayna FOmuHr
MMOTCHIIMAIBIHBIH aaThIH OPHBI epeKire ekeHiri Oenrim. FOMMHT MOTEHIMANBIHBIH KOMETIMEH SIPOHBIH
KYJIOH OpiCiHIeri 3JIEeKTPOHIapFa BaKyyMHBIH MOJSIPH3ALMICHIHBIH OCEPiH I aHbIKTayFa Oomagbl. OChI
Typrbigad TONMHT NOTCHLHMANBIHBIH aHAIUTUKAJBIK OpHEriH OulydiH MaHbI3bl epekiie. Kapamaiibim
OMHOMHMAIIBIK ~ JKOHE OKCIIOHCHIHMAT HMHTErpalblK  (YHKUHsIApAbl _MaifanaHa | OTeIpbin, FOmuHr
NOTEHIMATBIHBIH AHAINTUKAJIBIK OPHETiH ecenTey MyMKiHAiri kepceriireH. KenripinreH kecrernepie,
CYPETTEpACH JKYMBICTAa QJbIHFAaH AaHAJIMTUKAJbIK ©PHEK ecenTey, 3epITey OapbiChiH  OipTanai
KEHUIIeTeTiHAIrH Oafikayra Gonmanpl. FONMHT NOTEHIMANBIH ecenTey NapaMeTpiIepAiH Ke3 KelreH MoHIepi
YLIiH icke achIpbUIFaH. ¥CHIHBUIBIN OTHIPFAH OJICTi KBaHTTHIK-TEPMOAMHAMHUKAIBIK ecenTepai-Moceenep/i
TaJay YIIiH Je naiigananyra Gonasl.

Kinm ce30ep: FOMMHT mOTEHIMATBI, BAaKyyM IOJSIPH3ALMACH, KBaHTTHIK IEKTpoanHamuka, bukim-Heiinop
(YHKIUSACHL, SKCIIOHEHIUAIBI HHTETPATIIBIK (OyHKITHS.

3. Yonyporuy, T. Mexmeroriy

AHaJuTHYECKAs olleHKA moTenunaia FOauHra ¢ ucnojbL30BaHuEM
TeopeM OMHOMHUAJLHOTO Pa3JI0KeHUsI

B craTpe BBeneH HOBBIHM MeTo H3ydeHHs HoTeHnuana KOnunara ¢ UCrosib30BaHneM TeopeM 0 OMHOMUAIIBHOM
paznoxkennu. OTMedeHo, YTo HOTeHnuan FOIMHTa SBISETCS MOIMHBIM MHCTPYMEHTOM JUIS OIIpEIeIeHHs
BJIMSTHUS TIOJISIPU3ALIMY BaKyyMa B aTOMHBIX M MIOOH-aTOMHBIX cucTeMax. Koppekiys nonspusanun BaKkyyma
JUISL 3JIEKTPOHA B SAEPHOM: KYTOHOBCKOM II0JIe MOXET OBITH 0O0Jiee TOUHO OINMpEAeNieHa C MOMOIIBI0 TMOTEH-
mana lOnuura. C 3T0# TOYKM 3pEHUs ONpeseieHNe IBHBIX M 3aMKHYTBIX aHAIUTUUECKUX BBIPKEHUI 11t
noteHnuana fOmuHra ouens BakHO. IIpencTaBieHHBIH METOJ WIITIOCTPUPYETCS AHATMTHYECKUM pPacyeToM
noteHnuana FOMMHTa ¢ NpOCThIMI OHHOMHANEHBIMU KO3()GUIHUEHTAMH ¥ YKCIIOHSHIIHAIFHBIMIA HHTETPajb-
HeIMU QyHKIusIMU. Kak BUIHO U3 TaONMIBI M PUCYHKA, ITOJIYYEHHOE B CTaThe aHAJIUTHUECKOE BBIPAKEHHE
MO03BOJISIET M30eXkaTh BBIYMCINTENEHBIX TpyaHOocTeld. OmeHOuHbIH aHamu3 mnorteHnuana HOmmHra mpuseneH
JUISL TIPOVM3BOJIBHEIX 3HAUeHMil mapameTpoB. M3-3a cBoeil mpocToit GopMbl MpeIosKeHHBIH METOJ] MOXKET
OBITh B T[EJIOM IPUMEHUM K KBAHTOBO-TEPMOANHAMUIECKIM 3aJadaM.

Knrouegvie cnosa: notenuman HOmuHra, nonspuszanus Bakyyma, KBAaHTOBAs 3JICKTPOAMHAMHKA, (YHKIHH
Bukim-Heiinopa, skcrioHeHIMa bHAsE HHTETpasibHAs QyHKIIHS.
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