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Attractors of 2D Navier—Stokes system
of equations in a locally periodic porous m

This article deals with two-dimensional Navier—Stokes system of equations with idly illating terms
in the equations and boundary conditions. Studying the problem in a perfor. ain, the authors set
homogeneous Dirichlet condition on the outer boundary and the Fourier (Ro, on the boundary
of the cavities. Under such assumptions it is proved that the trajectory attr is system converge in

some weak topology to trajectory attractors of the homogenized Navier— of equations with an
additional potential and nontrivial right hand side in the domainjwvit s. For this aim, the approaches

from the works of A.V. Babin, V.V. Chepyzhov, J.-L. Lions, R. a Vishik concerning trajectory
attractors of evolution equations and homogenization metho ed at the end of the XX-th century
leading terms of asymptotic series by means of the 'onal analysis and integral estimates.
Defining the appropriate axillary functional spaces wit ology, we derive the limit (homogenized)

Keywords: attractors, homogenization, system of Navier—Stokes equations, weak convergence, perforated

domains, rapidly oscillating terms, porous medium.

ntroduction
In this paper, we study t S ic behavior of attractors to initial-boundary-value problems
for two-dimensional Navi e tems of equations in perforated domains as the small parameter
€, characterizing the mic omogeneous structure of the domain, tends to zero.
One can fin r or homogenization problems in perforated domains and a detailed

[1-3]. This paper presents the case of the appearance of a potential in the

ation (cf. similar problem in [4-10]).

weakyconvergence and limit behavior of attractors to the given system of equations
er converges to zero. There are recent works (cf. [11-13]) on homogenization of

for this study. Overall results on the theory of attractors and the homogenization of

bibliography in mo
limit (homogeni

in (cf. also [17-19]) a perforated domain weakly converge as ¢ — 0 to the trajectory attractor 2A to
the homogenized system of equations in the corresponding function space. The small parameter e
characterizes the cavity diameter, as well as the distance between cavities in the perforated medium.
In Section 1, we define main notions and formulate theorems on trajectory attractors of autonomous
evolution equations. In Section 2, we describe the geometric structure of a perforated domain, formulate
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the problem under consideration, and introduce some function spaces. Section 3 is devoted to homo-
genization of attractors to the autonomous two-dimensional system of Navier—Stokes equations with
rapidly oscillating terms in a perforated domain.

1 Trajectory Attractors of Evolution Equations

We describe a general scheme of constructing trajectory attractors of autonomous evolution equations.
This scheme is used in Section 2 to study trajectory attractors of a two-dimensional system of Navier—
Stokes equations in a perforated domain with rapidly oscillating terms in equations and boundary
conditions and the corresponding homogenized equation.

We consider the abstract autonomous evolution equations

ou _ Alu), t>0,

L 2
7 1
where A(-) : By — Ej is a given nonlinear operator, Fy and Ej are Banach % that Fy C Ej.

For example, A(u) = vAu — (u, Vu) + g(+) (cf. section 2).

We study a solution u(s) to equation (1) globally, as a function o
denotes the time-variable. The set of solutions to equation (1) is called
(1) and is denoted by KT. We describe the trajectory space K1 in'det

iable s € R,. Here, s =t

jectory space of equation

First of all, we consider the solution u(s) to equation @), on a fixed time-segment [t1, 2]
in R. We study solutions to equation (1) in the Banach spac 1t2> Which depends on ¢; and t2. The
space JFt, 4, consists of functions, f(s),s € [t1, 2], such t (sWe E for almost all s € [t1,t2], where

FE is a Banach space. It is assumed that £1 C E G
For example, for 3, s, we can take the space C
the intersection of such spaces (cf. section 2).

to] ) the space Ly(t1,t2; E), or p € [1,00], or
that Ht1,t2f7'1,7'2 - ]:tl,tz and

“Htl,thH]:tl,tz < C(tr, b2, 11, f”]:ﬂ'l,7'27 Vf € Frim, (2)
where [t1,t2] C [11,72] and Wy, 4, is reéstriction operator on [t1,te]. Constant C(t1,ts,71,72) is
independent of f. Usually, one consi omogeneous case of the space where C(t1,t2,71,72) =
Cty —t1, 70 — 11).

