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Nonpotentiality of a diffusion system and
the construction of a semi-bounded functional

The wide prevalence and the systematic variational principles are used in mathematics and applications
due to a series of remarkable consequences among which the possibility to establish the existence of the
solutions of the initial equations, and the determination of stable approximations of the solutions of the
considered equations by the so-called variational methods. In this connection, it is matural for a given
system of equations to investigate the problem of the existence of its variational formulations. It can be
considered as the inverse problem of the calculus of variations. The main goal of this work is'to study this
problem for a diffusion system of partial differential equations. A key object is the eriterion of potentiality.
On its ground, the nonpotentiality of the operator of the given boundary value problem with respect to the
classical bilinear form is proved. This system does not admit a matrix variational multiplier of the given
form. Thus, the diffusion system cannot be deduced from the classical Hamilton’s principle. We posed the
question that whether there exists a functional semi-bounded on solutions to the boundary value problem.
We have done the algorithm of the constructive determination of such ‘a functional. The main value of
constructed functional action will be in applications of direct variational methods.
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Introduction

We consider the following system of partial differential equations (PDE) [1,2]:

. L 9%ul out out
Nl(u) = Z a](z7t7u1)axiam]‘ +f<xat7u17axk> - E = Fl(a:,t,ul,u2),

ij=1

(z,t) = (a',...,2", 1) € Qr = Q x (0,T),

where the components u', u? of the vector u are unknown functions, the domain Q C R" is bounded by the
smoothsurface 0Q, F*: Q7 x R? — R(i = 1,2) are given differentiable functions, f : Q7 x R"*! — R is a given
twice differentiable function. L

Denoting F = (F',F?),N = (N',N2),N = N — F, we set

D(N) = {(ul,uQ) cul e 02’1(@T);u2 € Cl(@T),ui\tzo = ué(xl, ey ™),

u|i—r = ul (2t ...,m”),ui|aQX(O,T) =iz, t)(i =1,2)}, (2)

where ¢ (z,t),u’(z) € C(Q)(i = 1,2;j = 0,1) are given continuous functions, & = QU dQ, Qr = Q2 x [0,T].
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In [3], it was proved a maximum principle (comparison theorem), existence and uniqueness theorems, and
also convergence of the method of successive approximations for the directional derivative problem for the
diffusion system.

In [4], it was illustrated that a comparison theorem is impossible for a multicomponent diffusion system
unless further conditions are placed on the monotonicity of the functions involved. The method requires the
construction of a counter-example.

In [5; 172], there were recently presented results of investigation of singularly perturbed reaction-advection-
diffusion problems, which are based on a further development of the asymptotic comparison principle.

In [6], the separation method was used in order to obtain sufficient conditions for the solvability of the main
inverse problem in the class of first-order Ito stochastic differential systems with random perturbations from
the class of Wiener processes and diffusion degenerate with respect to a part of variables.

The problem of existence of Hamilton’s principle for (1), (2) has not been investigated before. In modern
interpretation [7], it can be considered as an inverse problem of the calculus of variations (IPCV).

The main aim of the paper is to investigate the existence of a solution of IPCV-Hamilton’s prineiple for
problem (1), (2).

Nonpotentiality of diffusion system

Let U,V be normed linear spaces over the field of real numbers R, U C V; Oy and O¢=be the zero elements
in U and V respectively; N: D(N) C U — R(N) C V be an arbitrary twice:Gateaux differentiable operator
with the domain D(N) and the range R(N).

We set N/ as the first Gateaux derivative of N at the point u € D(N) defined by the formula [7]

d
N/ h = %N(u +¢h)|e=0 = 6 N{(u, h).
The mapping ®(u;-,-) : V x U = R, being linear in each ‘argument and depending on the parameter u € U,

is called a local bilinear form.
! (h;v, g) is defined by

d
@ (h;v,g) = d—gfb(u +eh;v,g)le=o-

® is called a nonlocal bilinear form if it‘dees not depend on the parameter u, that is, ®(u;-,-) = (-,-). Then
&, (kv ) = 0.

It is said that (-,-) : V x U — R is a nondegenerate nonlocal bilinear form if

1) the condition (v, g) = 0 Vg € U implies that v = Oy;

2) the condition (v, g) = 0 Vv € V. implies that g = Oy .

