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The property of independence for Jonsson sets

of some existential formula, secondly, the closing of the set gives us the basic set of
closed submodel of the semantic model. Besides, there is developed a technique o

article we will give the notion of forking for fragment of fixing Jonsson t
will be the «Mfree» ones. Also we considered for the notion of independence
monotonicity, transitivity, finite basis and symmetry.
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Our research interests are connected with the description
speaking, incomplete classes of theories that make a sulfelas
studied both in algebra and in the theory of models.

As well, we are always dealing with two objects;

This allows us to assume that it
fragment which will Jonsson theory.
universal existential consequence

On the other hand, for a

in some special enrichments can always be achieved firstly Jonsson and
erations such as skulemization and morlization. In both cases, the class
of existentially closed models re Jonsson theories coincides with the class of models of initial theories.
Morlization and sk action is applied to the theory under consideration.
This article is invi e idea of considering a new approach to a a subset of some model, which allows
aspect, and secondly to try to transfer many of the ideas out of technique the of
son fragments, which in itself generalizes the considered problems.

ject, we consider only perfect Jonsson theory, complete of existential sentences.
roject, we consider only classes existentially closed models of the theories.
cas the structure, it is assumed that the model of some signature.
turally, when we speak of arbitrary signature (language) without the theory, item 1) of the above
arrangements is not important.

Let T is Jonsson perfect theory of complete of existential sentences in the language L. We fix its semantic
model C, saturated in a very high power x (in particular x is much greater than the power of language). We
agree that in the future all the considered models M, N, ... of theory T will be existentially closed substructures
high model C power less than . All considered subsets A, B, C, ... will be subsets of C' power less than k.

Note one more useful fact, if f is the automorphism of structure C, leaving in place all the elements of the
set A, f € Aut4(C), then f it obviously transfer to itself each A is definability subset and therefore transforms
to itself and all complete types over A, due to saturation of the semantic model C. Conversely, if ¢,d € C™ then
tp(¢/A) = tp(d/A) if and only if there exists f € Aut4(C) such that f(¢) = d.
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The property of independence ...

The saturated model complete n-types over A exactly correspond to orbits n elements under automorphisms
fixing A element by element. Since the theory is complete for the existential sentences of language L, it is true
for existential types.

Let L is a language, which from that moment supposed countable. Next, let T" is Jonsson perfect theory of
complete of existential sentences in the language L and its semantic model C. There remains an agreement sets
and model of theory T are strictly less power than C.

Let A C C. We fix some n > 1 and consider the family Def}; of all A — definable subsets power o

C' the obvious sense).

The following approach to the definition of a relational structure of some signature, is w
to consider only the predicate signatures. For example, in the case of moralization.

Let’s start with a definition of the relational structure of the signature of a Jonsson the ing family
of definable subsets of the structure, we follow the terminology and notation of [2, 1], all definitions
are given for complete theories, we will to work with Jonsson theories and their positi

The relational structure M = (M, (B;);cs) consists of a (non-empty) set
and each B; is a subset of some M"™,n; > 1. Add an additional condition th sets B,'is the diagonal
of the set M.

All B; are called atomic subsets M.

Let M = (M, (B;)ic1) — relational structure. We introduce the concept
structures M, denoted Def(M). It is the least of the family suds

For each i € I the inclusion B; € Def(M).

The set Def(M) is closed relatively to finite Boolean co
€ Def(M) C M" follow that AUB € Def( ) AﬂB €

family of definable subsets of
M™ with the following properties.

n>1

s, 1.e. of inclusions A, B C M", A, B €
M"™\ A € Def(M). The set Def(M)
M) follow that A x B € Def(M). The
M™t™ A€ Def(M) m,(A) € Def(M), m,
ef(M) is closed relatively to specialization, i.e.
M*(m,b) € A} € Def(M). The set Def(M) is
Def(M), o — a permutation of the set 1,...,n then
'We now say that S C M™ is the atomic subset if

set Def(M) is closed relatively to the projection, 4
the projection of the set A on M™, m,(A) € Def (M
if A€ Def(M), AC M"* and m € M™ the
closed relatively to permutation of coordinate§,
O’(A) = {(ag(l), ...,ag(n)) | (al, ...,an) €A

S = {(afiy.. M™ | M E ¢(at,...;an,b1, ..., bm) }

for some atomic formula (1, ... ey Tppm) and some b € M™. We say that a subset S defined with
parameters b or defined aboy,

We now say that D C nable subset L-structure of M, where there are b € M™ (here b may be

empty) and a formula ., n+1s s Tntm ) such that
{(a1y..yan) € M" | M E w(ay,...,an,b1,....0m) }.

