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Let R
m be an m-dimensional Euclidean space of points x = (x1, . . . , xm) with real coordinates and

let Im = [0, 2π)m be the m-dimensional unit cube. Let q = (q1, . . . , qm), θ = (θ1, . . . , θm), 1 ≤ qj <
+∞, 1 ≤ θj < +∞, j = 1, . . . ,m, be given.

Denote by L∗
q,θ

(Im) the anisotropic Lorentz space of Lebesgue measurable 2π-periodic functions

f(x), for which the value

‖f‖∗
q,θ

=

[∫ 2π

0
t

θm
qm

−1
m

[
· · ·

[∫ 2π

0

(
f∗1,...,∗m(t1, . . . , tm)

)θ1t
θ1
q1

−1

1 dt1

] θ2
θ1 · · ·

] θm
θm−1

dtm

] 1
θm

is finite, where f∗1,...,∗m(t1, . . . , tm) is a nonincreasing permutation of the function |f(x)| with respect to
each variable xj with fixed other variables (first with respect to x1, then with respect to x2, etc.) ([1, 2]).

For 1 ≤ p < +∞ denote by Lp(Im) the Lebesgue space with the norm

‖f‖p =
[ ∫ 2π

0
· · ·

∫ 2π

0
|f(x)|pdx1 . . . dxm

] 1
p

< +∞;

let L∞(Im) be the space of essentially bounded Lebesgue measurable functions with the norm ([3], P. 12)

‖f‖∞ = sup
x∈Im

vrai|f(x)|.

Let us expand functions f ∈ L1(Im) such that∫ 2π

0
f(x)dxj = 0 ∀j = 1, . . . ,m,

in the Fourier series

f(x) ∼
∑

n∈
◦
Zm

an(f)ei〈n,x〉,

where an(f) are the Fourier coefficients with respect to the multiple trigonometric system {ei〈n,x〉} and
◦
Z

m = {k = (k1, . . . , km) ∈ Z
m : kj �= 0, j = 1, . . . ,m}.
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22 AKISHEV

Denote by

Ωl(f, t)p,θ ≡ Ωl(f, t1, . . . , tm)p,θ = sup
0≤hj≤tj
j=1,...,m

∥∥Δl
h
f
∥∥∗

p,θ

the mixed module of smoothness of the function f ∈ L∗
p,θ

(Im), where

Δl
h
f(x) = Δl1

h1
(. . . Δlm

hm
f(x1, . . . , xm))

is the mixed difference of the function f .
Further we use the following denotations:

δs(f, x) =
∑

n∈ρ(s)

an(f)ei〈n,x〉,

where 〈y, x〉 =
m∑

j=1
yjxj ,

ρ(s) = {k = (k1, . . . , km) ∈ Z
m : 2sj−1 ≤ |kj | < 2sj , j = 1, . . . ,m}.

Let vectors r = (r1, . . . , rm), l = (l1, . . . , lm), and natural numbers lj > rj > 0, j = 1, . . . ,m, be
given. Consider the class of S. M. Nikol’skii Hr

p,θ
that consists of all functions f ∈ L∗

p,θ
(Im) such that

Ωl(f, t)p,θ ≤
m∏

j=1

t
rj

j , t ∈ [0, 1]m.

The numerical sequence {an}n∈Zm ∈ lp has the norm

‖{an}n∈Zm‖lp =

⎧⎪⎨
⎪⎩

∞∑
nm=−∞

⎡
⎣. . .

[ ∞∑
n1=−∞

|an|p1

] p2
p1

. . .

⎤
⎦

pm
pm−1

⎫⎪⎬
⎪⎭

1
pm

< +∞,

where p = (p1, . . . , pm), 1 ≤ pj < +∞, j = 1, 2, . . . ,m. The class of O. V. Besov (by analogy with
[4, 5]) has the form

Br
p,θ,τ

=
{
f ∈ L∗

p,θ
(Im) : ‖f‖Br

p,θ,τ
= ‖f‖∗

p,θ
+ ‖{2〈s,r〉‖δs (f) ‖∗

p,θ
}‖lτ ≤ 1

}
.

Note that in the case p = (p, . . . , p) instead of L∗
p,θ

(Im), Hr
p,θ

, and Br
p,θ,τ

we write L∗
p,θ

(Im), Hr
p,θ

,

and Br
p,θ,τ

, respectively.

