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Abstract. Using methods of mathematical physics, a comprehensive simulation of the short-range order in 

Fe₈₈P₁₂ and Cr₈₈C₁₂ alloys produced by electrodeposition was carried out. As the initial configuration for modeling, 

the crystal structure of the base metal was selected. Numerous experimental studies, including X-ray diffraction 

and electron microscopy analyses, have indicated that in metal-metalloid alloys, surface microstructures 

predominantly exhibit ellipsoidal morphologies. Based on these experimental observations, it was hypothesized that 

the macroscopic ellipsoidal formations observed on the alloy surfaces are composed of clusters with relatively 

simple geometric configurations, such as spheres or ellipsoids. The results of the simulation revealed that these 

clusters possess characteristic sizes not exceeding 30-50 angstroms, and their vectorial growth predominantly 

occurs along a single radial direction relative to the substrate surface. This anisotropic growth behavior is 

attributed to differences in local atomic bonding energy and diffusion kinetics, which drive the preferential 

alignment of cluster development. Moreover, it was established that the spatial distribution and size uniformity of 

the clusters significantly influence the overall mechanical and physicochemical properties of the coatings, including 

hardness, wear resistance, and corrosion stability. The combination of modeling outcomes with empirical data 

provides valuable insight into the microstructural evolution mechanisms governing electrodeposited metal-

metalloid systems. These findings can serve as a basis for optimizing the electrodeposition parameters to tailor the 

surface structure and enhance the performance characteristics of functional coatings. 
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1. Introduction 
 
Amorphous and nanocrystalline metal alloys obtained by electrodeposition have a set of unusual physical 

and chemical properties and are a new class of promising materials of undoubted theoretical and practical 

interest. The structural state of metallic amorphous and nanocrystalline alloys is characterized by close atomic 

order and, unlike crystals, by the absence of translational symmetry in the arrangement of atoms. All 

amorphous materials have a short-range order, which is also called topological (or configurational), and the 

ordered distribution of different kinds of atoms is called the chemical (compositional) short-range order. Since 

it is problematic to obtain pure metals in an amorphous state, metalloid atoms are introduced to produce them. 

In the case of two- and multi-component systems, the concept of “near order” includes the spatial distribution 

of atoms regardless of the grade and mutual distribution of different-grade atoms [1-3]. The creation of 

promising and improvement of existing metal alloys for protective coatings using electrolytic deposition is 

impossible without establishing the mechanism of their formation and growth. Currently, there is no single 

theory of deposition of metal alloys depending on the conditions of their formation, which leads to great 

difficulties in interpreting the properties of these materials. Numerous experiments on the electrodeposition of 
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metal alloys show that the surface structures have different geometric shapes: two-dimensional surface shapes, 

and in some cases, three-dimensional (three-dimensional) shapes. It is known that one of the most important 

properties of the surfaces of fractal systems is the self-similarity property. If you select a small area in the 

surface area occupied by a fractal cluster, the cluster areas will be similar to the shape of this cluster.  For 

clusters with random arrangements of atoms, it is necessary to use statistical particle sizes. During 

electrodeposition, the growth of such clusters is observed mainly in the direction opposite to the movement of 

metal ions and amorphizing elements [4-6]. The research of deposited metal pyrites with body-centered cube 

grill (BCC) showed that the surfaces have ellipsoidal forms of fractal structure and can be studied by means 

of fractal geometry, X-ray diffraction analysis and electron microscopy (Fig. 1-3). It has been found that the 

shape that the surface takes during crystallization is very sensitive to the crystallization conditions, and 

therefore it is impossible to establish the mechanism of surface growth from the growth of bulk forms. During 

electrodeposition, an atomic deposition occurs, which forms clusters with different shapes that depend on the 

orientation of the faces and the conditions of their growth in a certain direction. Surface fractal structures 

influence various physical objects and phenomena, in particular, to explain the corrosion resistance and wear 

resistance from the surface shape. 

