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This paper addresses the approximation of a bounded (on the entire real axis) solution of a linear ordinary
differential equation, where the matrix approaches zero as t — Foo and the right-hand side. is bounded with
a weight. We construct regular two-point boundary value problems to approximate the original problem,
assuming the matrix and the right-hand side, both weighted, are constant in the limit. Al approximation
estimate is provided. The relationship between the well-posedness of the singulardboundary.value problem
and the well-posedness of an approximating regular problem is established.
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Introduction

In many fields of applied mathematics, systems of ordinary differential equations that involve sin-
gularities or are defined over an infinite interval frequently occur. Numerous studies (see, for example,
[1-8]) have explored the existence of bounded solutiesis for these types of problems and the approxi-
mation of these solutions.

In the present paper, we consider the differential equation

d
S =U®ak (), TeR", te(—00,x), (1)
n
where the matrix function” A(#) is continuous on R and ||A(t)|| := max ) |a;x(t)| < a(t). We assume
J k=1

that «(t) > 0 is a,continuous function such that

t——o00 t—o0

0 0
/ a(t)dt = oo, lim «at) =0, /a(t)dt =00, lim a(t)=0.
w 0
Asiis known (see, e.g. |9]), the above assumption implies that equation (1) has a bounded solution
not for amy function f(¢) continuous and bounded on the whole axis. For this reason, in [10] the
existence and uniqueness of a bounded solution of equation (1) was investigated under the assumption

that f(t) is continuous and bounded with a weight.
We will use the following notation:
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C(R,RR™) is the space of continuous and bounded functions x : R — R" equipped with the norm
[l []y = sup [lz()]];
teR

él/a(R, R™) is the space of functions f : R — R™ that are continuous and bounded with the weight
1/a(t), ie. f(t)/a(t) € C(R,R™), equipped with the norm || f||o = sup ||f(£)/(t)]
teR

PROBLEM 1 is the problem of finding a bounded on the whole axis solution of equation (1) with
f(t) € Cl/a(Ran)' ~
We say that Problem 1 is well-posed with constant K if it has a unique solution z(t) € C(R,R")
for any f(t) € Co(R,R"), and
[zl < Kl fllas

where K is a constant independent of f(t).

In [10], Problem 1 was studied by the parameterization method [11| with nonuniform‘partition
(e.9]

R= U [ts—1,ts). For a fixed number 6 > 0, the partition points t; € R, s € Z, aré"determined as

S§=—00

ls

to =0, / a(t)dt = 0.

ts—1

_ Let 7L(6) denote a bilaterally infinite sequence of partition step sizes hs(6) = ts — ts—1, s € Z, i.e.
h(0) = (..., hs(0), hst1(0),...). We will use the following spaces:
my, is the space of bilaterally infinite sequencesiof X5 € R™ equipped with the norm

[Allg =[G -5 Asy Asag - Dl S sup [[Asl, s € Z;
S

L(my,) is the space of bounded linear @perators mapping m,, to itself, equipped with the induced
norm;

myn(h(0)) is the space of bounded bilaterally infinite sequences of functions z(t), each of which is
continuous and bounded on its domain [s_1, ts), equipped with the norm

[z[t]lls = [[ (-5 9@s(@sy1 (), .. )lls =sup  sup  [las(@)], s €Z
S t€[ts—1,ts)

Well-posedness criteriafor Problem 1 were obtained in [10] in terms of a bilaterally infinite block-
diagonal matrix Q) Ry — M of the form

NJ 0 I+ D, (hs(6)) I 0 0 ...
i o 0 [+ Dyyir(hon(6) - 0 ... |’
ts ts Ty—1
where D, s(hs(0)) = [ A(m)dn+...+ [ A(n)... [ A(n)dr ...dn, s € Z, and [ is the identity
ts—1 ts—1 ts—1

matrix of order n.
1 Statement of the problem of approzimation. A criterion for the well-posedness of Problem 1

