MATEMATUKA
MATHEMATICS

UDC 517.51

A.N. Adilkhanov, Zh.Zh. Baituyakova, D.T.

L%.agzlblmilyov FEurasian National University, Astana, Kazakhstan
(E-mail: adilkhanov_kz@mail.ru)

Strong approximation of Fourier series on generalized
periodic Morrey spaces

In recent years, a lot of attention has been paid to study of Morrey type spaces. Many applications in partial
differential equation of Morrey spaces and Lizorkin-Triebel spaces have been given in work G.Di Fazioand,
M. Ragusa and the book of T. Mizuhara. The theory of generalized Triebel-Lizorkin-Morrey spaces is
developed. Generalized Morrey spaces, with T. Mizuhara and E. Nakai proposed, are equipped with a
parameter and a function. First we give definition of Morrey and generalized Morrey spaces. Then we
recall the boundedness of periodic Hilbert transform. This will be our main tool for all wtht follows. In a
more or less elementary way, we carry over the known boundedness assertions for the Hilbert transform
on Morrey spaces defined on R to periodic Morrey spaces. Boundedness of the Hilbert transform implies
uniform estimates of the operator norms of the partial sumd of the Fourier series. Then we study vector-
valued Fourier-multiplier theorem for smooth multipliers. Afterwards, we study vector valued version of
famous Riesz theorem. Here we concentrate on Lizorkin representations. Finally, we get an interesting
characterization of the space £; ,, ,(T) by using differences of partial sums of the Fourier series Finally, we
get an interesting characterization. of the space £ ,, ,(T") by using differences of partial sums of the Fourier
series and consequence for strong approximation of Fourier series on Morrey space.

Keywords: Morrey spaces, generalized periodic Morrey spaces, strong approximation, vector-valued version
of the Riesz theorem.

First we recall the definition of the generalized Morrey spaces (nonperiodic and periodic). As usual, B(z,r)
denotes the open interval (x = 7,2 + r). T denotes the one-dimensional torus, usually identified with [—, .
For a measurableset ) @R we use || to denote the Lebesgue measure of Q2. As usual, N denotes the natural
numbers, Ny the natural numbers including 0. All functions are assumed to be complex-valued, i.e., we consider
functions fwR = C. As usual, the symbols C,C4,... A, B,C, ... denote positive constants which depend
only on the fixed parameters s, p, ¢ and A and probably on auxiliary functions, unless otherwise stated; its value
may vary from line to line.

Definition 1. Let 0 < p < oo and 0 < A < 1/p.

(i) We say that a function f : R — C belongs to the (nonperiodic) Morrey space M)} (R) if f € Ly (B(x,7))
forall x € R and all » > 0, and the following expression is finite

1 £ 1Mp(R)| := sup sup | Bz, )| | f|Ly(B(z,n))|l.

z€ER r>0

1 e say that a function : — C, m-periodic, belongs to the periodic Morrey space 1
ii) Wi h f i f+ R C, 2 iodic, bel h iodic M M;‘ T) if
f € Ly(B(x,r)) for all z € R and all » > 0 and the following expression is finite

1 1M (T)|| = Sup. sup | B, )| 1 Lp (B, )l (1)

R O<r<m
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Remark 1.
(i) Obviously we have
MJ(R)=L,(R) and  M}/?(R) = L(R)

in the sense of equivalent norms. In the periodic case we obtain
MY(T)=L,(T) and  M}/?(T) = Lo(T)

in the sense of equivalent norms.
(ii) Let us mention also the trivial embeddings

Loo(T) = M)°(T) < M)*(T) = L,(T), A< Ao

and .

1 _ 1 1 _ 1
Ly(T) = My(T) = Mg} “(T) = Mz “(T), 0<pz<pi<u<oo.

(iii) Morrey spaces, periodic or not, are not separable if A > 0. In some sense these Morrey spaces are
relatives of Lo, and not of L,, p < oco.