 
Fig. 1. X-ray diffractogram of Cr88C12 (1) and Fe88P12 (2) Mo-Kα radiation. 

 

 

  
 

Fig.2. Surface morphology of Cr88C12 alloy 

 (RЕММА-102-2) 

 

Fig.3. Surface morphology of Fe88P12 alloy 

 (RЕММА-102-2) 
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2. Material and methods of research 

Cr₈₈C₁₂ alloys were obtained from an electrolyte of the following composition: KCr(SO₄)₂·12H₂O — 0.5 

M, K₂BO₃ — 0.5 M, (NH₄)₂SO₄ — 2 M, HCOOH — 0.75 M, with pH adjusted to 3.0 and a temperature of 

298 K. Fe₈₈P₁₂ alloys were obtained from an electrolyte of the following composition (in g/L): FeSO₄·7H₂O 

— 280, H₃BO₃ — 30, NaH₂PO₂ — 8×12. The pH was adjusted to 2.0–2.5 by the addition of a 5% H₂SO₄ 

solution. Deposition was performed using a unipolar pulsed current (i = 15–25 A/dm²) with a pulse repetition 

rate (f = 2–16 Hz) and a pulse duty cycle (Q = 2–4). 

The identification of crystalline phases was carried out using X-ray diffractometry. X-ray diffractograms 

were obtained on a DRON-3.0 diffractometer with monochromatic Mo-Kα radiation (using a curved LiF 

monochromator) at measurement points with an interval of 0.1 degrees and an exposure time of less than 100 

seconds per point, followed by averaging across five scattering intensity curves. 

The quantitative composition and surface morphology were investigated using a REMMA-102-2 

scanning electron microscope (SELMI), and the coating thickness was measured using a NU-2 optical 

microscope (Carl Zeiss). 
 

3. Results and discussion 

Numerous experiments on the electrodeposition of alloys with volume-centered cubic lattices have shown 

that ellipsoidal fractal forms grow (figs. 2 and 3). To establish the mechanism of fractal growth and their 

structure, we will use the Brave-Donneuil-Harker rule, which states that the crystal habitus is formed with the 

simplest plane indices, or the faces with the highest reticular atomic density have the lowest energy. For the 

case of materials with the OCC structure, the bounding planes are the (110) and (200) faces. When deposition 

by electric current occurs in the direction opposite to the action of the electric current, the deposition process 

has one growth vector, and other growth directions are of secondary importance. Consider the growth of a 

fractal structure in terms of the crystal structure of the base metal. As a result of deposition, crystallization 

centers appear on the substrate, which determine the further growth of clusters. As a result, additional 

crystallization centers appear on the formed clusters, which again form clusters of a similar shape. The shapes 

of the clusters and their close order can be determined by modeling the main peak of the structural factor. Since 

in this case, the deposition of Cr-C and Fe-P alloys has an amorphous structure (Fig. 1), it is necessary to 

determine their close order and the most likely cluster shape.   

It is well known that during the formation of nanocrystalline and amorphous alloys, changes in their 

physical and chemical properties are observed. This always happens when approaching a certain critical size. 

The research of the close order of amorphous and nanocrystalline Cr-C and Fe-P alloys with a volume-centered 

cubic lattice structure allows us to establish the stability and sequence of crystallization processes. To 

determine the close order of amorphous Cr-C and Fe-P alloys, a methodology for its modeling based on the 

profile of the main peak of the structural factor is proposed. The profile of the main peak of the structural factor 

was approximated using the model of the cluster structure of the amorphous state. According to the chosen 

model, the expression for the diffraction peak profile takes into account the finiteness of the ordering regions, 

their size distribution, and the relative rms displacements of atoms from the equilibrium position and is defined 

by eq. [7-12]: 