Let a vector γ = (γ1, . . . , γm), γj > 0 be given. Put

Qγ
n =

⋃
〈s,γ〉<n

ρ(s);

Sγ
n(f, x) =

∑
k∈Qγ

n

ak(f)ei〈k,x〉 is a partial sum of the Fourier series of the function f .

Denote by C(α, β, . . . ) positive values that depend on parameters written in parenthesis. In general,
these values are different in different formulas.

For brevity, we use the notation A � B which means that positive constants c1 and c2 exist such that
c1A ≤ B ≤ c2A.

In this paper, we estimate the ortho-diameters of functional classes in the Lorentz spaces with an
anisotropic metric. The notion of the ortho-diameter of classes was introduced by V. N. Temlyakov
[6]. He also obtained estimates for ortho-diameters of classes of S. L. Sobolev and S. M. Nikol’skii in
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THE ORTHO-DIAMETERS OF NIKOL’SKII AND BESOV CLASSES 23

Lebesgue spaces [6, 7]. This research was later developed in papers of Din’ Zung [8], E. M. Galeev [9],
and N. N. Pustovoitov [10].

Recall the definition of the ortho-diameter. Let a set F ⊂ L∗
p,θ

be given. We understand the ortho-

diameter of the set F as the value

d⊥M (F,L∗
p,θ

) = inf sup
f∈F

∥∥∥∥f −
M∑

j=1

〈f, uj〉uj

∥∥∥∥
∗

p,θ

,

where inf is taken with respect to all orthonormalized systems {uj}M
j=1 of bounded functions.

V. N. Temlyakov [6, 7] also considered the following value related to the ortho-diameter:

dB
M (F,L∗

p,θ
) = inf

G⊂LM (B)p,θ

sup
f∈F

‖f − Gf‖∗
p,θ

.

Here B ≥ 1, LM(B)p,θ is the set of linear operators G such that their domain D(G) contains all
trigonometric polynomials and the set of values has the dimension M and belongs to the space L∗

p,θ
(Im);

in addition, for all k = (k1, . . . , km) ∈ Z
m the inequality

‖Gei〈k,x〉‖2 ≤ B

is fulfilled. The operators of orthogonal projection on a subspace of dimension M belong to LM(1)2. The
definitions of dB and d⊥ imply the inequality

dB
M (F,L∗

p,θ
) ≤ d⊥M (F,L∗

p,θ
).

In [7] for the class

Hr
p =

{
f ∈ Lp(Im) : Ωl(f, t)p ≤

m∏
j=1

t
rj

j , t ∈ [0, 1]m
}

V. N. Temlyakov proved the following theorem.

Theorem A. Let 1 ≤ p < q < +∞, r1 = · · · = rν < rν+1 ≤ · · · ≤ rm. Then the following correlation
takes place:

d⊥M (Hr
p , Lq) � M

−(r1+ 1
q
− 1

p
)(log M)(ν−1)(r1+ 2

q
− 1

p
)
.

Let us prove a generalization of this theorem for the Lorentz spaces with an anisotropic metric.

Theorem 1. Let 1 ≤ pj < qj < +∞, 1 ≤ θj < +∞, j = 1, . . . ,m; q1 = · · · = qν < qν+1 ≤ · · · ≤ qm;
r1 = · · · = rν < rν+1 ≤ · · · ≤ rm; r1( 1

pj
− 1

qj
) < rj( 1

p1
− 1

q1
), j = ν + 1, . . . ,m. Then the following

correlation takes place:

d⊥M (Hr
p,θ

, L∗
q,θ

) � M
−(r1+

1
q1

− 1
p1

)(log M)
(ν−1)(r1+ 1

q1
− 1

p1
)+

∑ν
j=2

1
θj .

We need the following assertions in order to prove the main results of this paper.

Theorem B ([11]). Let 1 ≤ pj < qj < +∞, 1 ≤ θj < +∞, j = 1, . . . ,m; 1
p1

− 1
q1

< r1 = · · · = rν <

rν+1 ≤ . . . ≤ rm, γj = rj

r1
∀j = 1, . . . ,m; 1

pj
− 1

qj
= 1

p1
− 1

q1
∀j = 1, . . . , ν; r1( 1

pj
− 1

qj
) < rj( 1

p1
− 1

q1
),

j = ν + 1, . . . ,m. Then the following correlation takes place:

sup
f∈Hr

p,θ

‖f − Sγ
n(f)‖∗

q,θ
≤ C(p, q,m, θ)2−n(r1+ 1

q1
− 1

p1
)
n
∑ν

j=2
1
θj .

