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Parabolic time dependent source identification problem_ with
involution and Neumann condition

A time dependent source identification problem for parabolic equation with involution and-Neumann condi-
tion is studied. The well-posedness theorem on the differential equation of the source identification parabolic
problem is established. The stable difference scheme for the approximate solution of this problem and its
stability estimates are presented. Numerical results are given.
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Introduction

The theory and applications of source identification problems (SIPs) for partial differential equations have
been studied and for references we refer to articles [1-9] and the references given therein. Also, numerous source
identification problems for hyperbolic-parabolic equations and their applications have been investigated too (see,
e.g., [10-13] and the references given therein). In the last decade partial differential equations with involutions
were investigated by several authors including Ashyralyev and Sarsenbi [14-17]. However, source identification
problems for parabolic equations with involution still need more investigating.

The present paper is devoted to the study of'a time SIP for parabolic equation with involution and Neumann
condition. The stability theorem on the differential equation of the source identification parabolic problem
is proved. The stable difference scheme (DS).for the approximate solution of this problem is constructed.
Furthermore, stability estimates for the DS of the time source identification parabolic problem are established.
Numerical results are provided.

Stability and coercive stability of the differential problem

We consider the time,SIP

w(t, ) — (a(z)ug (L, 2)), — Ba(—z)ug (t, —2)), + ou(t, z)

q(z) +g(t,z), —l<z<l, 0<t<T,

0,2) =p(z), -l <x<l, (1)
1

(t,—1) = uy(t,1) =0, / u(t,z)de =~(t), 0<t<T
0

for the one dimensional parabolic differential equation with involution and Neumann boundary condition.
Throughout this paper, we assume that the following conditions hold

a>a(z)=a(-z)>a>0, ze(-L¥), a—alB| >0, § >0,

’ /

l
g (1) =g (1)20,/()q(x)d:v7é0.

Under compatibility conditions, identification problem (1) has a unique solution (u(t,z), p(t)) for the smooth
functions g(t7x)a (t7$) € (OvT) X (_lv l) 7a(x), q(x)ax € (_lv l) and ’Y(t)vt € [07T] ’ (,O(LU), T € [_lv l]
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Assume that H is a Hilbert space and A is the self-adjoint positive-definite operator defined by the formula

Az = —% (a(m)dz(f)) = 5% (a(—x) dzfi;“”)) +62(x) 2)

with domain ; , )
D(A)={z:2,2 € Ly[-1,1],z (-1) =z (I) =0}.

Here and in the rest of this paper, C§ ([0,7], H) (0 < o < 1) stands for Banach spaces of all abstract continuous
functions ¢(t) defined on [0,7] with values in H satisfying a Holder condition with weight ¢* for which the
following norm is finite

t+7) ot +7) — o(t
||<P||cg([0,T],H) = H@Hc([o}T],H) + sup ( i - ) ( )”H,
0<t<t+7<T T

Here, C ([0,T], H) stands for the Banach space of all abstract continuous functions ¢(t) defined on [0, T] with
values in H equipped with the norm

= t .
H@”c([o,T]ﬂ) orél%XT o)l 1

Moreover, let the Sobolev space W[/, f] be defined as the set of all functions v(z) defined on [/, ¢] such
that both v(z) and v”(z) are locally integrable in Lo[—¥, £], equipped with/the norm

1/2

¢ 1/2 ¢
2
olhwziog = | [lo@Pde) o+ [ oo
—{ 4

Theorem 1. Assume that f(¢,x) and ( (t) are continuously differentiable functions. Then the SIP (1) has
a unique solution u € C (Ly[-1,1]) and p € C[0,T], and for the solution of SIP (1) the following stability
estimates hold

luellorapi) + HUHC(W;[_I,[]) +llpll g,y < M (g, 6) {H‘PHWg[—z,l]
19 0, gt loelloqra oy + 16 loom] -