Definition 1. [8] The operator N : D(N) C U — V is said to be potential on the set D(IN) with respect to
the local bilinear form ®(u;:,-): VI x U — R if there exists a functional Fy : D(Fy) = D(N) — R such that
d0FN(u, h] = ®(u; N(u), h)Vu € D(N),Vh € D(N,,). Here Fy is called the potential of the operator N.

For the following explanation, we need the next theorem.

Theorem 1. [9]'Let N.: D(N) C U — V be a Gateaux differentiable operator on the convex set D(N) and
the local bilinear form ®(u;-,) : V x U — R be such that for any fixed elements v € D(N), and g,h € D(N))
the funetion ¢(g) = ®(u + eh; N(u+¢eh),g) € C*[0,1]. Then for the potentiality of the operator N on D(N)
witharespect to @ , it is necessary and sufficient that

IN g (1) = ®(u; N h, g) + @), (h; N (u), g) =

3
— (u; N, ) + O (: N(u), k) ¥u € D(N),¥g, h € D(N.). ®)

In this case
1
Fylu] = /0 D(u(A); N(u(N),u — ug)dA + Fnlug],

where u(A\) = up + AM(u — up); up — an arbitrary fixed element from D(N).
Condition (3) is called the criterion of the potentiality of the operator N with respect to the local bilinear
form ®.
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Remark 1. If ® is a nonlocal bilinear form, then (3) becomes

(Nh.g) = (Nig,h) Vu € D(N),¥g,h € D(N,).

Let us introduce the classical bilinear form by

Zv x,t)g xtd:vdt

Dy (v, g) = (v,9)

Theorem 2. Operator (1) is not potential on set (2) with respect to nonlocal bilinear form (5)

Proof. From (1), we find the Gateaux derivative

al __9F!
! 1 311.2
N, = dF% § _ 9F?

T oul ot ou?

where
" af ) d OF!

0?ut a¥ e 0? +Z 9 OF
9ri0zi out " 9oz 8u1 &r’f ot . Oul’

17

1 .. ..
and uik = g;k, a = a¥(x,t,ub).
In accordance with conditions (2), we have

D(NIIL) = {(h17 hQ) : hl € CQJ(@T)’ h2 = Cl(@T)7hi|t:0 =0,
h'li=1 = 0, h | x 0@ =0(i = 1,2)}.

Denoting by N/* the adjoint operator to N}, we find

1% a%* _gFf
N, = Lort o or |
T ou? ot ou?
where

R En: D2ul 9a¥ g 0? N d?%a¥ N da’ 9 N da’ 9
o it 0x*0xi Out 0xidxd ~ Oxidxt  Oxt Jxd ~ Oad Oxt

= o f of o o OF!

ol - ]; (81@6817’“ - oul, 3xk> ot dul’

D(N/*) = {(vlvUQ) : vbe Cz,l(@T)’vz € CI(QT)7Ui|t:0 - 07vi|tiT - Oavi‘BQX(O,T) = O(Z - 172)}

Let us prove thatoperator (1) does not satisfy criterion (4). For that, we find
OF! OF? oF? 9
th' — —=n* g — | —h' + | 5 — = | PP |g° pdudt
/ i {(“1 o T\ o2 o g

¢1(N7ihvg) = 6 2

_/ Z 0*ul aaijh1+ 5 O°h! N
-~ Jo, 5= 0z 0z Jul * oxiowi

" 9f oht On' OF! OF!
f hl h2:|gl_

o 1 4 on' _on' or'
+ourh Zé)ukamk o o2

2 2 2
—(%ﬁ] ht + 95 h? — 05;>g2}dxdt.
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Integrating by parts, we obtain

" [9a¥ 9%u} . Oht da' Oh!
/ _ 1.1 ; LV 1) _ " 1 _
P1(Nuh,9) /QT {ijz_l [3u1 8xi3xjh g+ D (a 9237 ) Dzt 9z

n
.. L 9gt F)
o]+ g+ o
k=1

of 111
h _
3u:16k, g
*f 1.1 of 319g" 1.1 19g*
ks’ - S - Dk + 11

F'11.1 _ 9F'3;2 1 9F%31.2  9F?2;2 2
“aurh' 9 — 59 — Gurh’ g — Galh"g” +

+D,(h2g?) — h?f’gf}dazdt Yh,g € D(N'),
9 B

= D= —
ox?’
By virtue of the Divergence theorem and the condition h € D(N},), we have

T 1
/ / |:Dzi <aij ah,gl>} dat ... dx™dt =
0 Q ox?