Let S(h) for h € R denote the tion operator
S(h)f(s) = f(h+s).
It is obvious thafiif the va s of f(-) belongs to [t1,t2], then the variable s of S(h)f(-) belongs to
[t1 —h,to—h] forh ' assume that the mapping S(h) is an isomorphism from Fy, ¢, to Fy, _p ¢,—n
and
”S(h)fH}-tl—h,tz—h = ”fH-Ftl,t27 Vi€ Fiits (3)

n is natural, for example, for the homogeneous space.

that if f(s) € Fi, 1y, then A(f(s)) € Dy 1y, where Fi 1, € Dy t,. The derivative

géneralized function taking the values in Ey, g—{ € D'((t1,t2); Ey) We assume that Dy, 4, C

D'((t1,t2); Ep) for all (t1,t2) C R. A function u(s) € F, 4, is called a solution to equation (1) in the

space Fi, 1, (on the interval (¢1,t2)) if %(5) = A(u(s)) if in the sense of distributions in D’'((¢1,t2); Ep).
We also introduce the space

f—li?c = {f(S), s € R-i— | Ht17t2f(8) € ft17t27 v [tlvtz] C R-ﬁ-}' (4)

For example, F, 1, = C([t1,t2]; E) implies ]-"_lfc =C(R4; E), and Fi, 1, = Lp(t1,t2; E), implies ]-'jf’c =
LR, 5 ).
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A function u(s) € F°¢ is a solution to equation (1) in F1°°, if Il 1,u(s) € F4, +,, and the function
I, +,u(s) is a solution to equation (1) for any time-segment [t1,%2] C Ry.

Let KT be a set of solutions to equation (1), on the space F ffc, but does not necessarily coincides
with the set of all solutions to equation (1) in ]:'_l'_oc' Elements of KT are called trajectories, and KT is
said to be the the trajectory space of equation (1).

We assume that the trajectory space KT is translation invariant in the following sense: if u(s) € KT,
then u(h + s) € KT for any h > 0. This condition is natural for solutions to autonomous equations in
homogeneous spaces. We consider the translation operators S(h) in ]-'ffc :

S(h)f(s) = f(s+h), h=o0.
It is clear that {S(h),h > 0} is a semigroup in F'°¢: S(h1)S(h2) = S(h1 + hs) folyla, and
S(0) = I is the identity mapping. We replace the variable h with the time-varialle t¢Bhe sem oup
{S(t),t > 0} is called the translation semigroup. By assumption, the translation e& aps the

trajectory space K onto itself:
SHKTC KT vt>o. (5)

In what follows, we study the attraction property of the translation_se oup {S(t)}, acting on
the trajectory space KT C fﬂfc. We introduce a topology in f_lfc. @
31

Let pg, t,(+,-) be a group defined on the space F3, 4, for all segnden ] CR. Asin (2) and (3)

we assume that P

pt1,t2 (Htl,tzfa Htl,tzg) S D(t17t277'177'2)/)7—1,72 (f?g)u * T1,T2) [tlatZ] g [TlaTQ]a
ptl—h,tg—h(s(h)fa S(h)g) = pt1,t2 (f7 g)a t1, 7t2] C Ra h e R.

(For a homogeneous space D(t1,te, T1,72) = D(ta —

We denote by Oy, ¢, the corresponding meti
generated by the norm || - [z, ,, in the Banac
metric py, +, generates a weaker topology in, Oy, 1,
space Fi, t,-

1))

i1t For example, py, 4, can be the metric
t1.to- In applications, it can happen that the
the strong convergence topology in the Banach

We denote by @lj_’c the space Fo¢, ipped with the local convergence topology in Oy, 4, for any
[t1,t2] C R4. More exactly, by defi a sequence of functions { fx(s)} C Fl¢ converges to a function
f(s) € Fi¢in k — oo as O%, | tofk, Iy 1 f) = 0 as k — oo for any [t1,t2] C Ry. It is easy

0C 1 rizable by using the Frechet metric

—m  Pom(f1, f2)

to prove that the topology in

f1, f2) := 2 . 6
+ ) mZeN L+ po,m(f1, f2) ®)
If all metric gpa 1%, are complete, then the metric space @lfc is also complete.

slation semigroup {S(#)} is continuous in the topology of the space ©!°. This
m the definition of the topological space G)lfr’c.
anach space

We note that
fact diz

F={f(s) € FE L Iflm, < +oo}, (7)
equipped with the norm
1fll 7o = sup [To,1f(h + 8)[| 7 - (8)
h>0

For example, if ¢ = C(R4; E), then F2 = C®(R4; E) is equipped with the norm ||f||]_-§r =
supy>q || f(h)]| g, and if Floe = LéOC(RJ’_; E), then Fb = LZ(RJF; E) is equipped with the norm Hf“fi =

h+1 Lp
<SuPh20 f “f(S)H%dS) .
h
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We note that ]_—3_ C 62‘_’0. The Banach space .7-"_11’_ is necessary to introduce bounded sets in the
trajectory space K. To construct a trajectory attractor in K+, we use the weaker local convergence
topology in G)lfr’c, instead of the uniform convergences in the topology of the space .7-"3.

We assume that KT C FY ie., any trajectory u(s) € KT of equation (1) has finite norm (8). We
define an attracting set and a trajectory attractor of the translation semigroup {S(t)}, acting on K.

