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Abstract—1In this paper we estimate the order of approximation of S. M. Nikol’skii and O. V. Besov
classes in the norm of the anisotropic Lorentz space. We also obtain bounds for ortho-, ershof
these classes.
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with real coordinates and
= (1, ), 1 < g5 <

Let R™ be an m-dimensional Euclidean space of points = (21, ..
let I™ =[0,2m)™ be the m-dimensional unit cube. Let ¢ =
+00,1 < 0; < +4o00,j =1,...,m, be given.

*

. 7Qm)a

Denote by LZQ(I’”) the anisotropic Lorentz space of
f(x), for which the value

2T Om _ ZT g:i:'zl 971n.
’ 0

is finite, where f*L*m(ty ... t,,)isa utation of the function | f(z)| with respect to
each variable x; with fixed other varlaKﬁr? respect to z1, then with respect to xo, etc.) ([1, 2]).

For1 < p < +o0 denote by L,

measurable 2r-periodic functions

besgue space with the norm

2w

|f(z)|Pdxy ... d$m] s +00;
0

let Lo (I™) be the sp ly bounded Lebesgue measurable functions with the norm ([3], P. 12)

[flloc = sup vrailf(z)].
rel™

Let us ndiunctions f € Ly (I™) such that

2w
fx)dz; =0 Vj=1,...,m,
0

1 e Fourier series

Fa)~ 3 an(f)ei,
nezm
where a,,(f) are the Fourier coefficients with respect to the multiple trigonometric system {¢*™#} and
={k=(ki,....kn) €Z™:k; #0,j=1,...,m}.
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22 AKISHEV

Denote by

Q(f, ), ,=0(f,t1,....t = su Al flI”
(f )po (f m)p,a OSth;tj ” thp,e
Jj=1,...m

the mixed module of smoothness of the function f € L; G(Im), where

AL (@) = AL (A f(, e Tm))
is the mixed difference of the function f.
Further we use the following denotations:
Ss(fa) = 3 an(feltme,

nep(s)
where (y,z) = Y y;x;,
=1
p(s) = (k= (ks o) €27 2970 < iy < 25 1.
Let vectors » = (r1,...,7m), I = (I1,..., L), and natural number W=0,j=1,...,m, be

given. Consider the class of S. M. Nikol’skii H;e that consistjf Il functions f € L; Q(Im) such that

m
I
Ql(fa t)p’g S H tjja 3
j=1

The numerical sequence {ay, }nezm € I, has the

rm

1
[ee} gi Pm—1 pm
Hadoerall, =1 S |m] ‘i
Nm=— S
y J

where p = (p1,...,pm), 1 <p; <
[4, 5]) has the form

B;,@,T = {f

1,2,...,m. The class of O. V. Besov (by analogy with

e, = 151+ 2718 () 1 Y, < 1

Note that in the @ #7...p) instead of L* (I™), H'  and BY _we wiite L* (I™), H'
ive

-s%m),v; > 0 be given. Put

@ Q= U s
(s,7)<n

x) = 3 a,(f)e’®® is a partial sum of the Fourier series of the function f.
keQy
Denote by C(«, 3, . .. ) positive values that depend on parameters written in parenthesis. In general,
these values are different in different formulas.
For brevity, we use the notation A =< B which means that positive constants ¢; and ¢y exist such that
ClA < B < CQA.
In this paper, we estimate the ortho-diameters of functional classes in the Lorentz spaces with an

anisotropic metric. The notion of the ortho-diameter of classes was introduced by V. N. Temlyakov
[6]. He also obtained estimates for ortho-diameters of classes of S. L. Sobolev and S. M. Nikol’skii in
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THE ORTHO-DIAMETERS OF NIKOL'SKII AND BESOV CLASSES 23

Lebesgue spaces [6, 7]. This research was later developed in papers of Din’ Zung [8], E. M. Galeev [9],
and N. N. Pustovoitov[10].