Theorem 2. Assume that g(¢,x) and ¢ (¢) “are  continuously differentiable functions and ¢; (¢) is satisfying a
Holder condition with the ; weight t% Then the SIP (1) has a unique solution u € C§ ([0,7T], Lo [—I,1]) and
p € C§ [0, T]. For the solution of SIP (1) the following coercive stability estimates hold:

HutHC’g([O,TLLg[—l,l]) +l[ul cg ([0,71,W3[-1.1]) + ||p||cg[o7T] < M (q,9) [||%0||W22[71,z]

ose 19l o.11,2at-1ay + 16t egomy | -

Proof. Denoted as

u(t,w) =w(t,x) +n(t)q (), (3)

where

and w (t, ) is the solution of the following problem

w (t,x) — (a (z) wa (1, 7)), + ow(t, )

=g(t,z) +n(t)[(a(z) ¢ (2)), — g ()],

ze(=L1),te(0,T), (5)

w(0,2) = ¢ (z),x € [-1,1],

wy (¢, —1) = wg (t,1) =0,t € [0,T].
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Applying the condition
1
Jutayas=ca
0

and formula (3), we can write

1
n(t)=q <—C(t) +/0 w (t, ) dﬂ«“) ; (6)
where
S
fol q(z)dx

Applying fol q(z)dz # 0, we get the estimate

()] < K1 () [IG (8)] + llewe(t, )| af—ra] (8)

for each t € [0,T]. From (7) and (8) follows it
IPllcqo.r < Kt (@) [16oor) + Iellagory ga—1p | 9)
1Pl g 0.1 < K (@) (1l g 0,71y 00l oo ar-sa] - (10)

Applying (3), we get
ut(t, &) = we(t, 2)+ p(t)g(x)
and
lutlle o1, Lat-1ay < Nwill oo,y oty + 1PN,y el yi—iay »

<
<

HutHCf;‘([O,T],Lg[—l,l]) Hwt||cg([o,T],L2[—l,z1) + ||P||cg[0,T]) ||Q|\L2[_z,l]) :

Therefore, the following theorems will complete the proof of Theorem 1 and 2.
Theorem 3. Under assumptions of/Theorem 1, in C ([0,T], Ly [—1,1]) the problem (5) has a unique solution
and the following stability estimate is satisfied:

1Moo Bya 1y < K2 (@:0) [10lhwz—ra) + 1€ O)

Fllg 0, )y —r + gt e o, a1,y + 1St oo, | -

Theorem 4. Under assumptions of Theorem 2, in C§ ([0, T, L2[—,!]) the problem (5) has a unique solution
and the following coercive stability estimate is satisfied:

lwillce o.17,Lo1—10) S K2 (4,0) [||<P||w§[fz,z]

+ameay M9l o), a1y + ”Ct”c'g[O,T]} :

Proof. Problem (5) can be written in the following abstract form
{ w'(t) + Aw(t) = —n(t)Ag+g(t), 0 <t < T,
w(0) = ¢

in a Hilbert space H = Lo[—{, {] with the space operator A = A* defined by the formula (2). Here g(t) = g(¢, x)
is given abstract function, w(t) = w(t, x) is unknown function, and ¢ = ¢(x) is the unknown element of Lo[—¢, £].
The proofs of Theorems 3 and 4 are based on estimates (8), (9) and (10), theorems on stability and coercive
stability of the abstract problem (11) [9], the integral inequality and the self-adjointness and positive definiteness
of the space operator A” defined by formula (2) [15].