Definition 1.1. A set P C @Z‘_’c is called an attracting set set of the translation semigroup {S(¢)},
acting on KF, in the topology of ©°¢, if for any bounded set .7-"_’; in B C KT the set P attracts S(¢)B
as t — oo in the topology of O i.e., for any e-neighborhood O, (P) in ©%¢ there exists t; > 0 such
that S(t)B C O.(P) for any t > t1. The attraction property of P can be formulated in the eguivalent
form: for any bounded set B C K+ in % and any M > 0

diSte()’M (H(),MS(t)B, HoyM’P) —0 (t — +OO), Y3

where \
distpm(X,Y) := sup dist pq(z,Y) = sup inlf/pM(x,y)

zeX zEX YE
where denotes the Hausdorft semi-distance between sets X and Y in the ic s M.

Definition 1.2.([15]) A set 2 C KT is called a trajectory attract hejtranslation semigroup
{S(t)} on KT in the topology of ©' if the following conditions are s edd (i) A is bounded in F
and compact in ©%¢, (ii) 2 is strictly invariant under the translation roup: S(£)A = A for all
t >0, and (iii) 2 is an attracting set of the translation se in‘the topology of {S(t)} for KT in

the topology of @lﬁc, ie., for any M >0

diste, ,, (To S () B, TI 0N S +00).

Remark 1.1. Using the terminology of [14], we can say that atsajectory attractor 2 is global (]—"i, @i{’c)-
attractor of the translation semigroup {S(¢)}, @eti *, ie., A attracts S(t) B as t — 400 in the
topology of @lﬁc, where B is any bounded (in F7 K

dist@loc( B, 22[) — 0 (t — +OO)

We formulate the main result T he existence and structure of a trajectory attractor of
equation (1).
Theorem 1.1.(|14,15,20])
]-"i and satisfy the condition

ctory space K, corresponding to equation (1), be closed in
e translation semigroup {S(¢)} have an attracting set P CKT,
t in @lfc. Then the translation semigroup {S(t),t > 0}, acting
on K*, has a trajectdry for 2 C P. The set A is bounded in ]-"_bF and compact in @l_fc. We
describe the stru

this equation. ider equation (1) on the whole time-axis

% = A(u), t e R. 9)
1 the notion of the trajectory space K of equation (9) introduced on R.. To the case
of the wholefaxis R. If a function f(s), s € R, is given on the whole time-axis, then the translations
S(h)f(s) = f(s+h) are also defined for negative h. A function u(s), s € R is called a complete trajectory
of equation (9), if I u(s+h) € K for any h € R. Here, I, = Il o denotes the operator of restriction
onto the half-axis R..

We introduced the spaces fffc, ]-]br and @lfc. Now, we can introduce the space F'°¢, F* and ©%° as
follows:

Floe = {f(s),s R Htl,tzf(s) € Fritn V [t1,t2] € R}
Fri={f(s) € F [ fll 0 < +o0},
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where
| f1l 0 := sup [[To1 f(h + 8)|| 7., - (10)
heR

The topological space ©!°° coincides (as a set) with F°¢, and by definition fi(s) — f(s) as(k — o)
in @, if Ty, 4, fe(s) — It 1, f(s) as(k — o0) in Oy, 4, for any [t1,t2] C R. It is clear that ©¢ is a
metric space, as well as @lfr’c.

Definition 1.3. The kernel K in the space F° of equation (9) is the union of all complete trajectories
u(s), s € R, of equation (9), that are bounded in F? in the norm (10):

o, 1u(h + 8)||7, < Cuy, VheR.

Theorem 1.2. Let the assumptions of Theorem 1.1 hold.Then Y \
A=T,K. \

The set K is compact in ©!°¢ and bounded in F?.

The full proof is given in [15,20]. To prove that some ball in F% is compact in ©° we use the
following lemma. Let Ey and F; be the Banach spaces such that E1® consider the Banach
spaces

Wpl,po(o,M;El,E())—{w s),s € 0,M | () eLplm /() € Ly (0, M; Eo)}
Weopo (0, M By, Eg) = (¥(s),s € 0, M | () ), () € Ly, (0, M; Ep) }
(where p; > 1 e pg > 1) with the norms
1/po
lellw, . = / lo(s) |22 ds ||¢ Slreds |
1/po
16llw.e,, = esssuf TR | s € [0, M)} + / I (s) 22 ds

Lemma 1.1.(Aubin-Li
compact:

0
x[ﬂ]) Let £y € E C Ep. Then the following embeddings are

0) S LPI(O7T; E)7 WOOJ’O(O?T; ElaEO) € C([()?T]?E)