T Ot ) )
= / [/ a" axjgldarl...dxl1dx’+1...dz"} dt.= 0.
0 a0 :

AR

/ {_Dt(hlgl)+Dt(h292)}dxdt:/

T Q

where D, =

Similarly, we have

8(2{ h1g1>} dazt...dz"dt = 0,

k
( —hlg'[i=g +h%g? f:oT) dz = 0.

Integrating by parts and applying the above results, we get

i a?ul aaij 1+ i 3291 N aQaij
0200 ot T drions T drion )

D1 (Nyh, g) = /

Qr

=1
9av 9g'  0a dgt of | = 2f
+ Oxi 029 + 0z Oxt + ﬁg B ; Guikaxkg +

af agl>+agl oF' | OF? Q}hl_

oul, Oz* ot ou? T aut?

OF! OF? 0g>
- (auzgl + Wg2 + égt)hZ}ddfdt

., OF? OF! OF% 9
= / {(a% g1 — 8’[1,1 g2>h1 — |:au291 + (au2 + at)gﬂ hZ}d:Z?dt

On the other hand, we have

OF* OF? oF? 9
P (Nyg,h) = / {(a%gl T o2 92>h1 - [aulgl + (8u2 - 8t>g2} hQ}dxdt. (7)

In (6) the coefficient at h? is — gﬁ; gt + ?,522 + % g%| and in (7) it is — [‘gif gt + (gﬁj — gt>g2} It follows
that ®1(V),h, g) is not indentically equal to ®1(N/,g, h). Thus, criterion (4) is not satisfied.

Let us investigate the existence of the matrix variational multiplier for operator (1).
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Definition 2. An invertible linear operator M : D(M) C R(N) — V is called a variational multiplier for the
operator N : D(N) C U — V if the operator N = M N is potential on the set D(NN) with respect to the given
bilinear form.

Theorem 3. There is no matrix variational multiplier of the kind

M= (mn(x,t) mlg(x,t)) ()

mgl(l‘7t) mQQ(fE,t)

for operator N(1).

_ Proof. Suppose that there exists a matrix variational multiplier of form (8) and detM # 0. Then the operator
N(u) = M N(u) is potential with respect to the classical bilinear form (5).

Denoting mpq = mypq(z,t),p, ¢ = 1,2 we get

2

OF? oh?  OF? OF?
N why g) /Q Z {mm(alhl ﬁh )g +mp2( o %h _Th2> p}dmdt:
Tp 1

2 ..
0?ut a o O%h! of
hl %] i - khl
/QT Z {mpl[ Z (8x’8xﬂ oul T 8%18x3> - ou! +

p=1 i,j=1

z": of ont ont OF',, TOF*
— 8uik oxk Ot oul Aul

Integrating by parts, we obtain

v (Wug) = [ 2{

Tpl

[ da¥  9ul

1
1. p ) ij Py _
"Mp1 oul 5$i89:jh 9"+ Das (mpla :z:'g )

3,7=1

_ Omy1 qtdoh_ oh' p da'l oh* ij Oh' OgP
Tozi 979 — Mplgys Bllg — Mp1a™ 557 G +

" 0
PSS [D (s ) -
xk

k=1

L Ompy (9}‘ hl
dxk Bu

°f 1 Bf 1 39
— Mp1 aul 8&0" h gp — Mp1 Bu h :| -

th(mplhl P) + 2o plgp 4y, hl— -

aF 9F?
—mp1 2EL R gP — iy QL p2gP — ErhtgP —mypGErhPgP +

+Dy(myah?gP) — L222p2gP — o h? 987 }d dt.