In this paper we consider the issue of approximation of Problem 1 by regular two-point boundary
value problems. For this purpose, we pose the following problem.
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PROBLEM 2. For a given € > 0 find numbers 77, T5 > 0, real n X n matrices B, C, and vector
d € R", such that a solution 7, 1, () of the two-point boundary value problem

% = A(t)z + f(t), te (=T, 1), (2)

Bm(le) + C$(T2) =d (3)

satisfies the inequality
max ||z t) —x*(t)|| < e,
e |z, 1, (t) — 2" ()]
where x*(t) is a solution of Problem 1.
Problem 2 is considered under the following assumptions.
Assumption 1. lim Al A(s), and Re €5 # 0, where £ are the eigenyalues of the matrices
tSFo0 (t) + J J

A(:F),j:1,2,...,n.

Assumption 2. lim % = f(5)-

t—Foo &

We introduce the following functions:

S Ab) ' 1) e S IAG)

o1 () '_te(iol?_ﬂ a(t) Ao @ tes[T,lzo) a(t) ik
e £ . ) _
D)= @ f“" A S A ProRtle

Obviously, ;7 (T') - 0as T — oo, r =1,2.
There exist nonsingular real n x n matrices Sz that transform the matrices A+ into the real
Jordan canonical form [12]

-1
A= Ae) S =

AT 0
H i , (1)

0 Aj

where A} and AJ, consist of generalized Jordan blocks associated with the eigenvalues of A+ that
have negative and positivereal partsy the numbers of which we denote by ni and nJ, respectively. We
form the n x n matrices

=10 o

'Inl 0

e

where I, are thelidentity matrices of orders n,, r =1, 2.
The following statement establishes the interrelation between the well-posedness of Problem 1 and
that©f a two-point‘boundary value problem.
Theorem 1. Under Assumption 1, Problem 1 is well-posed if and only if:
(i) ny &= =n and n, =nJ = no;
(ii) there exist Ty, T2 > 0 such that for any Ty > T}, T > T§ the boundary value problem (2), (3)
with B = —PlS(_) and C' = P25(+), is well-posed with a constant K7 independent of 17, T5.

Proof. Necessity. Let Assumption 1 be fulfilled and let Problem 1 be well-posed. Then, by
Theorem 3 [10], there exist fp > 0 such that the matrix @, 7o) has an inverse for all 8 € (0, 6],

and the estimate ||Q1_% (9)|| L(my) < /0 holds, where 7 is a constant independent of h(6). For a fixed
6 > 0 we choose T and T5, so that t_n, = —T1 and ty, = 15, and construct the matrix Ql o)
In this matrix we then replace A(t) by a(t)A(_) in the block rows numbered —N1, —N1 —1,..., and
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by a(t)A(4) in the block rows numbered N2, No + 1,..., and denote the resulting matrix by Qg 7, -
Assumption 1 implies that HQLE(G) — Qo111 || Lmyy < max{d; (T1), 67 (To — hn(6))}6. Hence, by the
theorem on small perturbations of boundedly invertible linear operators, if we choose T}, TO2 satisfying
ymax{5; (T}), 07 (T¢ — hn(#))} < 1/2, we obtain that the matrix Qo1 7, : My — My has an inverse
for all 77 > To1 and To > TOQ, and the estimate

7 Y1 2y
“Q97%17T2||L(mn) < :9 £ < )

y
1 —ymax{d; (T1),0; (T2)}
We form a bilaterally infinite matrix D = diag(dss), where dss = S(_) for s = 0,21, —2fu., and

holds. Here yr, 1, = — vas Ty — oo, Ty — 00.

dss = S(+) for s =1,2,.... The matrix é97T17T2 = DQQ,TI’TQD*1 has a bounded invérse and
1Qo 1, 1l L(mn) < 1D ™M L) 1Qa 1y 1 () 1PN Lmn) < €1y 68700

Here Gt = [ D7 lggm,) = max (ST IS ) and G = D]l zgm,) zmax WS, 1Sl - n the
matrix @97T17T2 the block rows numbered s : s < —Nj, s > N, are of thé form