(11)
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Stability and coercive stability of DS

Let a € (0,1) be a given number and C¢ (H) = Cg ([0,7T].,H]) ,C; (H) = C([0,T]. , H) be Banach spaces
of all H-valued mesh functions w, = {wk}ivzo defined on

0,7]. = {ty = kr,0< k < N,N7 =T}

with the corresponding norms

e e, iy = ma, ol
||wr||cg(H) = 1<k<511€1£ N (N = n)"" (k)" |wi+n — willmr + ||wT||C.,.(H) ‘
= 77/7

Moreover, let Loj = Lo[—l,0], and W2 = WZ[-1,1], be normed spaces of all mesh functions
h M
AP (@) = {70}~ _ s defined on

—0,1], ={zn =nh,—M <n<M,Mh=1}

equipped with norms
1/2

L = > W@[n
z€[—1,1

and

1/2
2

e P B (TS
a;e[—l,l]h

respectively. Moreover, we introduce the difference operator A% defined by the formula
Apu(2) = {~(a(@)uz(2))s,r — Bla(=a)uz(—2)), . + 0u, } 00 (12)

acting in the space of mesh functions u” (z) = {un}TAL/[:7M defined on [—I,1], satisfying the conditions

Upng — Upr—1 = t—pp — U—pr41 = 0. For the numerical solution {u]! (x)};vzo of SIP (1) we present DS of the first
order of approximation

3 — k k k k k k
Uy — Uy, ! 1 YUntr " Un Up—Up_1\ B U_png1— U n U_p~U_n_1
T h\dn+1 " h an—y, n \G—n+1 h a—n h

+5uﬁ:pkqn+g§,ag£:g(tk;xn)atkE [OaT]Taan [7131]}“ ke]—an ne]—aM*la (13)

U%:<Pm§0n=$0(33n)7n€07M,

M
U?\/[ N uﬁ/[_l = uliM+1 - UliM = O?Zi:l ’U«fh = Ck'7Ck = C(tk)7 ke OaN
Here it issassumed that gas — qar—1 = ¢—m — q—nm+1 = 0, and Z%Zl qmh # 0. Let us give the following results

on the stability of DS (13).
Theorem. 5. For the solution of DS (13), the stability estimate

1 N
Lih . h
||{T S Uk_l)}k—l

L AR LR

clo,7].
Cr(Lan)
<K (@) [[¢" s, + N9t ., + 1]
1 N 1 N
+ {T(gﬁ—gﬁl)} + {T(Ck—Ckﬂ} ,
F=2lle, (Lan) k=1llco,1),
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and coercive stability estimate

Low oh }N H v H H N ‘
—(uy —ul_ =+ u _ + D =
H{T( k Ukt Y {0 s ce(w3,) {Prdims cglo,1],
<K@ [[l" s,
e [l }N
+a(1—a) H{g’“}’le C$(L2h>+” T(Ck ) k=] gago.7]
o M4l

hold.
Proof. We will use
wy = Wy + Mkn,
where
k
qn = Q(l‘n), Nk = Z PmT.
m=1
. N . .
It is easy to use {w/' (x)}kzo as the solution of the following DS
- wheywk | whoub
w, :_Un _ [% (an+1 +;l —a, - 1)
wlin —wlin wfn—wfn_
— i (@on g - a—n%) + duy,
'I,Uii —U}:; HIZ—'LU,I::17
= - |:*% (qn+1 +}L — Qn h 1)
k

Loty k k
h ) + 5qn77k:| + Gns

w’in —wlin w
*% (q—n+1 +}L —g—n
el,Nynel,M—1,
O =p,,ned,M

why —wh_ =wk 0 —wk ) =0,kekel,N.

k
w
Now we estimate |pg|. Using the condition Zf\n/le u® h = ¢, and (14), we obtain

M
Mk = b1 (Ck wanh) ;

m=1

where
b 1
I —
Zrn:l th
Then,
b M
1 k k—1
S RS- - A
Pk pn ((k <k? 1 m:l(wm Wiy, ) )

Applying the Cauchy-Schwartz inequality, we get
k—1

G — ¢ Mo wk

k — Gk—1 m ~ Ym

el < ] | £ 4 3 (T Y
m=1

Lzh]

h h
Wy — Wiy
T

Ck — Ch—1

T

+

<K(b)l

for every 1 < k < N, and
N
H{pk}deC[mT]T
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<K H {@ —Tck_l}