Applying the above results, we get

agP 89” agP
aut T g T g T

N h g / <A1gp—|—Bl
Qr 7=

2
+E1£j7%1;i —|—mp1 ot ) + ho (Glg _mp2 ot )]d dt,
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where

- da¥ 92yl P*mp1 i Ompy Oa¥
_ 1] P
A Z <mp " 0ul 010w | 0wt | Oxd Ox

ij=1

n
Omp1 Da'l 8%a af Omp1 Of
T 8er oo T M1 dw@w) T Mp1gr — ]; ( oxk oul,

9%f 8m 1 OF OF?
+mp1 aul, ax > o T aul — Mp25,7>

. omp1 da’l
e EEen)

3,j=1
n
8m 1 8
2 : vilipl 2 :
Dy = ; lj +Mp1—— FE = = Mp1 a%
~ Ox o’
i,j=1 1,j=1
Gy = _ Ompa oF o) i

ot Mpl aul — Mp2g,=-

On the other hand, we have

2
o) = [ S (et~ G

T p=1

+mp2(f’gt N, >h”}dmdt
2

a 1 8291 891
/Q th{fbg + Bogrt M~ r

T p=1
<mp1 %ul 4+ Mp2 ?952>g +mp2 o }dxdt
where
A — (3 Q0P LOf _oFYN - oF? o Of
PN A, 0dl 9ri0a T dut T T Pout TP T T gy,
Hence,
& (80.0f0) “@uNrug.) = [ {hl [(Al ~ Az)g" + <A1+
OF? oF?\ , gt dg?
erna—uf +m1276u2 >g + <Bl Bz) Dk +B1W+
dgt  0¢? Ogt  0¢? 8%¢? Og"
- - Dy —+ =— EFi————+2 - 9
+Cl<axz+axz TN T o ) T amom T ©)

9g> Ogt
+ <m21 - m12> ot } + ha [(Gl — AQ)gl - <m12 - m21> éqt +

OF? OF? 0g> Og" 0%g*
+<G1 +m21ﬁ+m226 )g —2m mog—— 875 BQT—Elaxlax :|}dl’dt

According to criterion (4), it must be
o, (N;h,g) — 3 (N;g,h) = 0Vu € D(N), Vh,g € D(N.).

By virtue of the arbitrariness of the functions h* (k = 1,2) from (9) we obtain
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3 1 oxk

0g? dg g d*g*
+Blak+cl(az > (8+3IJ> B wiom

a9
ot

OF? OF? dg*
(A1 — Ag)g' + <A1 +mu51 + m1282>92 + <B1 Bz) g

+2m11— + <m21 m12) =0,

ot

1 2

0 oF
(G1 — Ag)g" — <m12 - m21> Iy (Gl +moy1——+

ot oul
8F2 5 892 891 6291
—_— -2 —— — By— — F — =
TG )g 2275, * OuF Y0102 0

From here, by virtue of the arbitrariness of the functions g* (k = 1,2), we get

mp1 = 0,
mo1 — mig = 0,
Moo = 0.

In total, mpq(z,t) = 0 (p,q = 1, 2). Therefore, M = 0 (zero matrix). It contradicts to what we have supposed
above.

The construction of a semibounded functional

We have already proved that operator (1) is not potential with respect to nonlocal bilinear form (5) and there
is no matrix variational multiplier of the given type. For the following exposition, we need the next theorem.
Consider an arbitrary equation

N(u) =0y, ue D(N)CUCV, (10)

where the operator N, in general case, is nonpotential with respect to the fixed nonlocal bilinear form ®4(-,-) =
(,): VXV =R

Theorem 4. [8] Let: 1) N : D(N) C U — ¥ . be a twice Gateaux differentiable operator on the convex set
D(N); 2) (-, : V. xV — R be a given nonlocal bilinear form; 3) C' : D(C) O R(N) — V be an arbitrary
invertible linear symmetric operator, such that for any fixed elements u € D(N) and g, h € D(N) the function
¢(e) = (N(u+¢h),CN, . ,9) € C*[0,1]«Then the operator N is potential on D(N) with respect to the
following local bilinear form

B(u;0,9) = (v,CN,g) .
Herewith

Fy[u] = 5 (N(u), ON(u)) . (11)

DN | =

The proof is given in’(8].

Note that dFy[u, h] = ®(u; N(u),h) = (N(u),CN,h).

Denoting the adjoint operator of N;, by N/* and assuming that R(C) C D(N/"), it follows from the last
equality that 6 Fx[u, h] = (N/*CN(u),h) Vu € D(N), Yh € D(N}).

Assuming that D(N!,) = U and (-,-) : V x V — R is a nonsingular continuous (in every argument) nonlocal
bilinear form, we get Fn[u, h] = 0,u € D(N),Vh € D(N]) if and only if

Ni(u) = N*CN(u) = 0y,u € D(N). (12)

Thus, the operator N; is potential on D(N) with respect to the nonlocal bilinear form ;.