Wit

In the next sec , two-dimensional systems of Navier-Stokes equations and their trajectory attractors
m arameter £ > 0 will be studied.
e say that trajectory attractors 2. converge to a trajectory attractor Aase — 0
al space ©'%¢, if for any neighborhood O(2) in ©¢ there is e1 > 0 such that A. C O(A)
, 1.e., for any M > 0

diSt@O,M (HO,MQ’[E7 H()’Mﬁ) —0 (E — O)
2 Notation and Setting of the Problem

First, we define a perforated domain. Let © be a smooth bounded domain R2. Denote

ng{j€Z2:dist(5j,89)2\/55}, DE{§ —1<§k< k=1 2}
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Given an 1l-periodic in & smooth function F(x,§) such that F(z,§)|¢ccon > const > 0, F(z,0) = —1,
VeF #0as e 0\ {0}, we set

G;?:{x65(D+j)|F(x,§)§O}, a.- | a
JEY:

and introduce the perforated domain as follows:

O =Q)\G..

Denote by G(x) the domain G(z, &) in a stretched space £. Afterwards, we often interprete 1-

in ¢ functions as functions defined on 2-dimensional torus T? = {¢ : ¢ € R? /Z% %
S

above construction, the boundary 9€). consists of 02 and the boundary of the cavi

We introduce the function spaces:
H := [L2(2)]%, He = [L2(0)]?, V := [HFH(Q)]?, V. = [HY(Q;00))? is_the f vector-valued
functions in [H!(9.)]? with zero trace on d€2. The norms in these spaces AQ

We study the asymptotic behavior of trajector ors of the following initial-boundary-value
problem for the autonomous two-dimensiona r—Stokes equations:

— vAu: + (ue, Vue = x € Qe,

ot €

(V,us) =0, x € Q,

I/aue + B(IL‘ x 7£)7 HS aG&at € (O’ +OO)7 (11)
on €
UE: $€8Q

\uEN r € Q,t=0.

):

Here u. = ue(z,t

g=(x) =g (a;, %) = (¢',¢%) € H, h.(z) = h(m, %) = (R, h?) € H, n
is the outward ngrmal{veetor t@ the boundary, and v > 0.

Further,

B(z,§) = ( bl(ﬁ’g) b2(27§) ) :

C(Q x R?) such that b*(z,£) is 1-periodic by variable ¢ functions on  x R? and

/ Ve (x,€)do =0, k=12,
G ()

here, do is the length element of the curve 0G(z).
Similarly, vector-function components h(x, £) satisfy the conditions: h*(z,£) € C(2 x R?), h¥(x, )
is 1-periodic by variable ¢ functions on  x R? and

h*(z,€) do = 0, k=1,2.
0G(x)
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For U € H, there exists a weak solution u(s) to the problem (11) in the space Lloc ¢ (Ry; V)N

Lé%c*w(RJr;HE), such that u(0) = U. Moreover 88_15 € Ll"c (Ry;H.). We consider weak solutions to

the problem, i.e., [20], [22].
This satisfies the problem (11) in the sense of distributions, i.e.,

ocC ocC a
eles) € LRy V) ML Ry 1 fus T € 1 (RyHL) |

that satisfy the problem (11) in the sense of distributions, i.e.,
Oug

T <) dxdt + V/Vus -V dzdt + /(ug,V)ug 1) drdt+
0. 0. 0. ’

+ // 5)% ¥ dodt = / e(x) - ¢dxdt+z dadt

JE€Te PYe Q- JEY 0 P
for any function ¢ € C§°(R4; H,). Here y; - y2 denotes the inner pro y1,72 € R2.
To describle the trajectory space K of the problem (11) we f eral scheme of and on

every segment, introduce the Banach space [t1,t2] € R
Fints = L (t1,t2: Vo) N LS, (t1, 12 H e Lys, ( tl,tz;He)}
equipped with the norm

(12)

[Vl 7,0y = 10lLo ey vy UL t2,H)+ :
Lo (t1,t2;H)

It is obvious that the condition (2) holds{for the norm (12) and the translation semigroup {S(h)}
satisfies (3).

Setting Dy, 1, = La (t1,t2; V) d that Fi, 1, C Dy, 4y, if u(s) € Fiy 1y, then A(u(s)) € Dy, 4.
Further, we can consider a 3 @ o the problem (11) as a solution to the system of equations
in accordance with the gener heme

Introducing the space e

AL R V) LRGN {0 | et Ram

LY°(Ry: V.) N LRy HL) N {v ‘ % € LZZOC(R+;H8)} .
a set of all weak solutions to the problem (11). We recall that for any function
exists at least one trajectory u(-) € KT such that u(0) = U(z). Consequently, the
ce KT of the problem (11) is not empty.