Recall the definition of the ortho-diameter. Let a set F' C L; P be given. We understand the ortho-

diameter of the set I as the value
M

- Z<f7 uj>uj

Jj=1

*

dqy (F, L; p) = inf sup
’ fer

)

p,0

where inf is taken with respect to all orthonormalized systems {uj}j]‘/il of bounded functio
V. N. Temlyakov [6, 7] also considered the following value related to the ortho-diameter:

d8(F.L* )=  inf —Gf|* ..
ML ) A - If=GIl7

ontdins all
L;ye(lm);

Here B > 1, LM(B)M is the set of linear operators G such that their domain J
trigonometric polynomials and the set of values has the dimension M and belongs

—
7

in addition, for all k = (k1, ..., ky) € Z™ the inequality

IGe' ™), < B

is fulfilled. The operators of orthogonal projection on a subspace of dimen M belong to Lz (1). The
definitions of d? and d* imply the inequality j

dy(F. LY ) < dyy(F. L

H = {feLp(Im):Ql %
V. N. Temlyakov proved the following the rO

TheoremA. Let1 <p < q< 400,14 = =7, <7Tpp1 < -+ < 1y Then the following correlation
takes place:

In [7] for the class

—
=

N M—(Tl‘f'(l]—,l,)(log M)(V—l)(rl"‘g—zl,).

this theorem for the Lorentz spaces with an anisotropic metric.

Theorem 1. Letgl < <400, 1 <8< +4o0, j=1,....mqa==q < @1 < < g
= =T, T W< - < T rl(;j—qu)<rj(pll—qll),jzl/—i-l,...,m. Then the following
correlatio lace:

1 1 v 1
dﬁ (H;’e, L;e) - M—(T1+q11 _pll ) (10g M)(V_l)(rl"‘ql _Pl )+Zj:2 9]. .

e need the following assertions in order to prove the main results of this paper.

Theorem B ([11]). Let 1 <p; < gqj < +o0, 1 <0; <+4o00, j=1,....,m; p11 _q11 <rp=---=r,<
Tyl < oo <,y = :i Vj:l,...,m;plj —qu :pl1 _q11 Vj:l,...,l/;rl(plj —qu) <rj(pl1 —qll),
j=v+1,....,m. Then the following correlation takes place:

v 1
2322 9]» .

_ 1 _ 1
Sup Hf - S;Z(f)HZ,Q S C(p’ q’m’ 9)2 n(T1+q1 pl)n
fEH;,e
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24 AKISHEV

Theorem C ([12]). Let 0=01,....0m), T=(T1,- s Tm), P=(P1,---sPm)>, = (q1,---,qm), 7=
(1, Tm), fyjz:i, j=1,...,m, and 1 <0;,7; <400, 1 <p; < q; <400, I — 1] <rj j=

p;  q
Looom rp=-r=r <rgp S ST, 1711 o q11 - plu o qlu’ Tl(plj n qu) <rj(p11 _q11)’ j=
v+1,...,m. Then the following estimate is true:
sup Hf - S?Z(f)”Z@ S C(paqaear)
feBr ’
p,0,T
_n(T1+q11_P11) j§2<01j_7—1j)
2 , 0; <75, 7
7n(r1+ 1_1 )
x {2 e <0, j=1,...
27"(r1+q11 _Pll)nj:%:+1(911'_'rlj> 7; < 9]‘ < +00
L ¢9j <7; < +00, ]
Lemma 1 ([13]) Let p1=---=p, >pp1 > 2pm>1, 1 SHJ <
Then the Dirichlet kernel Dg, (z) = Y. e'®2) satisfies the ineq

keQn

1Dq, Il < O(p,e,m)zpaﬁ

Lemma 2 (ibid). Let 1 <p; < oo, 1 <0; < o0, 0’ oomandpy = =p, < ppp1 <
-+« < pm. Then any trigonometric polynomial in the
tn(z) =
satisfies the inequality 0
.S
|t L0,m)[tn]],, g271 ="
,1 <7 <400,j=1,...,m, Xq, bethecharacteristic Junction

the following correlation takes place:

Lemma3 ([12]). Let T = (Tigmp.- ,
of the set o, = {s: (s,1) @

£

O [{Xon ()} seo |, = Cl)=2 7

This lemma roved in [12] by the method of mathematical induction with respect to the dimen-
sion m.

f 1. Choose a natural number n € N so that M =< 2"n¥~ 1,
glaccordance with the definition of the ortho-diameter and Theorem B we have