F
All

0
IS Y

Jatvel Nt

Rearranging the blocks in Q97T17T2, we obtain the matrix

M1(0) 0 0 0 0
0 Moo (0),. Maz(0) 0 0
Mor,m, =1 Msi(0) ¢ 0 Mss(d) 0 Mss(0)
0 0 My3(0) Maa(0) 0
0 0 0 0 Mss(6)
The one-sided infinite matrices My (0), k = 1,2,4, 5, are of the form
Mu@y=y -~ 0 I+ A0 —1,- 0 ,
0 0 L-+An0 —I,-
» . 0 In; + A0 —In; 0
22(6) = 0 0 L-+Apo  —I ’
0 0 0 I+ Ag0
L 0 0 0
I++AHL0 I 0 0
Maa(6) = ny ny ,
u(® 0 Le+ A0 I+ 0
Ly+Ap0  —I: 0 0
Ms5(0) = 0 Ly+AR0 —I+ O
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The matrix Ms3(0) of dimension [(N7 + Ny — 1)n +ny +ng] x (N1 + Na2)n is of the form

—p7) 0 0 .. 0 0 0
T+ A_n1(0) -1 0 ... 0 0 0
M33(0) = . ,
0 0 0o ... I+AN2_1(0) —TI
0 0o 0 ... 0 0 PP+ A0)

where Pl(_) = (I,-,0) is a matrix of dimension, n; X n, P2(+) = (0,1 +) is a matrix of dimension
1 2
ng xn,
tP

- S(_)t [ A(t)dts(—j), p=—-Ni+1,-Ni+2,...,1,0,

p=1,2,...,No— 1,

tp
S(+)t J A@)dts Y,
p—1

In the block row of M33(0) corresponding to p = 0, the term —1I is replaced by —S(,)S(jrl).
The off-diagonal nonzero blocks of the matrix My 1, 7, satisfy thezelations

1M1 ()] = I1,- + ApOll, [ Mas(0)]l = 1, [ Mas(@)ll L+ AT0l, (| Ms5(0)] = 1.

Due to the invertibility of Qvngl,TZ, the matrix My rgmiis also invertible, and its inverse satisfies
the estimate

_ ~_ Q7,162 AT
||M0,71“1,T2HL(mn) = ||Q97%r1,T2HL(mn) < :9 22 = 19 2.

Following the proof scheme in [13|, we establish the/invertibility of the matrices My (0), k = 1,
and the estimates

5,

2
_ 2 B
-1 < 1 s _F _
M) < [n:lx e I5:41)| =50 k=124, (5)
_ YT, T:
f[M33(0)) 1| < — (6)
Here £ = min {|Re fﬂ,j =4,25..., n} and S, + (r = 1,2) are nonsingular complex matrices of or-

der nJ reducing®Af to Jordan form with the eigenvalues on the diagonal and £/4 or zeros on the
superdiagonal.

Since the matrix Mgs(6) of dimension [(N7+ No—1)n+n] +ng ] x (N1 + No)n is invertible, it follows
that npshng = n. [nWiew of the structure of the matrices ﬁ(;), we also have ny +n, =nj +nj =n.
Hende, ny =m, ="M, ny, =nj = ns.

Byaréarranging of terms in the matrix Ms3(6), we obtain the invertible matrix

~P 0 0 ... 0 0 Py(I + A1)
Nyg(8) = | L+ AMn(®) =1 0 .0 0 0 |
0 0 0 ... 0 I+An, 10 —I

inverse of which, by (6), satisfies the estimate

N5 0)) 1 = 1 Msa(0)) ) < T2 < 2T
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Let Dy, n, denote the block diagonal matrix consisting of blocks D numbered s = —Ny, —N7 + 1,
..., Na—2, Ny — 1. By premultiplying each but the first block row of N33(6)Dn, n, with S(_l) or S(_:),
respectively, we obtain the matrix V(). Its inverse satisfies the estimate

VA < max(1, )l Ngp(0)] | < ZTEX L) _ 1
where 7 is independent of 77 and T,. Hence, by following the proof scheme of Theorem 3 in [13]
and considering the specifics of our partitioning, it can be shown that for all T > TO1 and Th > TO2 ,
the two-point boundary value problem (2), (3) with B = —P1S(_y and C = PS4y is well-posed with
constant K7 independent of T7 and T5.