If N/* is an invertible operator, then problems (12) and (10) are equivalent in the following sense: if @ is
a solution to one of them, then @ is a solution to the other ,ie., N(a) = Oy < Ni(@) = Oy. In this case the
functional (11) provides an indirect variational statement of problems (10).
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If the operator C is positive definite with respect to nonlocal bilinear form (-,-) : V. xV = R, i.e., (v,Cv) >
k|lv||Vv € D(C), where k > 0, then Fyx[u] > 0Vu € D(N) and Fy[a] = 0 < @ is a solution of (10). Thus,
in this case, formula (11) specifies a semi-bounded functional whose mininum is attained on the solutions to
problem (10).

Note that functional (11) was obtained in another way in [10] when solving one of the statements of the
inverse problem of the calculus of variations.

Let us define the operator C' on R(N) by the formula

(Cv)(a,t) = | K(z,t,y,7)¢ (x,0)¢’ (y, 7)0’ (y, T)dydr (j = 1,2), (13)
Qr
where
K(z,t,y,7) = K = exp (Z oyt + tT> . (14)
i=1

#'(i = 1,2) are arbitrary functions of the class C*!(Q) such that ¢'(z,t) # 0((z,t).€ Qp) and ¢'|;—¢9 = 0,
d'i—r = 0, ¢i|aﬂx(07T) =0 (i = 1,2). With this choice of functions ¢!, $? we have Cv € D(N/*) .
It is also easy to see that operator (13) is symmetric on R(N). Let us show that it is positive definite. For
this, we find the expansion of function (14) in the Maclaurin series
K = Yi0s0 i (21) ™ (@) o (y1) ™ () @) oo,
n41
Here oo = (a1, .oy ap1); o (i = 1,n + 1) are nonnegative integers; ja| = Zai, ol =apl...ani!

Using the obtained series we find
&y(v,Cv) = fQ il 111 x,t) fQ (x, 85y, TV (2, ) (y, T)v? (y, 7)dydTdxdt
Z 12‘04 —0 a' — ‘[QT () ntontr gl (2, t)vd (o, t)dadt
X IQT 0‘1...(y”)a"TO‘"“gbj(y,T)vj(y,T)dydT

—Z 1Z|a\ 0 ( 1) (Mcn a7L+U)2 > 0.

We note that all the moments A7 2" ""J vanish simultaneously if and only if v/ = 0(j = 1,2) in Qr [11].
Therefore, if v # Oy then ®;(v,Cv) > 0.

Thus, the operator C of form (13)is a positive definite and invertible.

Denoting by K = K (&, t,y57), from (1) and (13) we get

(CN) e, 1) = /Q {— 3 %;;%lwmyi (K (y, 7)a (y, 7, ul)] +
T ij=1

1

K0 00 1) (37 5 ) kot
D, (K6 (17) = K0 .00 (1.7)F ()

(CN(U))2((E,t> = ~/Q [_UQ(yvT)QSQ(‘r?t)DT(KQbQ(yaT))_
—K¢2(.’L',t)¢2(y,7')F (va u , U )]dydT

Using formulas (1),(5),(11),(15) we find the required functional in the form

FN[’LL] = %fQT fQT {Ll + LQ}dydefEdt,
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where
LIS o2ul oul out (z, )
L, = Za”(x,tu )i s f< ) —_—
P Daidai R ot
n ou di
_Fl(xvtau17u2>] [_ Ei,j 1 a( j |: J ny ’ul) +

K0 0,007 (700 5 ) 00 (0,710 00D, (61 007)

—K¢!(z,t)¢! (y, ) F' (y, 7, u', u2)] ;

! - FQ(x,t,ul,uz)‘| [_ ’u2(y,T)¢2($,t)DT(K¢2(y,T)) -

—K¢?(z, )% (y, ) F (y, 7, u', UQ)] :
Integrating by parts, we get
FN[U} :%fQT fQT {H1+H2}dyd7'dl’dt, (16)

where

" oul (x, 1) y L "L out(y,T)
(o A G R

K0 ) ) K0 280 705 (ot B ) +

+u'(y,7)¢" (z,t) Do (I (y, 7)) — Ko (2, )¢ (y, T)F' (y, 7, u', u?)