𝑖(𝑠0) =
𝑄2𝑄3

𝑑ℎ𝑘
exp⁡ (−

𝑢2𝑠0
2

2
) ∫  

∞

−∞
𝑉(𝑡) ⋅ 𝑔(𝐿, 𝑡) ⋅ 𝑒−𝛾(𝑡)cos⁡(𝑠0𝑡)𝑑𝑡,                           (1) 

 

where Q2 and Q3- coefficients that take into account the effect of relative rms displacements of atoms from 

equilibrium positions (𝑢‾2) within the reflection plane on the height of the main peak of the structural factor, 

g(L, t) - distribution of clusters by size,  size of clusters, V(t)- unction of shape,  - coefficient, which 

determines the effect of the relative root mean square static displacements of atoms in the direction 

perpendicular to the reflection plane (during isothermal annealing 𝛾 → 0), t - normal to a number of atomic 

planes that reflect radiation within the investigated diffraction peak, 𝑠0 = |𝑠 − 𝑠max|- modulus of the scattering 

vector. 

The function V t( )


 is defined by the expression [9-11, 14]: 

 

V t V x x t d x( ) ( ) ( )
    
= +−


1 3  ,      (2)   
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where V is volume of the cluster, and the function: 

 

 ( )
,

,


x

x V

x V
=









1

0
,                                  (3) 

 

If the scattering region has  planar grids perpendicular to the primary beam, then the intensity of the 

structural factor in the primary beam region (2) is converted to: 

 

𝑖(0) = const (1 + 2∑  𝑣
𝑝=1   (1 −

𝑝

𝑣
)) = const ⋅ 𝑣,                                                     (4) 

 

For the scattering regions of disordered systems, the height of the main peak of the structural factor will 

be lower than that of crystalline and volume-centered cubic lattice nanalloys, and their height will be 

proportional to the size of this region. The coefficients Qi  for the volume-centered cubic lattice structure are 

equal Q2 =0,9881 і Q3 =0,9766 [9, 11, 15-20].  

 The need to introduce a function of cluster size g L( )  distribution is dictated by the presence of clusters 

of different sizes in real nonequilibrium alloys. In order to take into account the function of cluster distribution 

by size, the profile of the main peak of the structural factor can be represented by the relation [9-10]: 

 

i s i s L g L dL( ) ( , ) ( )0 0

0

=



 ,          (5) 

 

The distribution of clusters by size according to (5) takes into account scattering both on clusters and on 

individual atoms and can be found by taking into account the energy of cluster formation: 

 

E L P A
U L E P

kT
( , ) exp

( ) ( )
=  −

+







 ,           (6) 

 

where U(L) is fraction of the cluster energy associated with its size and the energy of pairwise interaction of 

atoms [13-14], E(P)  is kinetic energy of the order region associated with the relative rms static displacements 

of atoms relative to their position in the crystalline state. To express the energy (6.7), the distribution function 

approaches the Gaussian distribution [9]: 

 

g L
L L

G

L L

( ) exp
( )

= −
−









1

2 2

2

2
  

,      (7) 

where           L L
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
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

 



,                               (8) 

 

( )x - gamma Euler function. 

Relationship (5) cannot be directly used to analyze the profile of the main peak of the structural factor, 

since neither the distribution parameters g L( ) , nor the shape of the cluster areas. In this regard, the function 

of distribution of clusters by size is used: 

g L t L e t( , ) =   −   2

,                                   (9)   

 

where the variables μ and β are determined by normalizing (9), and L is average size of the clusters.  
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Then (7) is transformed to the form: 

 

𝑖(𝑠0) =
𝑄2𝑄3

𝑑ℎ𝑘𝑑
⋅ 𝜇 ⋅ ⟨𝐿⟩ ⋅ exp⁡ (−

𝑢2𝑠0
2

2
) ʃ−∞

∞ 𝑉(𝑡) ⋅ 𝑒−(𝛽𝑡
2+𝛾𝑡)cos⁡(𝑠0𝑡)𝑑𝑡                         (10) 

 

Expression (10) is a function of the main physical parameters of the close-order amorphous system that 

characterizes the clusters, and the value L  is determined in the process of modeling the profile of the main 

peak of the cluster structural factor. The values of the gaps (δ) between clusters in nonequilibrium alloys are 

not constant, however, as a first approximation, we assume them to be the same for clusters of different sizes 

if their shape remains constant [9]. The average size of a cluster is used to determine its average volume 

( )L d+ 3  і and the average volume that falls on the same number of atoms in the volume ( )L d+ +  3 . 