1 1 v 1
(L2 ) < sup [ = SU(F)ll,p < Clong,0,m)2 "= ndp =20, (1)
feH”
p,0

Since M = 2"n¥~1 we obtain
2—n(r1+ q11 _ pll )n ;:2 01]_ - M—(rl+ qll _pl1 ) (log M)(I/—l)("‘1+ ‘111 _ p11 )+E;{:2 91]» . (2)
Therefore from (1) we get the upper bound for the value dﬁ(H}’; 9 L; 9) in Theorem 1.
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THE ORTHO-DIAMETERS OF NIKOLSKII AND BESOV CLASSES 25

Let us prove the lower bound. Sincer; =--- =7, <r,41 < -+ <1, we have H'™ C HTG. Hence

d]\L/[(H;ﬂ, L;,e) > dﬁ(H;:’;, L;ﬁ). Therefore, it suffices to prove the lower bound for r; =
To this end, let us estimate from below the value d§,(H" , L* ).

=Ty =T

Let an operator G € Ly (B), 4 be given. Consider the operator A = (Sp—1 — Sp—2). Then A €
L(B), - Choose a natural number n so as to meet the correlations

C(m)|Qul > 2B(M|Qu])?,  |Qul = M.
Due to the boundedness of the partial sum operator in the space L* ( (2D VfeT(
1F = AFIEy = 1(Suos = Su2)(F = Gy < I = G,

Set ([7], P. 82)

m
B,(x) = D2 [ D, (),
j=1
pe — 429297 s > 2
I 1, sj=1,
where ®;(t) is the Fejér kernel of the order [ — 1, <I>% (t)=13.
Consider the function
ple) =
where o,, = {s : (s,1) =n} and theset Q,, = U en

m S5
=279 3" []2%.

s€on j=1

j =1,...,v, then, taking into account the inequality

250‘ >2% € (—00,+00),

we obtain
m 1
27) = > X > [z
Segn j Sm<n sm—1<n—sm  sy<n—YTlgs; si=n—y 7L,s; j=1
m 1 1 m
S JL2nen )
sm<n Sm— 1<n Sm sa<n—) 7lgs; J=2
- T oL s5(6-1) Ln oy
m)2 P Z Z Z H2P1 P> C(pym)2e Tt
Sm<N Sm_1<n—Sm sa<n—)_ Tlgs; J=2
Hence,
''n v—1
¢(0) > Ci(p,m)2m " n""7, (4)
lfplzzpu
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26 AKISHEV

Let {1, ()} ., be an orthonormal basis in A and

M
B = al(x)
v=1

Then
M >
(ltr) <5,
v=1
By assumption of theorem, plj — qu < p11 — qll, @1 <gqj,j=v+1,...,m. Therefore, 0 L 0
pll — plj, ie,p1 <pj,j=v+1,...,m Taking into account this inequality, in view of | ad.lin]
we have
M >
min Ao ) < (MY Y labpol)
v=1reqQn
>
[BQM AL |2] < B[BZM D 1)
kEQn k€op
Therefore,
min A(p(z — y)) < Ca(p,m -] (5)
withpy = =py,p1 <pj,j=v+1,...,m. Formul mply that
(0) —min A(p(z —y)) = Ci(p, )2”1 n” ik

y=x

M 2 1, u_1
— Cy(p,m any_1> ]21’1 n’" . (6)

Choose a natural number n so that

M\
4 ,m)B (anu—l) > Cg(p,m) > 0.

Then from (6) we obtain
(0) = min A(p(x — y)) > Ca(p.m)221 0"~ (7)
y=x
withpy =--- &p, i) =v+1,...,m. Since([7], P. 83)

@ Sup [p(z —y) — Alp(@ = y))lloo > ¢(0) — I;lzigA(w(w - ),

sup [lo(z — y) — A(p(x — y))|loo = C3(p,m)271 0" ",
Y

Therefore, y* exists such that

lo(z —y*) = Alp(z = y*)lloo = C3(p,m)271 0"~ (8)
with py =---=p, <pj, g =v+1,...,m. Due to the inequality of different metrics (see Lemma 2)
formula (8) gives

v 1
Z]:Z 9]»

lo(@ = y*) = Alp(x =y, > Cla,p,m, 0)271 " (9)
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THE ORTHO-DIAMETERS OF NIKOLSKII AND BESOV CLASSES 27

withpy =---=p, <pj,j=v+1L....ma==q¢ <@y < < gn
Let us now consider the function

g(w) = C27"p(z — y*).