(iv) By periodicity it will be enough to restrict the supremum in (1) to z.€ [—a, 7.

Generalized Morrey spaces have been introduced independently by Mizuhara [1] and by Nakai [2]. Here the
parameter A is replaced by a function ¢ : (0,00) — (0, c0).

Definition 2. Let 0 < p < oo and let ¢ : (0, 00) — (0, c0).

(i) Then the generalized Morrey space MY (R) is the collection of all functions f : R — C such that
f € Ly(B(x,r)) for all z € R and all » > 0 and

1 ;
IFME @ = sup sup o) (g NSOy < oo

z€R 0<r<oco

(ii) Then the generalized periodic Morrey space M;?(T) is the collection of all functions f : R — C,
2m-periodic, such that f € Ly(B(z,r)) for all z € R and allr > 0 and

! :
YT := s . Pd < .
191045 (DIl = sup sup SNy [, 1f@Pdy)” < oo

Remark 2. Clearly, if o(r) := | B(0, r)|_>‘+%, r > 0, then we have coincidence M7 (T) = M;‘(’IF), in particular,
if p(r) := [B(0,)|7, r > 0, then M#(T) = L,(T).

Of course, we shall need restrictions for ¢ to develop a reasonable theory. We are mainly interested in
smooth peturbations of | B(0, 7‘)|7/\+%. Following Nakai [3] we shall work with the following class of functions.

Definition 3. Let 0 < p'< coiThen ¢ : (0,00) — (0,00) belongs to the class Gy, if ¢ there exist positive
constants C,C" such that-the inequalities

S

da

P(t1) SCo(ta)  and 1y " @(ta) < C'ty * p(th)

hold for all 0 <ty < ty < 00.
In the definition of M7?(T), we assume that ¢ is in G, that is, there exist some constants C,C" > 0 such
that the inequalities

p(t) < Cplta) and C't, "p(t) >ty " p(ts)

hold for 0 < t; <ty < 0.

The nonperiodic and the periodic Hilbert transform are classical objects in harmonic analysis. We give their
definitions.

Definition 4. The Hilbert transform of a given function f € L!°°(R) is defined as the Cauchy principal value

(Tf)(x):= PV. /+°° &dt = lim/ Mdt

o T 0 St t—a|>63 T — 1

at every point € R for which this limit exists.
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Definition 5. The periodic Hilbert transform (or conjugate function) of a periodic function f € L;(T) is
defined as the Cauchy principal value

(Hf)(z) := f(z) = %P.V. /_7r f(z —u) cot gdu =

1
= —lim f(z —u)cot L du
21 640 Js<fu|<n 2
at every point x € R for which this limit exists.
We recall the boundedness of the Hilbert transform on generalized periodic Morrey spaces, which have been
proved in [4].
Proposition 1[4, Theorem 2]. Let 1 < p, ¢, < oo and ¢ € G,. We assume that there existSome ¢ > 0 and a
constant C' > 0 such that
t&‘ ,',.8
<
o(t) = o(r)

Then there exists a constant C such that

|(S i) prz| < e S i) g |
j=0 7=0

forall t>7r>0. (2)

holds for all f € M#(T).
A standard consequence of the boundedness of the periodic Hilbert transform is an estimate of the operator
norm of the partial sum operator of the Fourier series.

S[f(x) := Z cret™®, rER

k=—o0

be the Fourier series f € L1 (T) with ¢x(f). Here ¢ (f) is the Fourier coefficient of f given by

L ikt
cr(f) = ) flt)e """ dt.
We define
M _
Snalfl@i= > c(f)e™™,  NMeZ N<M.
k=—N

The next corollary is generalization of the famous Riesz theorem.
Corollary 1 [4, Theorem/5]. Let 1 < p < oo and a function ¢ € G, ¢ € G,. We assume that there exist
some € > 0 and a constant C' > 0 such that

tE < ,r,€
p(t) = p(r)
Then for all NyM € Z, . N < M, we have

forall t>r>0.