Moreover, using (16), we can write

N

k=1

N
h h
wy — wi_
4 { k Tk 1}
c[o,7)-

k=1llc, (Lan)

{pr}oe ‘
H k=1l ce 0,17,
N h h N
— (e wy — wy_
< K(b) H{Ck Té-k 1} + { k - k 1} . (18)
k=1|| ra _
Hlcg 0,11, k=1l ca (L)
Applying (14), we obtain
B N N
= = —= “— + Prdn-
T T

From that it follows

1 N
Lih  oh
H{T (Uk Ukl)}k_l

Cr(Lan)
1 N
S {T (v - wﬁ_l)} + H{pk}szluc[o 7] ||qhHL2h (19)
k=1llc, (Lan) { ¥
and
Low  oh o
o (Uk - uk—l)
k=1]lco (rs,)
0 —up )V N,
S 7 Wk~ Wh PRI e=1] paro rp, 119 11Ean -
k=llce(Lan) o

Therefore, the following theorem will complete the proof of Theorem 5.
Theorem 6. For the solution of DS (15), the stability estimate

1 h h N
||{T (wk - wk_l)}kzl

< K3(0) [[l6" [z + 9, + o

Cr(Lz2n)
N N
1 Ce — Cr—1
+ {7(92—921)} + {7_
k=2 Cr(Loy) k=tllcpo,1),
and coercive stability estimate
N
1
I ot -}
k=1 C2(Lan)
N
1 N G — Ch—1
h h
R0 |17, + 7y |0 o, {522
T k=1llce0,1-

hold.
Proof. Problem (15) can be written in the following abstract form

wi—wi_, Ahwh — gh — Ahgh
—_— + Wy = G q Mk,

tk:kr,lgng,w(’;:@h

(20)

in a Hilbert space H = Loj, with the space operator A" = A? defined by the formula (12). Here, gl = gl (z) is
given abstract mesh function, w} = w! (x) is unknown mesh function and ¢" = ¢"(x) is the unknown element
of Lap. The proof of Theorem 6 is based on estimates (17), (18) and (19), theorems on stability and coercive
stability of the abstract problem (20) (see [9]), difference analogy of integral inequalities, and the self-adjointness

and positive definiteness of the difference operator A7 defined by the formula (12) [15].
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Numerical experiment

In this section a numerical computation to approximate solution of a time dependent source identification
problem with involution and Neumann conditions is considered to support the theoretical results. We use the
first order of accuracy difference schemes. The error analysis is given.

We consider

g (t, ) — Ugy (t,x) — %um (t,—z) + u(t,z)

=p(t) (1 4 cosx) + (C 5 1) e, ze(—mm),te(0,m),

w(0,z) =1+ cosz,x € [—m, 7], (21)
Uy (t, —m) = u, (¢,7) =0, t € [0,7],

foﬂ u(t,s)ds =met t €0,

for parabolic equation with involution and Neumann condition. The integral condition is given as an overdetermi-
ned condition. The exact solution of this problem is

u(t,r) = (l4cosz)e ', —r<z<m0<t<m,
pt) = et telo,n].

Here we denote the set [0, 7] x [—m, 7], of all grid points
0,7] x [-m, 7], = {(tk, zn) : tx = k7,0 <k <AV,
Nt =m,2, =nh,—M <n <M, Mh=m}.
For obtaining the solution to problem (21) we apply the substitution
u(t,x) =w(t,x) +n )1 +cosz),

where \

1) = [ o (s)dsn 0) o
One can show that after the substitution, preblem (21) turns to

we (8, 2) — Wey (& x) — %wm (t,—x) + w(t,x)