Due to the bound for the norm of the one-dimensional Fejér kernel ([14, 15]) we have
* —nr " s;(1— 1.) - * —nr
||6S(g)‘|p’9 = 2 H2 J Pj H ||¢25J72($J)||pj,9‘7 S C(p’e’m)Q . 10)
- o

Consequently, the function Cyg € H;e. Now from (3) and (9) we get

sup If =Gfll g = llg =Gyl 4 = llg — Agll;
feHd pe
— ' P 1.
— 27|l p(x — y*) — Alp(x — y*)) g > Clp,0,m)2 """ 205,
Since

B * 1 *
dM(H;’gﬂ Lqﬂ) < dM(H;’ga Lq’g)a

taking into account (2), from the previous inequality we obtain

v—1)(r 1_
C(p797m)M_(T1+q11_pll)(log M)( 1)( 1+ g

Theorem 2. [et 1 <p<qg<+o00, 1 <O; <715 <+00, j = - <
rm. Then the following correlation takes place:

X r (v s )

dL(BpeTLy)vM(” »)(log a
Proof. Choose a natural number n € N so that v~1. In accordance with the definition of the
ortho-diameter and Theorem C with p; = - -, 1=+ =¢qn = qwe have
dir(By . Lyg) < sup @S P, 0,m)2 "= ) ()
P feBT

p,0,T

Since n =< log M, we obtain
1 1 v 1 1
n(7‘1+q » Tl -~ M~ 7‘1+ lOgM)(V_l)(rl+q_p)+zj:2(9j_Tj).
Therefore formula ( per estimate
1) (411 v 11
dy, (B;Q ) (p,q,m,r,7,0) M~ (ritg— p)(logM)( et ”HZF"’(% Tj).
Let us prove t estimate. Since by assumption of the theoremry = -+ =7, <r 41 < -+ <71,
we have Bl " . Hence
p,0
1 's * iR (Tm7 7m) *
d (BpaT Lq’)>d (B ppy ’Lq,e)' (12)
ore, it suffices to prove the lower estimate forr; = -+ =r,, = r,ie,v; = L.
nsider the function

gola) =n T Aoy

where the function ¢ is defined in the proof of Theorem 1.

Then (see (10))

8c(g0)ll; ) < Cp. b,m)n =72 Hw.

RUSSIAN MATHEMATICS (IZ.VUZ) Vol.53 No.2 2009



28 AKISHEV

Therefore, by applying Lemma 3 we obtain

I fjllzsﬂ""nas(go)Hp}

Hence, Cigp € B;9 _- Further, taking into account inequality (9), from (3) we obtain

sup |[f = GfI? 5 = llg0 — Ggoll; 5 = llgo — Agoll}
feB;,e’T b b b
_ym 1 1
—n O o — ) — Alp(e —
! J 2(9 T1+ —

< C(p,qmm,ﬂ)n_ZJ 7 [[{Xon () }seo, I, < Cp,a,7,m,0).
lT

seLT

> C(p,q,r,m,0)n Rt g,

m
Sincem —v — le > 0, from the previous estimate and (12) we obtain
j=v+1
* Zl/ ( ) ol L
dJ_( PGTLqG) C(p,(],?”m@) J=2%6; 7’9 (r )

=1y, <7Typ1 <--- <
.,m. Then the following

Theorem 3. Let1<p3<q3<—|—oo,1§9j<7'j<+oo,j:1,...,
11 11 _ (1 1 g1 1y s
Tmip T =g~ Y=Ly, = ) <y, 5’]_V+

inequality takes place:
* —(r+ )= (v— . (g = 1)
dar(Bl g+ Lyg) <M 1% a7 (log M) S A

]ijSHj,jzl,...,m,then

(B, 1) < - Nog ) D)
Butiftj <05, j=1,...,1<v,0; <71}, , then
dy (B, L) < Cp.q,0 n)(log M)V T TRl =)
D, ? b 8 *
The proof of this assertion fo m Theorem C.

Remark. Note that in Th upper estimate for the value dﬁ(H;e, L; 0) is true without the
assumption ¢; = < qu+ - < ¢pm,. This fact follows from Theorem B.
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