1S, | M7 (T) — M7 (T)|| < [[H|M7(T) — Mg (T)]. 3)

To reach our goal we need following vector-valued version of Corollary 1.
Theorem 1[5, Theorem 1]. Let 1 < p < co and a function ¢ € G, ¢ € G,. We assume that there exist some
€ > 0 and a constant C' > 0 such that

tE ,',.8
<C forall t>r>0.
p(t) = o(r)

Then for all (Nj);, (M;); of complex numbers, satisfying N; < M for all j, and all sequences (f;); C M (T)

we have - -

¢ ¢ ¢ A\ 1

(3 18w, an gyl (M| < e (NIME(T) = 2t | S0 15517) a4 () | (4)

j=0 =0
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Remark 3. In case ¢(r) = |B(O,7")\%, r > 0, the Theorem 1 has been known before, we refer to [6] and
p(r) = |B(0,r)|_’\+%, r > 0, we refer to [7].

Looking at the Fourier side Corollary 1 and Theorem 1 can be interpreted as Fourier multipliers assertion
with characteristic functions of intervals as multipliers. For later use, we need a variant with smooth multipliers.
Smoothness is measured in terms of the Bessel potential spaces H5(R). These classes are defined as follows.

Definition 6. Let k > 0. Then H5(R) is the collection of all f € Ly(R) such that

IF1HS R = I F A+ €2 PFFONL(R)]] < oo

Theorem 2 [5, Theorem 2. Let 1 < p < 00, 1 < ¢ < o0 and ¢ € G,. Assume (2) is satisfied. Let (A;); be a
given family of finite and nontrivial intervals. With d; we denote the length of A;. Let

L.
K>+ —.
2 min(p,q)

Then there exists a constant C' such that the inequality

I(S] 3 M weatne
j=0 k=—oc0

<C S M (ds) [H3 (R)| 11(f5) 1M (T, 1)l

)l

D ~

holds for all sequences of functions M; € H5(R) and all sequences ( f;); of trigonometric polynomials such that
Ck(fj) =0 if k ¢ Aj, J€ Np.

Now let us to give the definition of generalized periodic Lizorkin-Triebel- Morrey spaces. In fact, for us the
scale of the Lizorkin-Triebel-Morrey spaces will be more important one.
Let ¢ € C§°(R) be a function such that

o) G5 .
Then, with ¢g := v,
b(r) = dof2) = Bole)  and  oy(2) = 4@ 7a),  jeEN. (6)

This implies

> ¢j(x)=1 forall zeR.
j=0

We shall call (¢;)52 a smooth dyadic decomposition of unity.
Definition 7. Let (¢); be a smooth dyadic decomposition of unity as defined (5), (6). Let s > 0, 0 < ¢ < o0,
0 < p < oosand a function ¢ € G,. Assume (2). Then &7 , (T) is defined to be the set of all f € M?(T) such
that
Q) 1/q

Remark 4. Taking ¢(r) := |B(O,r)|%, r > 0, we are back in the case of classical periodic Lizorkin-Triebel
spaces, i.e., we have

M;f(T)H < 0.

115001 = [ (D027 3 dstkenp)e™
§j=0 k=—o0

€5 1a(T) = F5 (T).

¥,P,q

We shall call the spaces £ , ,(T) generalized periodic Lizorkin-Triebel-Morrey spaces. They represent the
Lizorkin-Triebel scale built on the generalized Morrey space M (T). The nonperiodic version of this scale of
spaces has been introduced by Tang and Xu in the year 2005 (for Morrey spaces). Lizorkin-Triebel-Morrey

spaces, related to generalized Morrey spaces, have been considered recently by Nakamura, Noi and Sawano [7].
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Lemma 1 [8, Lemma 4]. Under the restrictions to parameters p, g, s, ¢ in Definition 7 the periodic Lizorkin-
Triebel-Morrey spaces Esz’q(T) is independent of the chosen smooth dyadic decomposition of unity, i.e., if we
change the smooth dyadic decomposition of unity, then this change results in an equivalent quasi-norm.