 
Table 1. The function of the shapeV(t) and dimensions L of the reflection {110} of the OCC structure [14]. 

 

Cluster shape V(x) I L Multiplicity 

 

tetrahedral bipyramid 

1)

𝟏 −
𝟑

𝟐
𝒕 +

𝟑

𝟖
𝒕𝟐 +

𝟏

𝟖
𝒕𝟑 

2) (𝟏 − 𝒕)𝟑 

𝑰𝟎 −
𝟑

𝟐
𝑰𝟏 +

𝟑

𝟖
𝑰𝟐 +

𝟏

𝟖
𝑰𝟑

𝑰𝟎 − 𝟑𝑰𝟏 + 𝟑𝑰𝟐 − 𝑰𝟑
 

 

𝐚√𝟐 

𝐚√𝟐 

𝐚√𝟐 

4 

 

2 

cuboctahedron 
𝟏 −

𝟗

𝟓
𝐭 +

𝟒

𝟓
𝐭𝟐 𝑰𝟎 −

𝟗

𝟓
𝑰𝟏 +

𝟒

𝟓
𝑰𝟐 

𝐚√𝟐 𝐚√𝟐 

 

Table 2. Parameters of Cr88P12 and Fe88P12, alloy clusters obtained by modeling the profile of the main peak of the 

structural factor. 

 

Alloy Main form of 

clusters 

 

а, nm а, nm U2, nm-2 , nm <L>, nm L, nm 

Cr82C12 

 

cuboctahedron 0,28693 0,00216 0,0110 0,1510 3,4563 0,134 

Fei88P12 

 

cuboctahedron 0,28521 0,00254 0,0113 0,1321 2,5412 0,145 

 

To determine the gaps between clusters, use the equation: 

 
⟨(𝐿+𝑑)3⟩

⟨(𝐿+𝑑+𝛿)3⟩
=

𝐷m/alloy 

𝐷m/cluster 
                                                    (11) 

where  𝐷m/alloy is macroscopic density of the alloy, 𝐷m/cluster  is density of the clusters, δ is average gap between 

clusters.  
We calculate the shape function based on the Bravé principle, which states that the crystal faces with the 

highest reticular atomic density have the lowest surface energy. Let us consider the near-order models of the 

densest lattices such as the volume-centered cubic lattice, where the total number of atoms in a cluster remains 

constant, and the distance between parallel planes should be larger, the greater the reticular density and the 

interplane distances with small indices. Suppose that the growth of the cluster occurs through a series of 

successive states of equilibrium of the cluster with the surrounding atoms, i.e., at any given time, the surface 

energy of the crystal has the lowest value for a given volume (Brave-Donneuil-Harker rule) [14, 21] by virtue 

of the assumptions, it is possible to choose cluster shapes for the structure of a volume-centered cubic lattice 

bounded by planes (110), (200) or a set of these planes. Table 1 shows the shape functions V(x) and the peak 

profiles of the structural factors i(s) of the reflections (110) of the volume-centered cubic lattice structure.  