It is clear that IC+ C Flo¢ and the trajectory space K is translation invariant, i.e., if u(s) € K,
then and u(h + s) € ICJr for any h > 0. Consequently,

S(hKI CcK, Vh>o0.
Further, using the Lg(t1,%2; V)-norms, we introduce the metrics p¢, 1, (-, ) in the spaces Fy, ¢, as

follows:
1/2

partu) = ([ " ugs) - voIPds) L VU)ol € Four
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These metrics generate the topology of @loc in the space F'¢ loc (respectively 6100 in ]-"éoji) We recall that

Flo¢ converges to a function v € F1°¢ as k — oo in O, if vk (+) = v()llLa0,005m) —

a sequence {vg} C F
0 (k — oo) for any M > 0. The topology of ©%¢ is metrizable (nf. (6)) and the corresponding metric
space is complete. We consider the topology in the trajectory space KI of the problem (11). The
translation semigroup {S(t)}, acting on K is continuous in the topology of the space ©'¢.
Following the general scheme of 1, we consider the bounded set in K1 by using the Banach space

FL (cf. (7)). It is clear that

ov
P~ LR V) LR )0 {0 | 57 e LR}

and .7-"3 is a subspace of the space F. ﬂr"". 2 \
We consider the translation semigroup {S(¢)} on K, S(t) : KT — KF, t > 0.
Let K. denote the kernel of the problem (11), consisting of all weak solutio R bounded
in the space

F¥ = LY(R; V) N Loo (R; H) N { ‘a—eLb(R

Proposition 2.1. The problem (11) has trajectory attractors 91 in ological space G)lfr’c. The
set A, is uniformly (with respect to € € (0,1)) bounded in f i in ©¢. Furthermore,

A =11, K.

the kernel K. is nonempty and uniformly (with r 0, 1)) bounded in F°. We recall that
the spaces fﬂ’r and @loc depend on €.
The proof of Proposition 2.1 is similar to roof I [15] given in a particular case.

oundary value problem for the Navier-Stokes system of

8 Homogenization of attractors of initia
j a perfected domain

The main assertion

In this subsection, we d imit behavior of attractors 2. of the Navier-Stokes equations
(11) as e — 0+ as and t vergence to a trajectory attractor of the corresponding homogenized
equation.

The homogen it) problem has the form

0 0
o (852 ) + (a0, Vo + Viauo = g(e) + H(a), 2 €,
T ox;
=0, T €€, (13)
) T € 15)9]
ug=U(x), zeNt=0,
where ONi(z.€)
o~ x7 —
) = [ (P2 va)a g0 [ e
V\G () ' Y\G()
my@)=— [ oM@ eds, V= ™ O
) ) b 0 mz(x) )
0G(x)

42 Bulletin of the Karaganda University



Attractors of 2D Navier-Stokes system ...

) = [ weortegde - (3o ).

OG(x)

Here M*(¢) and N;(€) are 1-periodic functions of ¢ satisfying the problems

N . OMF k
AM®=0inY \ G(IL‘), W =—b (l‘,€) on 8G(m),
AN, =0in Y \ G(z), % = —ny on 0G(x)

and having zero mean over the periodicity cell.

We consider the weak solution to the problem (13), i.e., a function P \
Oug \

ol 5) € LG (R V) L e 0 fos O € L (R

satisfying the problem (11) in the sense of distributions,i.e.,

Oug & 6UO oY
/E-wdmﬁu/g )2 8xlddt+/u ufd ¥ dedt+

Q
/ Vug - dedt = 4 H Y dxdt
Q
for any function ¢ € C*(Ry; H
Remark 3.1. Denote by mk = sup my(z coerdivity of the limit operator (13), is a delicate
problem since the constants my are alway positi particular, the well-posedness of the problem

(13), connected with the coercivity of the aperator is guaranteed by the inequalities

max{mi, ma}, (14)

where Ag is the first eigenval erator v Z (azl i) in the space H'(Q). The proof
ox

l

i,l= 1
of this assertion can be id) [8].
Under the candition . remark 3.1) the problem (13) has a trajectory attractor 2 in the

trajectory space

roblem (13); moreover,
ﬁ = HJFK

el of the problem (13) in F°.
te the main theorem on homogenization of attractors of the system of Navier—Stokes

Theorem 3.1. Let \g > max{mi, ma}, then is topological space @loc correctly limited relation
A - A if e =04+ (15)

Moreover,
K. =K if ¢—=0+ in 0% (16)

Remark 3.2. We recall that the spaces in theorem 3.1 depend on €. We assume that all functions
under consideration can be extended over the holes with preserving the norms.
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3.2 Auziliaries

We use some results of [8] below.
We consider the auxiliary problem

_VAa?a:ué: = gk(x7 %)7 T € (),
{ u% + 5 (2, L)ub = ¥ (2, L), 2€0G., k=12 (17)
ub =0, x € 0f).