IfbC B, t we Say that D is definable with the parameters of B (or above B) or that D is defined

formula meters of B. Clearly definable sets in this sense — not that other, as Def(M) a relational
st e A})icr), which A; taken as a whole all nuclear definable set.
fa efi is a Boolean algebra with relative to the usual operations of intersection, union and

ent. Full n-type over A the same ultrafilter in this Boolean algebra. The space above the full n-types,

denoted S,,(A) is the Stone space corresponding to the Boolean algebra Def%. We introduce in S, (A4) the
(normal) topology in which the open base of the set (¢(Z,a)) = {p € S,(A4) | ¢(T,a) € p}.

We say that the set X — Y-defined, if it is definitely some existential formula.

a) The set X is called Jonsson in the theory T if it satisfies the following properties:

X is a — ¥ definability subset of C;

dcl(X) is the universe of some existentially-closed submodels of C;

b) The set X is called algebraic Jonsson in the theory T, if it satisfies the following properties:

X is a — definability subset of C;

acl(X) is the universe some existentially-closed submodels of C.

Cepusi «Maremaruka». Ne 4(84)/2016 53



A R. Yeshkeev

We consider countable language L and Jonsson perfect theory of complete of existential sentences in language
L and their semantic models C, in this language and other models (classes existentially closed models of the
theories).

If M is model theory of T" and ¢ — a formula language L, then we will use the following notation:

p(M) ={m e M" | M |= p(m)}.

The set S will call 0—definability if it ¢-definability (definable without parameters).

The set of all complete types over A the denoted by S(A), i.e. S(A) =,,>; Sn(A).

Saturated models of Jonsson theory (s — saturation models power k) are uniquely det
power. But they can not exist without a certain set-theoretic assumptions, such as the gen
hypothesis. On the other hand, there are different ways to avoid set-theoretic problems of this s
assume stable or weaken the concept of the semantic model as in [2]. Therefore, we assume
all the issues of the existence of the semantic model.

Further, it is convenient to work within the semantic model C' of Jonsson theory, cont g all others.

and performed on some element of M. Formula parameters in the futu
= le) if C E ¢(o).
Lemma 1. Definable set of D is definable over set A, if and only if it is invari
of the model C, leaving in place each element of A. (Let’s call th
It follows that the definable closure dcl(A) of the set A, e.a. the
coincides with the set of elements that are invariant relatively to
The element b contained in the finite A is definability set, braic over A. It follows that the element
b algebraic over A if and only if it has only a finite numbeyof adjoint over A.
The set acl(A) consisting of all elements algebraic ill be called the algebraic closure of the set A.
Forking. We give an axiomatic reference forkin
Let M 3 — saturated existentially closed mode
saturation means the saturation relative to exi
of all I-types (not necessarily complete), le
axiom:
Axiom 1. 1f (p,A) € JNF, f: A
Aziom 2. 1f (p,A) € JNF,qC p |
Aziom 8. If ACBCC,pe€
Aziom 4. If A C B,dom
Aziom 5. There is a car
[ {g € 87(C) i p C q ang
Axiom 6. There is

phisms over A).

k enough big cardinal) of Jonsson theory T' ( 3 —
s). Let A — the class of all subsets M, P — the class
a binary relation. We impose JN F' the following

—@utomorphism M, then (f(p), f(4)) € JNF.
n (¢,A) € JNF.
n (p,A) € JNF &< (p,B) € JNF and (p |~ B,A) € JNF.

ch that if ACBCC, pe SY(C), (p,A) € JNF then
: F}|< k.
mal p such that if Vp e P,VA € A, if (p,A) € JNF, then JA; C A,

{o(Z,a;) : i < k} are called k — inconsistent for some positive integer k, if every finite
k is inconsistent, ie. = T (o(T, az; A ... Ap(T,a5,)) for each i1 < ... <ip <k .

a/A) =tp(a;/A) for all i;

3) ¢{(z,a) : i € w}, k — not jointly.