Sufficiency. Let conditions (i) and (i) be fulfilled and let Q1 () denote the matrix:Ngz(6) With the
first block row scaled by 6 > 0. Then, adapting Theorem 3 in [13]| to our partitioning, welebtain that
for any € > 0 there exists 8; = 0;(¢) > 0 such that the matrix Q1 (6) is invertibledoF all e (0, 6], and

@) < Bt ok )

The invertibility of @1(9) implies that of M33(#). Taking into a@count the bounded invertibility of
the matrices My, (0), k = 1,2,4,5, and the structure of the matrix' My 1, 1, we obtain that the last
one has a bounded inverse. Let us show that

1Mo 3, Mg 9 5 (8)
where 7 is constant independent of 8. To thisiend, we consider the equation
Mo 1, mp =0, b € my, (9)
which can be rewritten as the system

M (0)ut) = b,

M (0) ) + Maa(0)u®) = b2, (10)
My (0) ') + Mss(0)®) + M3z (0) ) = b3, (11)
M3 (0)u® + Mya(6) ™ = b, (12)

M5 (0)pu® = p®).

Heré p =A@, 1@ 13 1@ 15y and b= (61,62 53), p4) p().
The bounded invertibility of M;ji(0), Ms5(0) and estimate (5) imply the existence of
pM = [My(0)) 716 and p®) = [Ms5(0)] 16, as well as the estimates

g g
B0 < SBO1, 1) < 510 (13)

Let us now multiply by € the first (from the bottom) block row in equation (10), the first (of
dimension 7 ) and the last (of dimension ng) block rows in (11), and the first (from the top) block row
n (12). We denote the matrices transformed in this way by Mas g, Mas g, M31.9, M3z g, Mss 9, Mas g,

Mya p, the vectors by béQ), bé?)), bgl) and the equations by (10)’, (11)" and (12)’. Substituting the obtained
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sequences 1) and p(®) into (11)’, we determine ;3. Taking into account | M|l = 1[Q1(6)] Y| and
estimate (7), we obtain

I = 11055l {06 — Moy o[M11 (0)] 7160 = Mg o[ M5 (60)] 76} | <

< W04 (s g + 1] < EE2K 4 o4 oy max o),
(14)

where ¢ = [max((, (2)]%. The one-sided infinite matrices My 9 and Myy g have bounded inverses, and

2 1 2 1
| M. 29|| < 5€ max <£ 1) g’ HML&QH < Bgmax <§’1> k

Substituting 1 into (10) and (12), we determine p(® and p(® and obtain the Gstimates

¢ 2
12 < B max <£’ 1) (6”1 + 011 <

i (15)
52§0max(§ ){1+(1+€)K1[1+(2+<9) ]}k_rglg>g5“b Il
162 < B max@ >(!b§4)||+(1+C9)9Hu(3)!)S
) (16)
< maX(Z,Q {14+ (1 + DR LR+ CO)5]} max ().

Thus, for any b € m,, equation (9) has a unique selution,u € m,,, and, by (13)—(16), the estimate

Il N6 ol
holds, where
K =max{B, (1+e)Ki[l + (24¢0)BW(3¢/2) max(2/€, 1)[1 + (1 + ) K1](1 + 28 + ¢B9)]}.

Hence, for any 1 > 0 choosing 02 = 62(c1) > 0 small enough, we obtain that estimate (8) with
¥ =K +e1 = (6£/2) max(2/&, )[1 +K (1 + 28)] + €1 is valid for all § € (0, 62]. Under condition (i)
the constant K7 does notddepend of 77 and Ts, as well as the constant 7 = K+ €1. Thus, taking into
account the estimates

f? +e1

6 )
and choesing T and 7@ such that (K +21)¢o (Ta, T3 —hn(62)) < 1/2, we obtain that @179 is invertible
and ||Q1_é||L(mn) <'25/6. 1t follows then that

1Q1,6 — Qo137 Moo 01(T1, T — v (82))0, 1Qg 4, 1l mmy = 1My 2 s I mny <

Q1611 L(mn) < 1D~ Lima) 1Q1 5 L) I PNl L) < 2¢7/6-
Thus, by Theorem 3 in [10], Problem 1 is well-posed for v = 1. This finishes the proof.