b

+

1
f(ac,t,u guk> +ul(z,t)Dy — Fl(x,t,ul,u2)1

1
l >, 4 %;’;%wx, 0D, [wl(% r)ai (y, T, ul)] - K\, t)

¢>1<y,r>f(ym ul, g ) T ul(, )0 (@, ) D, (K61 (3,7)) -

Hy = (2, t)u(y, 7) Dy (6 (2, 1) D7 (K *(y, 7)) +
+u? (2, )¢* (y, T) Do (K ¢ (2, 1)) F? (y, 7, u', u) + u?(y, 7)¢* (2, 1) Dy
(K2 (y, 7)) F? (2, t,ut,u?) + K¢? (2, 1) (y, 7) F2 (y, 7, ul, u?) F2 (2, t, ut, u?).

Theorem 5. The functional of form (16) is semi-bounded on the solutions of problem (1),(2).

The theorem is proved above.

Remark 2. Functional (16) : 1) is bounded below on set (2); 2) takes a minimum value only on the solutions
of problem (1), (2); 3) contains derivatives of unknown functions of lesser order, than the system of equations
(1), (2); 4) the set of its stationary points contains the solution set of problem (1), (2).
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Conslusions and future directions

The results of this paper can be summarized as follows.

(i) We studied the potentiality of the operator of the boundary value problem for a system of partial
differential equations for diffusion. We showed that it is not potential with respect to the classical bilinear form.
It means that the considered system cannot be obtained from Hamilton’s variational principle.

(ii) The problem of the existence of a matrix variational multipler for (1) was investigated. We illustrated
that there is no a matrix variational multiplier with elements depending on z and t.

(iii) We posed the question that whether there exists a functional semi-bounded on solutions of the given
boundary value problem.

We have done the algorithm of the constructive determination of such a functional.

The main value of constructed functional (16) will be in applications of direct variational methods and its
numerical performance.
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Bip muddy3uanbik xkKyiie onepaTopbIHbIH, O€TIOTeHIINAJIIBIFbI
2K9He KapThliaiiniekapaJjbl PyHKIIMOHAJIABI KYPaCTbIPY

MaremaTrka MeH KOCBIMITIAJIAPA BAPUAIMSIBIK, MTPUHIMITEPIH KEH Tapaybl XKoHE KYHesi KOJJaHbI-
JIybl OipKaTap KepemeT caJjigapJapra 6aiiaHbICThI, OJIAPbIH apachiHia 6acTallKbl TeHIEY/Iep MIeNiMIepiHiH
0ap eKeHJri >KoHe BapUalUsJIbIK d/IiCTeEPMEH KAPACThIPbLIATHIH HIEHIIMIAEP/IH TYPAKThI XKYbIKTayIapbIH
aHBIKTay MYMKiHairi 6ap. OcekiFan GallyTaHBICTBI OepiireH TeHIEeyIep Kyileci YIMH OHBIH, BapUAITHSLIBIK
TY>KBIPBIMIAPBIHBIH, GOJIybl TypaJsbl MaceseHi 3eprrey 3aniabl. OHBI Bapualus ecenTeyii Kepi ecebi mer
KapacTbIpyfa 60s1a1bl. ByJ1 )KyMBICTBIH 6aCTBI MAKCATHI — J1epOeC TYBIHABLIBI TU(MMOEPEHITUATIBIK, TeHIEY -
snepain, quddy3usIbIK, XKyiteci ymria ockl ecenti 3eprrey. Herisri oobekT — Gyi1 mOTeHMUAaM KPUTEPHHi.
OwublH HeriziHze 6epiireH IMeKapaJblK ecell OIepaTOPbIHBIH KJIACCUKAJIBIK, Oesirici3 dhopmara KaThICThbL Oeli-
MMOTEHIMAJIIBIFD JTOJIeJIeH . Byt xKyiienis 6epiiren popMaHbIH MATPUIIAIBIK, BAPUAIUSIIBIK, KOOSHTKIIITIH
KaObLTIaMalTHIHIBIFE KopceTinreH. Ochutaiima, 6epiiren aud@y3usablkK, KyHeHI KAACCUKAIBIK, | aMuIb-
TOH NPUHIUAITIHEH IbIFApPYyFa OoiMaiiibl. Bepiren mekapaJsiblk ecenTi ey s, GyHKIHOHAJIbI KapThLIaM
GaillaHBICHI 6ap Ma JereH cypak Koiburran. OcbiHIai OyHKIIMOHAIBI KOHCTPYKTHBTI AHBIKTaY AJTOPUTMI
Kacasirad. Kypbluiran GyHKIMOHAIBIH HETi3ri MoHI Tikeseil BapUAIASIBIK SIICTEPIi KOIIaHy/1a O0IaThI-
HBIH/IA.