RUSSIAN MATHEMATICS (IZ. VUZ) Vol. 53 No. 2 2009

Ре
по
зи
то
ри
й К
ар
ГУ



24 AKISHEV

Theorem C ([12]). Let θ = (θ1, . . . , θm), τ = (τ1, . . . , τm), p = (p1, . . . , pm), q = (q1, . . . , qm), r =
(r1, . . . , rm), γj = rj

r1
, j = 1, . . . ,m, and 1 ≤ θj, τj < +∞, 1 ≤ pj < qj < +∞, 1

pj
− 1

qj
< rj , j =

1, . . . ,m, r1 = · · · = rν < rν+1 ≤ · · · ≤ rm, 1
p1

− 1
q1

= · · · = 1
pν

− 1
qν

, r1( 1
pj

− 1
qj

) < rj( 1
p1

− 1
q1

), j =
ν + 1, . . . ,m. Then the following estimate is true:

sup
f∈Br

p,θ,τ

‖f − Sγ
n(f)‖∗

q,θ
≤ C (p, q, θ, r)

×

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

2
−n(r1+ 1

q1
− 1

p1
)
n

ν∑
j=2

(
1
θj

− 1
τj

)
, θj < τj, j = 1, . . . ,m;

2
−n(r1+ 1

q1
− 1

p1
)
, τj ≤ θj, j = 1, . . . ,m;

2
−n(r1+ 1

q1
− 1

p1
)
n

ν∑
j=l+1

(
1
θj

− 1
τj

)
,

τj ≤ θj < +∞, j = 1, . . . , l < ν,

θj < τj < +∞, j = l + 1, . . . ,m.

Lemma 1 ([13]). Let p1 = · · · = pν > pν+1 ≥ · · · ≥ pm ≥ 1, 1 ≤ θj < ∞, θ′j = θj

θj−1 , j = 1, . . . ,m.

Then the Dirichlet kernel DQn(x) =
∑

k∈Qn

ei〈k,x〉 satisfies the inequality

‖DQn‖p,θ ≤ C(p, θ,m)2
n
p1 n

ν∑
j=2

1
θj

.

Lemma 2 (ibid). Let 1 ≤ pj < ∞, 1 < θj ≤ ∞, θ′j = θj

θj−1 , j = 1, . . . ,m and p1 = · · · = pν < pν+1 ≤
· · · ≤ pm. Then any trigonometric polynomial in the form

tn(x) =
∑

k∈Qn

cke
i〈k,x〉

satisfies the inequality

‖tn‖∞ ≤ C(p, θ,m)‖tn‖p,θ2
n
p1 n

ν∑
j=2

1
θ′
j .

Lemma 3 ([12]). Let τ = (τ1, . . . , τm), 1 ≤ τj < +∞, j = 1, . . . ,m, χσn be the characteristic function
of the set σn = {s : 〈s, 1〉 = n}. Then the following correlation takes place:

∥∥{χσn(s)}s∈σn

∥∥
lτ
� C(τ)n

m∑
j=2

1
τj

.

This lemma is proved in [12] by the method of mathematical induction with respect to the dimen-
sion m.

Proof of Theorem 1. Choose a natural number n ∈ N so that M � 2nnν−1.
In accordance with the definition of the ortho-diameter and Theorem B we have

d⊥M (Hr
p,θ

, L∗
q,θ

) ≤ sup
f∈Hr

p,θ

‖f − Sγ
n(f)‖q,θ ≤ C(p, q, θ,m)2−n(r1+ 1

q1
− 1

p1
)
n
∑ν

j=2
1
θj . (1)

Since M � 2nnν−1, we obtain

2−n(r1+ 1
q1

− 1
p1

)
n
∑ν

j=2
1
θj � M

−(r1+ 1
q1

− 1
p1

)(log M)
(ν−1)(r1+ 1

q1
− 1

p1
)+

∑ν
j=2

1
θj . (2)

Therefore from (1) we get the upper bound for the value d⊥M (Hr
p,θ

, L∗
q,θ

) in Theorem 1.
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THE ORTHO-DIAMETERS OF NIKOL’SKII AND BESOV CLASSES 25

Let us prove the lower bound. Since r1 = · · · = rν < rν+1 ≤ · · · ≤ rm, we have Hrm

p,θ
⊂ Hr

p,θ
. Hence

d⊥M (Hr
p,θ

, L∗
q,θ

) ≥ d⊥M (Hrm

p,θ
, L∗

q,θ
). Therefore, it suffices to prove the lower bound for r1 = · · · = rm = r.