5
=— ( 0(2)536 + 1) n(t) + (cosx - 1) et, xe(—mm), te(0,m), (22)
w (0, 2) =1+ cosx, = € [, 7],
wy (t,=m) =W, (t,7) =0, t € [0,7].
Moreover, using the overdetermined condition we can write
/ u(t,s)ds :/ w(t,s)ds+77(t)/ (14 coss)ds =me™"
0 0 0
and
e~ — [Tw(t,s)ds
n(t) = s :
T
For the numerical solution of (22), we present the first order of accuracy difference scheme
71 (wﬁ — wfl_l) —h7? (wﬁﬂ — 2wk + wﬁq)
_%h_2 (wlin+1 - Q’wﬁn + wﬁnfl) + wa
- (E’CO;"T” +1) i ek
(23)

=—(2+42cosx,) et

<k<N, -M+1<n<M-—1,
wgzl—i—cosxn, —M<n<M,

wh o —wh = wh —wh =0, 0<k<N.

Mathematics series. Ne 2(102) /2021 11
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For obtaining the solution of difference scheme (23), we rewrite it in the matrix form

AW+ BWHFT=Ro* 1<k<N, W=y, (24)
where
ri1 -1 0 0 . . . . . 0 0 0 ]
a b a 0 . . d_nr+1 . . d_nr+1 d_m+1+c d_yy1—a c
0 a b a . . d_A4+2 . . d_M+2+C d_M+27a d_M+2+C 0
A= 0 0 0 0 . a+c b—a+dy a+c+dy . do do do 0 R
0 c —a c . . dyr—o . . a+dy—_o b+dy—o a+dy—o 0
C —a C 0 . . dM_1 . . d]\/[_1 d]\/[_1 d1\4_1 a
L0 O 0 0 . . . . . 0 0 1 —=1 |
[0 00 00 0]
0 e 0. 0 0 O
00 e 0. 0 O00O0
B = e
00 0 0 . e 00
00 0 0 . 0 e O
(0000 .00 0
and
a ! b 1+ 2 +1 1
:——7 = — _— s CcC = — 0 e = -,
h? T h? 2h2 T
h (5cosx; .
di=—— (2220 1) = —MA =M% 2, M1,
T 2
W,
We=1: for s=k,k—1,
i
0
10 0 k
P_M+1
P I SN P
00 .1 Phi-1
0

So, we have a first order difference equation with respect to k& with matrix coefficients. From (24) it follows
that
WF=—A"'BW* 14+ A"R,* k=1,---, N.
In the second step, using the formulas
uk w,’i—i—nk(l—&—cosxn), 0<k<N, —-M<n<M,

n —

e = - , 1<E<N, no=0,

P = Mk — Mk—1 1<k<N

we can find the approximate solutions for u (¢, z) and p (¢) .
We compute the error between the exact solution and numerical solution by

1Eulloe = 0<k<N Shf<n<
1y lloe = 1I<I}3<XN I (te) —nxl

HEPHOO = 1I<I}ca<XN Ip (tr) — Pkl

)

u ’u (th, ) — uk

12 Bulletin of the Karaganda University
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where u (¢, z) , p(t), n(t) represent the exact solutions, u¥ represents the numerical solution at (4, ,), and
pr and 7y represent the numerical solutions at ¢;. The numerical results are given in Table 1.

Table 1

Errors | Eull oo | £nll o | £p |l
N=M=230 | 6.6666-10~2 | 7.3894.10~2 | 1.1917-107 !
N=M=60 | 3.3333-10~2 | 3.6655-10~2 | 6.6532-10 2
N=M=120 | 1.6667-10°% | 1.8262-10"% | 3.5167-10~2
N =M =240 | 8.3333-10°° | 9.1165-10~° | 1.8081-10~2

Conclusion

In this paper we considered a time dependent source of identification problem for. parabolic equation
with involution and Neumann condition. The theoretical considerations that prove well-posedness theorem on
the differential equation of the source identification parabolic problem and stability estimates for the difference
scheme of the source identification parabolic problem were given. To support the theoretical results by a numeri-
cal experiment we constructed a stable difference scheme for the approximate solution of the problem. Obtained
results given in Table 1 support the theoretical results.
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A. Ampipaneres! 3, A.C. Epnoran®