We also require that

We look for a solution in the form of a series

k = k.',C g — U.
/aa(z)b (z,€)do = 0, /ac(m)h (z,€)do = 0 ‘\\ (18)

X

uf = uf(x) +euf(x,€) +e*ui(2,€) + €= (19)
Substituting the series (19) into (17) and collecting terms with € , order in the equation
and boundary conditions, we find a recurrent sequence of problem at he first one has the form
o2uk ‘
—VAE»E“l + aglaxl + 65283;2 =0, G(z), (20)
l/an1+uau°+bkx£u0 EBG:E)
The integral identity for the problem (20) is a
ouk v 8u1 81} 8u0 v Guo 81})
— &1d. d&1déa+
I /Y\G@ (a& o6 " %6, 652 ‘ G 5361 o6 " oy 0 ) 1 o)
bk iL‘ § uovda —/ hk(x,§)vda,
8G($) 0G(z)
where v € H;er(Y \ G(z)).
From the form of the inte i we can propose that the functions uf(x, £) have the following
structure: .
ouls ou
i LF(E) + MF(&ug(z) + Ni(§) 72 + Na(§) 2.
ox X1 (9322
Substituting t ression into (21) and collecting the corresponding terms, we obtain the
following prole e functions N;(€) and M¥(&):
ON, 9v 0N, 81})
=+ 5 dé1d&a + / / df déy = 22
Y\G(z) 351 06 06 06) Y\G(z) 351 S (22)
or,in t ical form:
Aﬁf(Nl + gl) =0, z€Y \ G(J,‘),
gTN; = ny, z € 9G(z);
OMF ov OMF ov >
4 T ) d&de +/ v (x,&)vdo =0 23
/ /Y\G(x) ( 061 0¢1 ' 0& 0&) 0 Jacw () (23)
or

A&M =0, reY \ G(x),
aMk —i—bk(x §) =0, z€dG(x);
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oLk ov  OLF ov i
v dé1d h d
//);\G(J;) (851 06 + & 0 ) §1dge = /8G(x) (3375)’0 o (24)
" AggL =0, reY\G(z),
L% — ¥ (x,€), € 0G(a).

The compatibility condition in the problem (22) can be easily verified by integrating by parts and
using (18) in the problems (23) and (24). We note that the functions L*(¢ ), and N;(&) are

defined up to an additive constant and the natural normalization condltlons are the follovvln
=[] = [, s
Y\G(z) Y\G(z) Y\G(z

In what follows, we assume that these conditions are satisfied.
The next power of eyields the problem for uf(z, ¢):

k 0%k d?uk
{ A&UQ +2 (—85163101 + 8528:}62) + Amcuo - —

k k
ol ok + b (2, Z)uf + h*(z, uO—O

(25)

The following statement is true.

Lemma 3.1. The functions M* (&) and N;(€) are connecte tegral identity
3“0 / / 8 kNlda =0.
Y\G(z)
We also need the integral identity correspon e problem (25)

81/5 // ( Fov oub ov )
+22 d dé + 424 dés+
//Y\G(m (351 &1 1tz Y\G) \ 01 &1 012 0 drdez

k k . 8Mk 3u0
0(517) /aa( h (m,f)vda //Y\G(w) 96 vd&1ds - o

ey e amz / /Y - <a—§1+1> vdéydes - axl

O*uk Puf |y,
. —= + 1) vd&rdés - g =0
0210 //Y\G (z) (352 " ) vl O3 " ’

2 uk
5> %(aﬂ(m)g_ﬁ) _ / b (2, €)M (€)dor uli () = 5% () + / W (z, €)M (€)do,

=1 8G(x) 8G(z)

where

a;(z / / ( 3 5il) d€1d€s, 6y is the Kroneker symbol.
G(z) \ 9
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Thus, the homogenized problem can be written as

9 dug k k —k k
03 g (G )~ miete) = @) i), weo -
uf(r) =0, x € 09,

where as k = 1,2 we have m"*(z) = / v (x, &) M*(z, &)do
8G(x)

H(z) = / W (o, €)M (2, ©)dor = — / Ve (2, €) L (2, €)do
0G(x) 0G(x)

L 4
The following lemma is true (cf. [8]).

Lemma 3.2. If u. is a solution to the problem (17), and ug is a solution to %\n (26), then

there is convergence

/Vua Vi dudt + Y / / z, g)ug-¢ dodt — h(z, g) o dodt—
i€ 0 He c 0 oal
x N ¢ _

—/g(w,g)ug-w dadt—n//aVuo-Vzp dxdt—}-/Vuo H - d:cdt—/g-l/z dxdt

Qe Q Q Q Q

ase — 0.
Following [23] and taking into account Remark 3.29, wesshow that
(e, V)ue — (u, V) gly in Ly(Q). (27)
For this purpose we use the estimate
[(ue, V (u, V)ul| = u, Ve[ 1,Q) + 1w, V) (ue — u)ll L, ) <

1 1
<C /|UN dxds ’ +C /\u! |V (ue —u)| d:cds)2 <

< Cl</| |"dxds |ue —u|6dacds>(13 +C’1(/\u|6d:cds)6</\V(ue—u)|3d:nds)§.
Q

Q Q Q

As proved inqfl15] theytrajectory attractors 2. and 2l of equations (11) and (13) exist in the following
(2,2,1)
spa t r topology: Hy, “7/(Q), where

ov

HZ2D(Q) = Ly (R+; [WQQ(Q)]2> n { o € L2w(R+;H)} :

We set » )
HLM(Q) = Lo (Rys W (@))7).