We turn to an interesting characterization of the spaces £5 . (T) by using differences of partial sums of the

; : ©,p:q
Fourier series.

We define
N
Snf(z)=S-nnf(z)= Z c(f)e*™ weR, NeN.
k=—N
Here ci(f) is the Fourier coefficient of f given by
alf)i= o= [ sy ar
=5 .

—T

Theorem 3. Let 1 < p,q < 00,5 >0 and ¢ € G,. Assume (2) is satisfied. A function f € M#(T) belongs to
&: ., ,(T) if and only if

¥,p,q
> 1/q
112 g (DI = ISLAME T + || (D2 27598500 £ = S50 £17). " IMAT) | < o
§=0

Furthermore the quantities [|-[€3 , . II*
A,B such that for all f € M#(T),

and [|-€7 , || are equivalent on M (T), there exist two positive constants

ANFIES poll™ < NFIES poll < BNEIEG ool -
Proof of Theorem 3. We fix a dyadic decomposition ofunity. Let ¢/ € C§°(R) be a function such that

|1 it |z <1,
(@) { 0. if x> 3.

Then, ¢o : ¥ (x) Then, with ¢ := v,
o(z) = do(2/2) —gole) and  ¢;(x) =27 ), jEN,

we have

oo}
D ¢i(x)=1 forall zeR.
§=0

It will be convenient to.use-abbreviation

fitr) = > ¢i(k)en(fe*™. (7)
k=—o0
We find that '
Sy f=Suf= Y alf)et =
20 <|k|<2i+1
= Y (@m1(k) + 65 (R) + b (B))er(f)e® =

2 <|k| <29 +1

= (Soit1 fij—1 — S2i fj—1) + (Sait1 fj — S2i fj) + (Saitr fi41 — S2i fi41)s

where we used abbreviation (7) again. Applying Theorem and generalized Minkowski inequality, we have

H(i2ﬁsq|s2j+1f s fl) g (m)|| < 21: H(iw‘sq|s2j+1fj+l ~ S fral?) g (m)| <
j=0 I=—1 =0
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1 &) ] l/q
<o S [( 2o smr) M) < callF1€5 1
I=—1  j=0

The estimate of the term ||y f[M7(T)|| can be done in the same manner:
[S1AME (T < (I1H M (TI| + DILFIM(TI| = Csl| f|M2(T)]-

This prove that Al f|ES

opall” S FIES ol with an appropriate positive constant A. To prove

1€, p.qll < BIFIES pqlI*

we proceed similarly. Let j > 1. For brevity, we put
gj = 52j+1f — ngf.

We start with the identity

fiz) = > diR)er(fe.
9i-1<|k|<32i-1

In the strength of the system’s orthonormality eikf”:zoioo on [—m, 7], we have

cr(g;) = % /j gj(z)e” " dy = % /j ( > Cu(f)ei”“”)e*ik“”dx = a(f).

2 < |v|<27%1
Therefore ]
fi(z) = > oi(k)er(gj-a+ gikgii)e™ =
2i-1<|k|<327 -1
Z Z d)j Ck g]-‘rl) ke
l=—1k=—00
Hence
> 1/q
115 pall 2 (2 220155 (0)17)  agg(m) | =
7=0
q
H(ZW{Z S extatae]') gpom| -

l==1k=—0c0
q) :
Then argue by using Theorem 2 instead of Theorem 1 to the last sum, considering

M;(k) =¢;(k); fi(k) = 27°g;(x); cu(fi) = cu(2°g;); Aj = (2,271,

)

<C- sup s (d ) [HE (R[] - 1127 (95); 1M (T, 1) | =

j=o0,1,2...