Application of Theorem 1 allows one to obtain effective well-posedness criteria for Problem 1. But
condition (i7) somewhat narrows the scope of application, since it becomes necessary to check the
well-posedness of the two-point boundary value problem for all 77 and T>. However, if we repeat
the proof of the sufficiency part of Theorem 1 setting 77 = T}, T = T3 and using the introduced
numbers 3, &, (, and then pass in the right part of the inequality to the limit, we establish the following
statement.
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Theorem 2. Let Assumption 1 hold and the following conditions be met:
(i) ny =nf =n1 and n; =nJ = ng;
(ii) there exist TP, 79 > 0 such that the boundary value problem

d
=AW+ (), te (-Ti1Y), (7)
— Pls(_).%'<—T10) + PQS(+).ZU(T2O) =d (18)

is well-posed with a constant K7 satisfying the inequality K C6 (TP, TY) < 1 with

K = (8¢/2) max(2/¢, 1)[1 + (1 + 28) K1 (].

Then Problem 1 is well-posed with the constant K = K¢/[1 — K¢8(T?, T9)Jf

2 An approximating regular boundary value problem and the estimate for théSapproximation

The following theorem provides an approximating two-point boundary value problem and the esti-
mate for the approximation.

Theorem 8. Under Assumptions 1 and 2, let Problem 1 be wéll-posed with constant K. Then for all
Ty > T¢ and Ty > T¢, where T}, T¢ > 0 are some constants determined by K max(d; (13), 87 (1¢)) < 1,
the boundary value problem

%‘f — Az 2 f(0), N T, T), (19)

P8 Aye(=T1) + PeS) A B@E) = —P1S() f(-) — PoS i) (20)

has a unique solution z7, 1,(¢), and

max Mz ty—z* ()| <
M Nor n(0) — 2 (0] <

K (21)
< (K[| fllo masx(3y (Th), 07 (T2)) + max(dy (T1), 65 (T2))]
= 1 — K max(5(T1)y6,(d%)) B SR

where z*(t) is the solution ef Problem 1.

Proof. We choose § >0 and, applying the parameterization method, obtain that the solution

(N, u*(t)) € ann X my, (P(0)) of the boundary value problem with parameter (2)—(5) in [10] satisfies the
equation

ts ts ts
I+/A(t)dt s+ A1 =— / ft)dt — /A(t)u:(t)dt, seZ. (22)
ts—1 ts—1 ts—1
By Theorem 3 in [10], for any € > 0 there exists § = 6(g), such that the estimate

||Q;%(9)HL(mn) < (1+§)K holds for all § € (0, 6], and, in addition,

ts
/ A(t)ul(t)dt|| < cb?, se Z,
s—1
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where ¢ = [1 + (1 + £)K]e?|| f||a, then the last term in (22) can be neglected for 6 small enough. Let
us separate the system (22) into three parts. Replacing A(t), f(t) by a(t)A), a(t)f—) for s : s < Ny,
and by a(t) Ay, a(t) f4) for s : s > Na, we obtain

T+ A0 = Amp1 = —ff, 11 =—Ni,—Ni—1,..., (23)
tro tro

I+ / AL Ay + Aryir = — / FOdt, e N1 41, Ny—1, (24)
tre 1 tre 1

(I + A Ars — Arg1 = —f(0, r3 =No,No+1,... (25)

We rewrite this system in the form
Qo1 1A = —Fory 13- (26)

If we choose ¢ > 0 to satisfy the inequality, then, by the theorem on small perturbations of
boundedly invertible operators, it follows that the matrix Qg 1, 7, is invertible, and its inverse satisfies
the estimate