It is also p divided over A if p divided over A relative to some k. In addition, p fork over A to T, if there
are formulas ¢1(T,ag), ..., dn (T, @) such that:

() p E Vocicn #i(T: )5

(ii) ¢:(Z,a;) divided over A for any i.

The following result makes it possible to use all features of forking for complete theories in the class above
in this report Jonsson theories.
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Theorem 1. Let T perfect Jonsson theory of complete for 3 — sentences. Then the following conditions are
equivalent:

e the relation JNF satisfies the axioms 1-7 relative to the theory T

e T stable and for allp e P, A€ A ((p,A) € JNF < p not fork over A).

Let T is Jonsson theory, S7(X) is the set of all full n-types over X, joint with T, for all finite n.

We say that Jonsson theory T'is J — A - stable, if for any T' existentially closed of model A, for any subset
A of the set A, |X| > X =|S7(X) <A

Theorem 2. Let T — complete for existential sentences is perfect Jonsson theory, A > w . Then the following
conditions are equivalent:

T — J — A-stably;

T — J — A-stably, where T™ is center of theory T'.

Definition 1. Suppose that ACB, p € S,,(A), g € S,(B), and pCq. If RM(q) < RM(p), ay that q is a
forking extension of p and that q forks over A. If RM(q) = RM(p), we say that q is a nonforki nsion of p.

Our first goal is to show that nonforking extensions exist.

Theorem 3. (Existence of nonforking extensions) Suppose that p € S,,(A) and ACB.

i) There is ¢ € S,,(B) a nonforking extension of p.

ii) There are at most degas(p) nonforking extensions of p in S, (B)
model with ACM, there are exactly degps(p) nonforking extensions of p,in
q € Sn(B), a nonforking extension of p with degp(p) = degar(q). In parti
unique nonforking extension in S, (B).

Independence. The nonforking extensions will be the «free» ?&s

Forking as in Theorem 1 can be used to give a notion of indepe

Definition 2. We say that @ is independent from B over A if
alasB.

This notion of independence has many desirable prop

Lemma 2 (Monotonicity). If aa 1 4 B and CCB,

Lemma 8 (Transitivity). a @ 14 b, € if and only if

o — saturated
here is at most one
degnr(p)=1, then p has a

e in J — w-stable theories.
es not fork over A U B. We write a

Lemma 5 (Symmetry). If a@ 1 4 b, then b
Corollary 1. @,b L4 C if and only if @ L4 \
Symmetry also gives an easy proof t no orks when it is extended to the algebraic closure.
Corollary 2. For any a,a L 4 acl(A
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A .P. Emmkeen

OHCOHBIK, >KUbIHAAP YIIIiH TOYeJICI3IiK KacueTi

Makasaza »Kyprisiiren 3eprreysiep MHIYKTUBTI TEOPUSHBIH, iIIKi KJIachl OOJIATHIH, YKAJIbI affTKAHIA, TO-