Y Taay Ivevic yrusepcumems, Hukoctsy, Typrus;
2 Peceti zarvxmap docmwies. yrusepcumemi, Mackey, Peced;
3 Mamemamuxa srcone mamemamurarvir modeavieyuncmumymao, Aamamo, Kasaxcman;
4 [Tanam-Buy memaekemmir koaredorci, @aopuda, AKIII

NuBosmonusimen »k9He Jlupuxiie niapTbiIMeH ColiKeCTeHIiPY/diH,
mapadoJIadbIK, MIceJieci TypaJbl eCKepPTy

Nupomonns xone upuxite mapTsl 6ap mapadosaiblK TeHAEY VIIH IePEKKO3/l aHBIKTayIbIH KEHICTiK-
TiK ecenrepi 3eprrenai. [Tapabosanbik’ muddepeHIuaIIbK, TEHJAEY YIIH JePEKKO3Il aHbIKTay ecebiHiH
JYPBICTBIFBI TEOPEMACHI AHBIKTAJIIbLBYJI €CeNTiH *KybIK IMIeniMiH Taby YIITiH TYPaKThl aflbIPBIM/IBIK CXEMa
6episirer. COHbIMEH KaTap, JePEeKKO3i COMKECTEH I PYIiH, ITapaboIalIbIK, ecebiHiH, aflbIPBIMIIBIK, CXeMACHIHBIH
TYPaKTBLILIFBIHBIH, Oafasiayaapbl YCbIHbLTFAH. CaHIBIK HOTUXKEJEp KeJITipireH.

Kiam ce3dep: KOPPEKTIIIK, JITUMCTIK TEHILYIED, KOIPIIUTUBTI TYPAKTBLIBIK, JTEPEKKO3/Il UICHTUDUKAIUSI-
J1ay, /1971 GaraJsiaysap, MIETTIK €Cerr.

A. Amrpansies! 2, A.C. Epnoran?

L Baustenesocmowrws ynusepcumem, Huxocua, Typuus;
2 Poccutickuti yrueepcumem opyoic6v. napodos, Mockea, Poccus;
3 Hycmamym mamemamuky, U Mamemamudeckozo modeauposanus, Aamamu, Kaszaxeman;
4 Tocydapemesermod xoanedore Haam-Buw, Paopuda, CIIIA

3aMeuaHHne o nmapadboimdecKoil mpobseme naeHTUOUKAITNN
C UHBOJIIOINEN u ycjioBueM Jlupuxiie

WccnenoBaubl mpocTpaHCTBEHHBIE 33/Ia9M UIEHTU(MUKAIINN UCTOTHUKA, JJIsI TapabOIMIecKOTO YPaBHEHUS C
“HBOJIIONUENR 1 ycioBueM Jlupuxire. YcTaHOBIEHA TeOpeMa KOPPEKTHOCTH 3aa4U UACHTU(MUKAIINI UCTOTHU-
Ka JuId napabosmdeckoro nuddepeHnualbHoro ypasaenus. [IpencraBiesa ycroitunBas pa3HOCTHAS CXeMa
JIJIsI TIPUOJIMKEHHOTO PEITieHusT 3Tol 3aa49u. Kpome Toro, JaHbl OMEHKU YCTONIUBOCTH PA3HOCTHOM CXEMBbI
apaboIMTIeCcKOil 3a/1a49n NAEHTH(DUKAIINN NCTOYHUKA. |IprBeIeHbI YncIeHHble pe3yIbTaThI.

Karouesvie ca06a: KOPPEKTHOCTD, JITUNITUUECKUE YPABHEHUSI, TTOJIOXKUTEIBHOCTD, KOIPIIUTUBHAS YCTONIN-
BOCTB, UJEHTUMOUKAINS UCTOYHUKA, TOYHBIE OICHKN, KpaeBas 3ajadqa.
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