Q5% wreR
0 10me) = 172 (13 2) K (0, (T1)00; (B8]0

(27)

Hence, by Assumptions 1 and 2, we obtain the estimat@yfor the difference between A* and the
solution Ar, 7, of equation (26):

Az = A2 < 1Qa 2y 1, I Lima 1Fo 11 1 — Fr (ROt TBA(R(0)) + Qo1 1 A" l2 =
= 11Q5 13 1, | Lma | Fo 22 = FR(0)) 1@, 590y N + G (", 1(60)) = Qo A"l <

< (1+6)K[max(5;(T1)75§(Tz))+K||f|!amax(5 (Th), 61 (T3)) + cb)]
- 1 — (1 +¢e)K max(d; (Th), 67 (1)) '

(28)
The components of Ay, 7, numbered, with's : s < Ny and s > N satisfy equations (23) and (25),
respectively. Hence, the corresponding components of the vector pr, 7, = DAr, 1, solve the equations
(I + A0, <y, +1 = — Sy f()0, rp=-Ni,—N1—1,...,
(I - Z(+)9>MT3 — Mr3+1 = _S(+)f(+)07 r3 = N27N2 + 17 s

Then, takinglinto account the decomposibility of the matrices /T(,) and A(Jr), we obtain that
P1(_) Mrygmand P2(+) Hrgisatisfy the equations

(L~ + ALOP T iy, — P 1 = —PS 00, (29)

(Ls + ALO P iy — P pag i1 = = PSS (4 fia. (30)

In the proof of Theorem 1 it was shown that the matrices Mi1(#) and Ms5(0) have bounded inverses.
Thus, the one-sided infinite systems (29) and (30) have the unique solutions

T A e LTI S

PSP vy = PS5 vy = = — (AL PS4 fa.
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Returning to the variable A, we obtain
- p(= - -
ARPITSOA N = =P S fo), ARPYSAn, = =P S() f-
Then, in view of (4), we have

AP SO w =P ACSOAm = TS AL S SAn
_po __pO
=P S A =P S fe),
PS A, = = PYS i f

These equations together with (24) constitute a closed system in parameters AZn, TimA_nN,+23 -« -
ANa—1, AN, If estimate (27) holds, the boundary value problem (17), (18) is well-posedyfor all'T} & T},
A0
0" A
boundary condition (20), we obtain that problem (19), (20) is well-posed foraall 71> T, To > T¢.
Let x, 7, be a solution of problem (19), (20), and let [A7, 1,]n, N, € the veetor composed of those
components of A\, 7, € m,, that are numbered s = —N7 + 1, =Ny + 2,.4°, Ng — 1, N3. Since

Ty, > T¢. Taking into account that (18) multiplied by H yields_the left-hand side of the

max  Sup ||xT17T2 - [>‘T1,T2]N1,N2” < ef,
s te[tsflyts)

where ¢; is a constant independent of 6, we obtaingin view of (28), the following estimate:

max HxThTQ(t) - $*(t)H < ||[)‘T1,T2]N1,N2 - [)‘*]Nl,NQH + (C+ 01)0 <
tE[—Tl,TQ]

<O+ &) K[K|| fllo max(6y (T1),8) (T3)) + max(d; (T1), 05 (T2)) + cf]
- 1 — (1 + a)K max(d; (Th), 7 (1))

+ (c+c1)0.
Passing to the limit as # — 0, we gbtain,(21). Theorem 3 is proved.

Conclusion

By approximating Problem |1 with a two-point boundary value problem and utilizing well-known
results, we developed an approximate method for finding the bounded solution. The form of matrices
P, and P, indicates that therapproximating problem involves separated boundary conditions. Theorem
2 allows one to establish,the well-posedness of the singular boundary value problem (Problem 1) using
the wellsposedness ¢onstant K7 of the two-point boundary value problem, the eigenvalues §;F of the
limit'matrices Agiand the nonsingular matrices S(). This approach provides a robust framework for
addressing similar singular problems.
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