- H(i’ b i 65 (K)cn(29° g 1)e™

j=0 I=—1k=—00

Then we get

Q=

<

H(i‘ 21: i di(k)ck(275g41)e™™

j=0 I=—1k=—o00

N
=5 (S o ]) ) -
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Remark 5. In  case (1) := |B(0,7)|"/?,r > 0 this goes back to Lizorkin-Triebel and in case
@(r) := |B(0,7)| A1/ 1 > 0 this theorem have been proved in [7].

To prove next theorem we add the following.

Corollary 2. [8]. Let 1 <p<oo, 1<¢qg<oo0, s>0 and a function ¢ € G,. Then for all
feNGp(T)VES o (T),

Lim [y f — f[M7(T)|| = 0.
j—o0

Now we are going to reach our goal in this paper. The next theorem is basic in this paper. Instead of
considering dyadic subsequences of (Sy)n, we switch now to the sequence (f — Sn)n-

Theorem 4. Let 1 < p,q < o0, s > 0 and a function ¢ € G,. A function f € MF(T) belongs to €Z’p’q('ﬂ‘) if
and only if

s # .
||f|8</),p,q|| T
= . 1/q
= ISuag M)+ || (30 NC101 = S p17) Mg ()| < oo (8)
N=1
Furthermore the quantities ||-|E5 , [|# and ||-|€5 , .|| are equivalent on Mg (T?), there ewist two positive constants

A,B such that for all f € M$(T),
ANFIES ool < UFIES pgll < BIFIES pall™-

Proof of Theorem 4. By Theorem 3, it will be sufficient to compare || - [£5
Step 1. We shall prove that

,p,q”# and H ' ‘g;,p,qH*'

IF1€5 p.gllF < cLllFIE5 pqll" (9)
with some constant C independent of f. First, we split the sum Z?Vozl into dyadic blocks. More exactly, we set
) oo 27FE 1
Z NG=Vaaf_ gy fla = Z Z NE-Vaa gy fl7 <
N=1 J=0 N=2i
e} 29+l _q
AN LT DTN
j=0 N=2j

where C5 is equal to 1 if s — 1/¢ < 0.and equal to 2(s=1/9)4 otherwise. Next, we use the identities
f=Snf=Ff—5Sunf+ S f—Snf

and

Soi+1f —Snf = Snait (SzHlf — Sy f)'

Inserting these identities in the previous inequality and applying Theorem 1 yields
- (s—1/q) 1/a d - i(s—1/9)q0 1/ d
[ (3 Nty — sy p1o) g n0)| < G| (30 290923 f — Sy 1) a1 |+
N=1 §=0

29+

S i 1/q
+CQH(ZZJ(371/(M > |SN72‘j+1(S2J+1f—52jf|q> |M£&(Td)H+
Jj=0 N=2i
e’} . 2Ji+1_q /g
G| (Do VDN Sy = S f17) Mg (T
Jj=0 N=2i
Since
" 9 BSE /e d = 1/q d
H(Z”(S* Y |521+1f—s2jf|‘1) |M;"(T)HSH(ZW\SWf—syflq) M (T,
j=0 N=2i =
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it remains to estimate

H( 2if = s it) |

Obviously, as a consequence of Corollary 2, we have

M—-1

f=Synf= lim Spuf—Synf= lim > Syuf—Suf=

I=j+1

= > Sunif—Suf = Surstrf— Sorsf.

I=j+1 =1

Hence it follows that

[(2501f = S 1) sz 0| <
j=0

<3 (21 = Sorve 1) ey <
=1

J=0

IN
1M
[N}

7=0 =1

Since s > 0, the geometric series is convergent. This completes the proof.of (9).
Step 2. We shall prove that