To this end, let us estimate from below the value dB
M (Hr

p,θ
, L∗

q,θ
).

Let an operator G ∈ LM (B)q,θ be given. Consider the operator A = (Sn−1 − Sn−2). Then A ∈
L(B)q,θ. Choose a natural number n so as to meet the correlations

C(m)|Qn| > 2B(M |Qn|)
1
2 , |Qn| � M.

Due to the boundedness of the partial sum operator in the space L∗
q,θ

(Im) ([2]) ∀f ∈ T (Qn) we have

‖f − Af‖∗
q,θ

= ‖(Sn−1 − Sn−2)(f − Gf)‖∗
q,θ

≤ ‖f − Gf‖∗
q,θ

. (3)

Set ([7], P. 82)

Φs(x) = ei〈ks
,x〉2m

m∏
j=1

Φ
2sj−2(xj),

ks
j =

{
2sj−1 + 2sj−2, sj ≥ 2;
1, sj = 1,

j = 1, . . . ,m,

where Φl(t) is the Fejér kernel of the order l − 1, Φ 1
2
(t) = 1

2 . Then ‖Φs‖1 = 1.

Consider the function

ϕ(x) =
∑
s∈σn

m∏
j=1

2
−(1− 1

pj
)sjΦs(x),

where σn = {s : 〈s, 1〉 = n} and the set Qn = ∪
s∈σn

ρ(s). Then

ϕ(0) =
∑
s∈σn

m∏
j=1

2
−sj(1− 1

pj
)
Φs(0) = 2−3m

∑
s∈σn

m∏
j=1

2
sj
pj .

Put δj = p1

pj
, j = 1, . . . ,m. If δj = 1, j = 1, . . . , ν, then, taking into account the inequality

n∑
s=1

2sα ≥ 2α, α ∈ (−∞,+∞),

we obtain

∑
s∈σn

m∏
j=1

2
1

pj
sj =

∑
s∈σn

2
1

p1
〈s,δ〉 =

∑
sm<n

∑
sm−1<n−sm

· · ·
∑

s2<n−
∑m

j=3 sj

∑
s1=n−

∑m
j=2 sj

m∏
j=1

2sjδj
1

p1

=
∑

sm<n

∑
sm−1<n−sm

· · ·
∑

s2<n−
∑m

j=3 sj

m∏
j=2

2
1

p1
sjδj2

1
p1

(n−
∑m

j=2 sj)

≥ C(p,m)2n 1
p1

∑
sm<n

∑
sm−1<n−sm

· · ·
∑

s2<n−
∑m

j=3 sj

m∏
j=2

2
1

p1
sj(δj−1) ≥ C(p,m)2

1
p1

n
nν−1.

Hence,

ϕ(0) ≥ C1(p,m)2
1

p1
n
nν−1, (4)

if p1 = · · · = pν .
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26 AKISHEV

Let {ψν(x)}M
ν=1 be an orthonormal basis in AM and

A(ei〈k,x〉) =
M∑

ν=1

ak
νψν(x).

Then ( M∑
ν=1

|ak
ν |2

) 1
2

≤ B.

By assumption of theorem, 1
pj

− 1
qj

< 1
p1

− 1
q1

, q1 < qj , j = ν + 1, . . . ,m. Therefore, 0 < 1
q1

− 1
qj

<
1
p1

− 1
pj

, i.e., p1 < pj , j = ν + 1, . . . ,m. Taking into account this inequality, in view of lemma 3.1 in [7]
we have

min
y=x

A(ϕ(x − y)) ≤
(

M
M∑

ν=1

∑
k∈Qn

|ak
νϕ̂(k)|2

) 1
2

≤
[
B2M

∑
k∈Qn

|ϕ̂(k)|2
] 1

2

≤ B

[
B2M

∑
k∈σn

2
sj(

2
pj

−1)
] 1

2

≤ C(p,m)B
[
M2n( 2

p1
−1)

nν−1
] 1

2 .

Therefore,

min
y=x

A(ϕ(x − y)) ≤ C2(p,m)B
[
M2n( 2

p1
−1)

nν−1
] 1

2 (5)

with p1 = · · · = pν , p1 < pj , j = ν + 1, . . . ,m. Formulas (4), (5) imply that

ϕ(0) − min
y=x

A(ϕ(x − y)) ≥ C1(p,m)2
1

p1
n
nν−1 − C2(p,m)B

[
M2n( 2

p1
−1)

nν−1
] 1

2

×
[
C1(p,m) − C2(p,m)B

(
M

2nnν−1

) 1
2
]
2

1
p1

n
nν−1. (6)

Choose a natural number n so that M � 2nnν−1 and

C1(p,m) − C2(p,m)B
(

M

2nnν−1

) 1
2

> C3(p,m) > 0.