Since H221(Q) € H{""?(Q) and H?21(Q) € Ls(Q), we find

/ lue — u|®dxds — 0, / |V (ue — u)|*dxds — 0
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as € — 0. Here, we used the uniform boundedness of the integral / |Vue|>dzds < M. Thus, we have

Q
proved the convergence (27).

3.8 Proof of Theorem 3.1

Proof. It is clear that (16) implies (15). Therefore, it suffices to prove (16), i.e., for any neighborhood
O(K) in ©!¢ there is £; = £1(O) > 0 such that

K. c O(K) for all € < ¢;. (28)
If (28) fails, then there exists a neighborhood O’'(K) in ©"°¢, a sequence g, — @+ {kp— da
sequence ug, (-) = ug, (s) € K¢, such that \

ue, ¢ O'(K) for all k € N. 6 (29)

The sequence {g (m, i)} is bounded in H. Consequently, usin gral identity and the

Cauchy-Bunyakovsky inequality, we conclude that the sequence of s ue, } is bounded in F?.

Oue,,

ot

—vAug, + ( (30)

the condition

Ou,
“Zen 4 g
Y on +ELT €

and the energy identity

M M
5 [ e e e)ds %www@m+%;1M/B@@¢NWw@w@_
JEYT, oG1

M
/hmawawm=/ (9(2,€), e, 5))gg () ds (31)

. -M
0GY
for a ny function ¢ € C§°(] — M, M]), 1 > 0. Furthermore, u.,(s) — ug(s) (n — 00)
wea M, M;V), sweakly in Loo(—M, M;H) and e, (s) _ Ouo(s) (n — o0) weakly in
Lo(—M; . By the known compactness theorem [22] we can assume thataqun (s) = up(s) (n — o0)

strongly in" Lo(—M, M;H) and u., (x,s) — ug(z,s) (n — o0o) for almost all (x,s) € D x (=M, M). In
particular, u., (s) — ug(s) (n — 00) strongly in ©¢ = LY*(R; H).

Now, taking into account Lemma 3.2 and the convergence (27), we pass to the limit in (30) and
(31) as € — 0, based on a standard argument in [22] (see the detailed proof in [15,17,20]). Consequently
up € K, i.e., ug is a solution to the problem (13), satisfying the corresponding identity (31) with the
exterior force g(z). At the same time, we have established that u., (s) — ug(s) (n — o0) in ©%¢ and,
consequently, u.,(s) € O'(ug(s)) € O'(K) for &, < 1. Thus, we arrive at a contradiction with (29).
The theorem is proved.
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K.A. Bexmaran6eros?, TA. 12 M. Teney6aii®°

L M. B./Iomonocos amuimdazs, Mackey memaeremmis eepcumemi, Kasaxcman guaruans, Hyp-Cyaman, Kazaxceman;
2 Mamemamuka srcone Mamemamuraivy Medesvoey uncmumymot, Aivamo, Kazaxcman;
3 M.B. Jlomonocos amwimdazss Mackey m mix yrnusepcumemi, Mackey, Peced;
4 Komnwiomepaix opmanviess 6ap famemamura unemumymo, — PFA Yo Bedepansiv
zepmmey opmaibieviioy, benimweci, Yga, Pecet;

SJI.H. Dymuses amuvindaev, F mmuk yrusepcumemi, Hyp-Cyaman, Kasarxcman

JlokaabJbl nej eyekTi opragarel 2D HaBbe—CToKC
Te Iep >KYiieciHiH, aTTpaKTOopJIaphbl

He MeKapaJiblK IapTTap/1a Te3 Tepbemerti mytiesiepi 6ap exi esmemai HaBbe—
pacTeipbuiabl. Tecik 0bIBICTAFDBI €CenTi 3ePTTEil OTHIPHII, CHIPTKBI IIIeKapa-
i IIApTHIH XKOHEe KybICTapAbIH meKapachiuaarsl Pypbe (Poben) mapThid aHbIKTAlN-