In Table 1: a - means the length of the polyhedron edge, L- size of the cluster, and the length of the side 

edge 𝐚√
𝟑

𝟐
 
 
For these forms of clusters of the volume-centered cubic lattice structure, there are several 

orientations that lead to reflection from the {110} faces, but which have different functions V(х). Table 1 shows 

the multiplicity of such orientations. If the multiplicity of V1(х) is 4 and, V2(х) is - 2, then 
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i s i s i s( ) ( ( ) ( )) /0 1 0 04 2 6= +  due to the fact that the clusters do not have predominant orientations in the sample 

volume. Considering these assumptions, it is possible to calculate the profile of the main peak of the structural 

factor in an analytical form: 

𝑖(𝑠0) =
𝑄2𝑄3

𝑑ℎ𝑘𝑙
⋅ 𝜇 ⋅ ⟨𝐿⟩ ⋅ exp (−

𝑢2𝑠0
2

2
) ∙ 𝑙,        (12) 

where the values of the sub-integral expression I  в in equation (12) are given in Table 1, and the values In
 

are determined by Eq: 

𝐼𝑛 = (
−1

2𝛽
)
𝑛

√
𝜋

𝛽
exp⁡ (

𝛾2 − 𝑠0
2

4𝛽
)

𝐸(
𝑛
2
)

∑  

𝑘=0

 
𝑛!

(𝑛 − 2𝑘)! 𝑘!
𝛽𝑘

∑  

𝑛−2𝑘

j=0

 (
𝑛 − 2𝑘

i
) ⋅ 𝛾𝑛−2𝑘−𝑗𝑠0 ⋅ cos⁡ (

𝑠0𝛾

2𝛽
+
𝜋

2
j)

 

where E n( / )2 - an integer part of a real number, n / 2 , and   

 

(
𝑛 − 2𝑘

𝑖
) =

(𝑛 − 2𝑘) ⋅ (𝑛 − 2𝑘 − 1)… (𝑛 − 2𝑘 − 𝑖 + 1)

1 ⋅ 2 ⋅ 3… 𝑖
, (
𝑛 − 2𝑘

0
) = 1 

 

The modeling of the structure and average size of the clusters showed that the most realistic results are 

obtained when the component of the external impulse is close to one. This indicates that the clusters do not 

participate in translational and oscillatory motions, and one degree of freedom can be attributed to the radial 

momentum of the cluster, since during electrodeposition the clusters grow in the form of ellipsoids. This fact 

is confirmed by the analysis of the microstructure of Cr88P12 and Fe88P12 alloys (Fig. 2 - 3), which shows that 

during electrodeposition, the structure grows in the radial direction (under these conditions, ellipsoidal 

formations on the surface). The modeling of the main peak of the structural factor showed that the near-order 

of alloy clusters with volume-centered cubic lattice crystal lattices of the main metal have shapes close to 

cuboctahedra, and their sizes do not exceed 30-50 nm ((Fig. 4 - 5 and Table 2). 

 

  
 

Fig. 4. Modeling the profile of the main peak of the 

amorphous Cr88С12 alloy:  

1 - tetrahedral bipyramid, 2 - experimental peak of the 

structural factor, 3 - cuboctahedron 

 

Fig. 5. Modeling of the main peak profile of the 

amorphous Fe88С12:  

1 - tetrahedral bipyramid, 2 - experimental peak of the 

structural factor, 3 - cuboctahedron. 
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4. Conclusions 

The conducted research focused on modeling the short-range order in amorphous Cr₈₈C₁₂ and Fe₈₈P₁₂ 

alloys has established that the most probable form of clusters in coatings based on metals with a body-centered 

cubic structure is the cuboctahedron. It was revealed that the shape and size distribution of Cr₈₈C₁₂ and Fe₈₈P₁₂ 

clusters within the surface structures are influenced by the deposition conditions, which ultimately determine 

the morphology of the resulting coatings. It was also determined that during the deposition process, the vector 

growth of clusters predominantly occurs in the radial direction, leading to the formation of ellipsoidal 

microstructures. Understanding the mechanisms of cluster formation opens up new opportunities for the 

development of advanced materials with enhanced performance and unique properties, which can be 

effectively utilized across various industrial sectors. 
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