IFIE5 5.l < call F1E5 pall™

with some constant ¢4 independent of f. This time we use the identity

Spreif=Suf= > alf—Syfe*, N=271 .2 -1,

27 < ||kl oo <2071
which implies that

2791

[Soi+1 f — Soi f|T = 9~G=h Z ‘ Z ce(f —Snf)e ike| °

N=2/-1 27 <||k]| o0 <2941

Hence it follows that

0S5 - s iz -
§=0

29 -1

H(sz CISY alf st

N=2i 2i<|k|<2i+1

1/
N g <

271

<CSH< 23(5 1/9)a Z |f — Snf|? ) /q|M;f(11‘d) :

where we used Theorem 1 in the last step. Since
21(s=1/0)1 < O NG—Vaa  2i-1 < N < 2,

with some constant C independent of j, this yields (10).

s (ZQ(J+l)sq|S2,+J+1f Sors f]? ) |M<p ’H‘d H < ||f|5¢pq|| (22715)'

(10)

Remark 6. In case o(r) := |B(0,7)|"/?,r > 0 we refer [6] and in case p(r) := |B(0,7)|"**Y/P r > 0 this

theorem have been proved in [9].
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A H. Amnnxanos, 2K.2K. Baiiryakosa, . T. Marun

KannbuiaaraH nepuoaTrel Moppu KeHicriringe @ypbe
KaTapJiapbIMeH KYINTI KOCBIHIbLIAY

Conrbl XKbUTmapbl Moppr TUNTI KEHICTIKTEp/l 3€PTTEY VJIKEH KBI3BIFYMIbLIBIK Tyabpipabl. G.Di Fazioand,
M. Ragusa xymbicTapbiaga xkoHe 1. Mizuhara kitabsirma Moppu Tunrec KeHiCTiKTepiH gepbec TYbIHIbI-
JIBI TeHJEYIEPIiH KUl KoJIIaHyIbuiapbl KepceriireH. T. Mizuhara »xone E. Nakai yceiHFan »KaJnbLIaHFaH
Moppwu kenictikrepinge napamerp xkoHe ¢yuKIs enriziaren. Ocor )xymbicta JInzopkuua-Tpubess kKeHicTi-
ri Moppu KenicTikreri mkaJjana xkacaaraf. AygbivMer, Moppu MeH »Kainblaianran Moppu KeHiCcTIKTepiHig
aHBIKTaMachl 6eplimi. Opi Kapait ['minbbepT Typ/eHaipyiHiH meHe reH iri kepcerinai. Bysn 6i3aiy el Ga-
cThl KypasbiMbi3. [lepuoarer emec Moppu kenicririageri I'misbepT TypsieHAipyiHiH IIeHETEHAITIH KOIIaHA
OTBIPBII, TIEpUOATEI MoppH KeHicTirine eTkizemis. ['unbpbepT Typienaipyinin menenreniri @ypoe karapbi-
HBIH Jepbec KOCHIHIBICHIHBIH, OTIepaTOp HOPMACHIHBIH OIpKAJILIITHL barasaybid Oinaipeai. Bekropust Typaeri
®ypbe MyIbTUILTUKATOPHI 3epTresiai. OcbiHbIH Herizinae 6enrini Pucc TeopemMachbiHbIH BEKTOPIBI TYPI aJIbl-
HaJibl. MyHa 6i3 JIuzopkun-Tpubens KeHicTikTepiniy »KaJmnblianran Moppu KeHicTiriHericin KapacTbl-
pambi3. 2KyMmpicThiH coHBIHIa Pypbe KaTapbIHBIH J1epOec KOCHIHIBICHIHBIH AMBIPMACHIH KOJIJaHa OTBIPHII,
xasmbutanran Tpubens-JInzopkua-Moppu kenicririage & , (1) KBISBIKTBI CUITATTAMACH! AJLIHFAH YKOHE

¥,p,q
Moppu keénicriringe Pypbe KaTapbIHbIH AITPOKCAMAIIUSIIAY Bl KOPCETIJINEH.

Kiam ce3dep: Moppu keHicTiri, xKannblianrad Moppu KeHICTIr, KaTaH KOCBIH/IbLIAY, PUCC TeOpEMACHIHBIH,
BEKTODPJABI TYPi.
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