Then from (6) we obtain

ϕ(0) − min
y=x

A(ϕ(x − y)) ≥ C3(p,m)2
n
p1 nν−1 (7)

with p1 = · · · = pν < pj , j = ν + 1, . . . ,m. Since ([7], P. 83)

sup
y

‖ϕ(x − y) − A(ϕ(x − y))‖∞ ≥ ϕ(0) − min
y=x

A(ϕ(x − y)),

we have (see (7))

sup
y

‖ϕ(x − y) − A(ϕ(x − y))‖∞ ≥ C3(p,m)2
n
p1 nν−1.

Therefore, y∗ exists such that

‖ϕ(x − y∗) − A(ϕ(x − y∗))‖∞ ≥ C3(p,m)2
n
p1 nν−1 (8)

with p1 = · · · = pν < pj , j = ν + 1, . . . ,m. Due to the inequality of different metrics (see Lemma 2)
formula (8) gives

‖ϕ(x − y∗) − A(ϕ(x − y∗))‖∗
q,θ

≥ C(q, p,m, θ)2
n
p1

− n
q1 n

∑ν
j=2

1
θj (9)
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THE ORTHO-DIAMETERS OF NIKOL’SKII AND BESOV CLASSES 27

with p1 = · · · = pν < pj , j = ν + 1, . . . ,m, q1 = · · · = qν < qν+1 ≤ · · · ≤ qm.
Let us now consider the function

g(x) = C2−nr1ϕ(x − y∗).

Due to the bound for the norm of the one-dimensional Fejér kernel ([14, 15]) we have

‖δs(g)‖∗
p,θ

= 2−nr
m∏

j=1

2
sj(1− 1

pj
)

m∏
j=1

‖Φ
2sj−2(xj)‖∗pj ,θj

≤ C(p, θ,m)2−nr. (10)

Consequently, the function C0g ∈ Hr
p,θ

. Now from (3) and (9) we get

sup
f∈Hr

p,θ

‖f − Gf‖∗
q,θ

≥ ‖g − Gg‖∗
q,θ

≥ ‖g − Ag‖∗
q,θ

= 2−nr‖ϕ(x − y∗) − A(ϕ(x − y∗))‖∗q,θ ≥ C(p, θ,m)2−n(r+ 1
q1

− 1
p1

)
n
∑ν

j=2
1
θj .

Since

dB
M (Hr

p,θ
, L∗

q,θ
) ≤ d⊥M (Hr

p,θ
, L∗

q,θ
),

taking into account (2), from the previous inequality we obtain

C(p, θ,m)M−(r1+
1
q1

− 1
p1

)(log M)
(ν−1)(r1+ 1

q1
− 1

p1
)+

∑ν
j=2

1
θj ≤ d⊥M (Hr

p,θ
, L∗

q,θ
). �

Theorem 2. Let 1 ≤ p < q < +∞, 1 ≤ θj < τj < +∞, j = 1, . . . ,m; r1 = · · · = rν < rν+1 ≤ · · · ≤
rm. Then the following correlation takes place:

d⊥M (Br
p,θ,τ

, L∗
q,θ

) � M−(r1+ 1
q
− 1

p
)(log M)

(ν−1)(r1+ 1
q
− 1

p
)+

∑ν
j=2(

1
θj

− 1
τj

)
.

Proof. Choose a natural number n ∈ N so that M � 2nnν−1. In accordance with the definition of the
ortho-diameter and Theorem C with p1 = · · · = pm = p, q1 = · · · = qm = q we have

d⊥M (Br
p,θ,τ

, L∗
q,θ

) ≤ sup
f∈Br

p,θ,τ

‖f − SM(f)‖∗
q,θ

≤ C(p, q, θ,m)2−n(r1+ 1
q
− 1

p
)n

∑ν
j=2( 1

θj
− 1

τj
)
. (11)

Since n � log M , we obtain

2−n(r1+ 1
q
− 1

p
)n

∑ν
j=2 ( 1

θj
− 1

τj
) � M−(r1+ 1

q
− 1

p
)(log M)

(ν−1)(r1+ 1
q
− 1

p
)+

∑ν
j=2( 1

θj
− 1

τj
)
.