Kiam cesdep: belmioTeHITHAIIBI OlepaTop/iap, muddy3usIbIK, XKyite, KapThllail MeKTereH QyHKIUIIAD,
BapHUAUSIIBIK, KOOSHTKIIIL.

B.M. Capuun, JL.'T. Xyen

Poccutickuti ynusepcumem dpyotcov, napodos, Mocksea, Poccus,

HemorennmmaabHOCTE oneparopa oaHOll cucrtemMbl auddy3un
1 MTOCTPOEHNE TOYOTPAHNIEeHHOTO (DYyHKITMOHAJIA

[ITupoxoe pacnpocTpaHeHne U CUCTEMATHYECKOE UCIIOIB30BAHIE BAPUAIMOHHBIX IPUHIIAIIOB B MaTeMaTHUKe
¥ IPUJIOXKEHUSX O0bSICHSIETCS PAIOM 3aMeIaTeTbHBIX CJIEJICTBUI, CPeIN KOTOPBIX BO3MOXKHOCTh YCTAHOBUTH
CYIIIECTBOBAHNE PEIIEHNI NCXOMHBIX YPABHEHN U ONIPEIeJIEHNE YCTOWIMBBIX IPUOIMKEHNI UX PEIIeHH Tak
Ha3bIBAEMBbIMU BapHAIMOHHBIMI MeToAaMu. B CBS3M ¢ 9THM 115 33/1aHHOM CUCTEMBl yDaBHEHUN €CTECTBEH-
HO WCCJIEJIOBATH BOIPOC O CYIIECTBOBAHUU €€ BapUAIMOHHBIX (POPMYJIMPOBOK. Fleé MOXKHO pacCMaTpUBATH
Kak o0paTHyIO 3a/ady BapranyoHHOro ucuucjenus. OCHOBHAs IeJIb HACTOAIIEH paboThl — HCCIIeI0BAHNE
9TON 33Ja4u JJisd CHCTEMBI yPAaBHEHUN B YaCTHBIX IPOU3BOJHBIX nuddysuu. KirodeBoit 06bekT — Kpu-
Tepuil MOTEeHIMAIBHOCTH:Ha ero ocHoBanum noka3zaHa HENOTEHIIMAJIHLHOCTDH OIEPATOpPa JAHHOM KpaeBOU
33891 OTHOCHUTEIHHO KJIacCUUIecKoit Ounmmneitroit ¢popmbl. [lokazano, 4To sta cucrema He JOMyCKAeT MaT-
PUYHBII BapUAIMOHHBIM MHOXKHUTEJIb JAHHOIO BHjaa. TakuMm obpasoM, 3ajaHHas cucremMa guddy3un He
MOKET OBbITh. BBIBEJIEHA M3 KJIACCHIECKOTO BapUaIlmoOHHOrO mpuHIuna [amuaprona. [locrasmen Bompoc o
TOM, CYIIECTBYET Jii (PYHKIMOHAJ, TOJYOTrPDAHNIEHHDBII HA PEIIeHNsIX JAHHON KpaeBoit 3ajaun. V3moxken
aIrEPUTM KOHCTPYKTUBHOIO OIIPEIEIeHNs TAaKOTO (pyHKImoHaIa. OCHOBHAS IIEHHOCTD IIOCTPOEHHOTO (DYHK-
[AOHAJIa 3aKJ/IIOYAeTCA B IPUMEHEHUHU NPAMBIX BapUAMOHHBIX METOLOB.

Kmouesvie crosa: HeNOTEHIIMABHBIE OIIEPATOPHI, cucTeMa iuddy3un, moryorpaHundeHHbie (OyHKIUTOHAJIBI,
BapUALMOHHBIA MHOYKUTEJIb.
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