IK €MeC KJIACTap TEOPHUSICBIHBIH MOJIEJIb/Ii-TEOPETUKAJIBIK, KACHETTEPIH CHAMATTayMeH OailjIaHBICTBI. Byt
Teopusiiap aarebpaja KoHE MOJEbIEp TEOPUsICHIHIA Ja KEeHIHeH KapacTwIpburrad. MyHmait Teopusiiap
HOHCOHIBIK men arasanbl. OCbl TEOPHUsIAPIBL 3epTITEy VINIH KAHA OIiC-Tociamep eHrisinren. VIOHCOHIBIK
TEOPUSIHBIH, CEMaHTHUKAJBIK MOJIEJIbIEP YKUBIHBIH/IA AWPBIKIIA KUBIHAAD KApacThIPbLIIbI, OJiap, OipiHIiri-
JIeH, KeHOIp 9K3UCTEHITHAIBIK, (DOPMYJIATIAPIBI YKYy3€ere acbly OOJIBIN TaOBLIAIBI, eKIHITIIEH, KUBIHIAD/IBIH,
TYHABIKTAJIYbl 0i3re CeMaHTHUKAJIBIK, MOJIE/IbIIH SK3UCTEHIIMAJIbI TYWBIKTAIYBIHBIH, iIITKi MOJIEJHIH Herisri
KUBIHBIH O6epesii. COHbIMEH KATap OPTaJIbIK OPOUTAJIBIK, TUIITEP/Il 36pTTey VIIiH TeXHUKa JaMuIbl. Kemen
MOHCOH/IBIK, TEOPUSIIAD MOJEb/Ii-TEOPETUKAIBIK, 3ePTTEY VIIMH KOJAWIbl eKeHi yKakchl Oesrim. [IpakTn-
Ka XKY3iHIe KeMeJIIJIIK KarIaiblHIa CEMAHTUKAJIBIK TOCLT KOMEriMeH »KOrapblga afiThLIFaH HbICAHIaP/IbIH
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aHBIKTAMAJIAPBIH Oepe ajaMbl3. SIFHM, olap HOHCOHIBIK TEOPUSIIAP YKOHE OHBIH IK3UCTEHITHOHAJIIBI-TYHBIK
MOJENb/Iep KJachl. Bi3aiH FHIIBIMU KBI3BIFYIIBIIBIFBIMBI3, XKAINbI AlTKAHA, WHIYKTUBTI TEOPUSIAP/IbIH
imki KyracTapbl 0OJIATBIH TEOPUSIIAP/ABIH TOJIBIK €MeC KJIacTapblH KeHbip MOJIeJIb/[i-TeOPEeTUKAJIBIK, KACHeT-
TepMeH CUIaTTayFa OaIaHbICThI. ByJT Teopusiiap anarebpajia KoHe MOJEbIEp TEOPUSICHIHIA KEHIHEH 3ePT-
Tenai. Makamaga HOHCOHIBIK, TEOPUSHBIH (DPArMEHT] VIITiH (DOPKUHT YFBIMBIH KeaTipai. Popkunr 6oamaca,
OoHJIa KeHelTysiep 60c 6osaapl. CoHbIMEH KaTap 6i3 TOyeJICI3MiK YFBIMBI YVIIiH TPAH3UTUBTLIIK, MOHOTOHIbI-
JIBIK, Y3UIICCI3/iK YKOHE CHUMMETPHSI CUSIKTBI KOIITEreH MaHbI3/Ibl KACUEeTTEPIl KapaCThIPIBIK.

A .P. Emmkeen

CBoiiCcTBO HE3aBHMCHUMOCTH JIJIsI TOHCOHOBCKNX MHOXKE

WccnenoBanusi, TpoBeeHHBIE B CTAThE, CBS3aHBI C OMMCAHUEM TEOPETUKO-MOJETBHBIX CBO
BOODII[E TOBOPsI, HEIOJHBIX KJIACCOB TEOPHUil, KOTOPBIE SIBJISAIOTCS IIOJIKJIACCOM HH/T
TEOPHH, XOPOIIO M3ydaeMble U B ajarebpe, U B TEOPUU MOJEJIEH, HA3BIBAIOT,

CKOI MOJIesI IOHCOHOBCKON TEOPHU BBIJIEIAIOTCA 0COObIe MHOXKECTBA, , BO-IIEPBBIX, pe-
AIM3AIUSIME HEKOTOPOH 9K3NCTEHIUAJILHON (POPMYJIbI, BO-BTOPBIX, 3aMbl HOXKECTB JaeT HaM
OCHOBHO€ MHOKECTBO HEKOTOPOH 3K3UCTEHINATIBLHO 3aMKHYTOH EO,I[MO,I[GJ’II/I

MHMO 3TOIO Pa3BUBAETCA TEeXHHUKa JJIA U3y4eHUd IeHTPaJIbHBL TAJIbHBIX PUIOB. XOPOIIO U3BECTHO,
9TO COBEPIIEHHbIE HOHCOHOBCKUE TEOPUM JTOCTATOYHO YAOOHBI JJTsT E€THKO-MOJIEJIBHBIX MCCJIEJIOBAHUM.
IIpakTuyeckn, B Caydae COBEPITEHHOCTH, MBI MOYKEM YTBEDIK

bukcupyeMoit #1OHCOHOBCKOI T€OpUHM W HE3aBUCUMOCTH,
TPaH3UTUBHOCTb, MOHOTOHHOCTb, HEIIPEPBIBHOCTh T
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