Maxkasaa Teseyep,

MEH >K9oHe TPUBHUAJIIBI €MeC OH, YKaK, 06JIiri 6ap Teciri KoK, 00JIbICTaFbl OPTaIlAJIAHFAH
eyJiep KYMeCiHIH TPaeKTOPHUSIJIbIK, ATTPAKTOPBIHA YKUHAKTAJIATBIHBI J1osesaerred. O
uig, B.B. YenwsikosroiH, 2K.—~JI. Jluouctein, P. Temam xome M.U. BumukTiy sBOJTIO-

[aH KefiH aCUMITOTHKAJBIK KATaPJIapAbIH HEri3ri MyInesepid GyHKIHMOHAIIb TAIAay YKOHE WHTEIDAJIIbI
GaraJiay 9JiCTEPiH KOJIIaHa OTHIPHIN TaHaaFal. ColiKeciHIle, KOMEKII 9JICi3 TOMOIOTUSIBI (DY HKIMOHAIIIBI
KEHICTIKTI aHBIKTay apKbLIbI TEHJCYJIEP/IiH MeKTi (OpTalmajanran) XKyHeCiH aJbIHFaH KoHe OCBI XKyiie VI
TPAEKTOPUSIJIBIK, ATTPAKTOPJIAP/IbIH 6ap exeni mosesnenren. Cozan Keilin Herisri reopema TYKbIPBIMIAJIBIIL,
0J1 KOMEKIII JIeMMaJIapAblH KOMEeriMeH HaKThLJIaHFaH.

Kiam cesdep: arrpakropiap, opramasay, HaBbe—CroKc TeHzeysiep xKyiieci, 9J1ci3 dKUHAKTBIIBIK, TeCiK 00-
JIBIC, T€3 TepbesMesti MyIesep, KeyeKTi opTa.
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K.A. Bexmaran6eros?, I'A. Yeuknn®3*, A.M. Toney6aii>®

! Mockoscxuti zocydapecmeenmondi yrusepcumem umeny, M.B. Jlomonocosa,
Kaszaxcmancxut guauan, Hyp-Cyaman, Kaszaxcman;
2 Huemumym mMamemamury, u mamemamuseckozo modesuposanus KH MOH PK, Aamamo, Kazaxcman;
3 Mocxosckuti zocydapemeennuit yrusepcumem umenu M.B. Jlomonocosa, Mocksa, Poccus;
4 Mnemumym Mamemamury, ¢ KOMNolomeprsm uenmpom — nodpazdeaenue Ydumckozo pedepanvrozo
uccaedosamenvcrozo uenmpa PAH, Y$a, Poccus;
5 Bepasutickutl nayuonaivruiti yrueepcumem umenu JI.H. Dymuaesa, Hyp-Cyaman, Kazaxcman

ArtpakTopsl 2D cucremnl ypaBuenuii HaBbe-Ctokca
B JIOKQJIbHO IEPUOJINYECKON IMOPUCTOMI cpe;:;g

Paccmorpena gsymepnas cucrema ypasuennit Hapbe—Crokca ¢ GbICTPO OCHUIIUPYIOIAME €T u B
HEHUSIX U TPAHUYHBIX ycjoBusax. Vccienys 3amady B nepdopupoBaHHOil 061aCTH, MBI pPOJIHOE
yenosue [lupuxsie Ha BHemme#d rpamune u ycnosue Pypne (Poberna) ma rpammme pH TaKux

[PEJIIOJIOKEHNUAX JOKA3BIBAEM, YTO TPAEKTOPHBIE ATTPAKTOPBI 9TON CUCTEMbBI CXQUSITCS B, H:
601 TOIIOJIOrNU K TPAEKTOPHBIM aTTPAKTOPaM YCPEIHEHHOI CHCTEeMbl ypaBHEHUI be—
HUTEJIbHBIM ITOTEHIINAIOM U HETPUBHAJILHOM IIPaBOil YacThIo B obJjracTu 6e3
nonxox u3 crareir u mouorpacuit A.B. Babuna, B.B. Hensrkosa, 2K.-J1.

TOPO# CJia-
OKCa C JIOIOJI-
0 MBI UCIIOJIB3Y€EM
emama u M.V. Bu-
1sIeM METOJIbI YCpe IHe-
HUsI, TIOABUBIIKECs B KoHIEe XX Beka. CHadasIa UCIOIb3yeM aCHMITTOTUIEEKIE METOIBI st (pOPMATHLHOTO
IIOCTPOEHUsT ACUMIITOTHK, JIaJee Mbl BBIBEPSIEM TI'VIABHBIE UJIEHBI &
JI0B (DYyHKIMOHAJBHOIO aHAJIN3a U WHTErpabHbBIX OlleHOK. Ompeie.

CKUX PSAIOB C TTIOMOIIBIO METO-
COOTBETCTBYIOLIUE BCIIOMOTATE/IbHbIE

npeebayo (YCPeAHEHHYIO) CH-
aKTOPOB JJIsl 9TOI CHCTEMBI. 3aTeM
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