Therefore formula (11) yields the upper estimate

d⊥M (Br
p,θ,τ

, L∗
q,θ

) ≤ C(p, q,m, r, τ, θ)M−(r1+ 1
q
− 1

p
)(log M)

(ν−1)(r1+ 1
q
− 1

p
)+

∑ν
j=2(

1
θj

− 1
τj

)
.

Let us prove the lower estimate. Since by assumption of the theorem r1 = · · · = rν < rν+1 ≤ · · · ≤ rm,

we have B
(rm,...,rm)

p,θ,τ
⊂ Br

p,θ,τ
. Hence

d⊥M (Br
p,θ,τ

, L∗
q,θ

) ≥ d⊥M (B(rm,...,rm)

p,θ,τ
, L∗

q,θ
). (12)

Therefore, it suffices to prove the lower estimate for r1 = · · · = rm = r, i.e., γj = 1.
Consider the function

g0(x) = n
−
∑m

j=2
1
τj 2−n(r1+1− 1

p
)
ϕ(x − y∗),

where the function ϕ is defined in the proof of Theorem 1.
Then (see (10))

‖δs(g0)‖∗p,θ
≤ C(p, θ,m)n

−
∑m

j=2
1
τj

m∏
j=1

2sjr.
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Therefore, by applying Lemma 3 we obtain∥∥∥∥
{ m∏

j=1

2sjr‖δs(g0)‖p

}
s∈Z

m
+

∥∥∥∥
lτ

≤ C(p, q, r,m, θ)n
−
∑m

j=2
1
τj
∥∥{χσn(s)}s∈σn

∥∥
lτ
≤ C(p, q, r,m, θ).

Hence, C1g0 ∈ Br
p,θ,τ

. Further, taking into account inequality (9), from (3) we obtain

sup
f∈Br

p,θ,τ

‖f − Gf‖∗
q,θ

≥ ‖g0 − Gg0‖∗q,θ
≥ ‖g0 − Ag0‖∗q,θ

= n
−
∑m

j=2
1
τj 2−n(r1+1− 1

p
)‖ϕ(x − y∗) − A(ϕ(x − y∗))‖∗

q,θ

≥ C(p, q, r,m, θ)n
m−ν−

∑m
j=ν+1

1
τj n

∑ν
j=2 ( 1

θj
− 1

τj
)
2−n(r1+ 1

q
− 1

p
)
.

Since m − ν −
m∑

j=ν+1

1
τj

≥ 0, from the previous estimate and (12) we obtain

d⊥M (Br
p,θ,τ

, L∗
q,θ

) ≥ C(p, q, r,m, θ)n
∑ν

j=2 ( 1
θj

− 1
τj

)
2−n(r1+ 1

q
− 1

p
)
. �

Theorem 3. Let 1 ≤ pj < qj < +∞, 1 ≤ θj < τj < +∞, j = 1, . . . ,m; r1 = · · · = rν < rν+1 ≤ · · · ≤
rm; 1

pj
− 1

qj
= 1

p1
− 1

q1
∀j = 1, . . . , ν; r1( 1

pj
− 1

qj
) < rj( 1

p1
− 1

q1
), j = ν + 1, . . . ,m. Then the following

inequality takes place:

d⊥M (Br
p,θ,τ

, L∗
q,θ

) ≤ M
−(r1+ 1

q1
− 1

p1
)(log M)

(ν−1)(r1+ 1
q1

− 1
p1

)+
∑ν

j=2(
1
θj

− 1
τj

)
.

If τj ≤ θj , j = 1, . . . ,m, then

d⊥M (Br
p,θ,τ

, L∗
q,θ

) ≤ M
−(r1+ 1

q1
− 1

p1
)(log M)(ν−1)(r1+ 1

q1
− 1

p1
)
.

But if τj ≤ θj , j = 1, . . . , l < ν, θj < τj , j = l + 1, . . . ,m, then

d⊥M (Br
p,θ,τ

, L∗
q,θ

) ≤ C(p, q, θ,m, l)M−(r1+ 1
q1

− 1
p1

)(log M)
(ν−1)(r1+ 1

q1
− 1

p1
)+

∑ν
j=l+1(

1
θj

− 1
τj

)
.

The proof of this assertion follows from Theorem C.

Remark. Note that in Theorem 1 the upper estimate for the value d⊥M (Hr
p,θ

, L∗
q,θ

) is true without the

assumption q1 = · · · = qν < qν+1 ≤ · · · ≤ qm. This fact follows from Theorem B.
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