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A boundary value problem for nonlinear differential equation with
arbitrary functions

This article describes a semi-batch nonlinear boundary value problem for differential equations with partial
derivatives. The equations containing arbitrary parameters were considered in Whitham G.B. Such equations
are encountered in some problems of chemical technology and chromatography. Replacing w.= €* in
a nonlinear problem with arbitrary functions leads to a semi-batch linear boundary wvalue problem for
hyperbolic equations. Introducing a new unknown function, semi-batch linear boundary wvalue problem
for hyperbolic equations with mixed derivative reduced to the family of boundary walue problems for
ordinary differential equations and functional relation. Using the method of parameterization to the family
of boundary value problems for ordinary differential equations, We find approximate solutions of equations

in this area. The proposed method is illustrated by an example.

Keywords: nonlinear equation, boundary value problem, differential equation in partial derivatives, hyperbo-
lic equation.

On Q = [0, X] x [0,Y] is considered for periodic boundary value problem nonlinear differential equations
with partial derivatives

aaTaZy: '%'%“La(x’y)'%ﬂLf(%y); (1)
(0] = V) o
2(@y0) = z(a,T), 3)

where k = const, p(y) — given function depending on y, a(z,y), f(x,y) — arbitrary functions depending on x
and y. The paper G.B.Whitham [1] were considered equations containing arbitrary parameters. Such equations
are encountered in some problems of chemical technology and chromatography.

To solve the problem (1)—(3) u =/€¥* we make the change, then we obtain a linear periodic boundary value

problem

0%u ou
— Y e 4
95y a(z,y) oy flz,y) - w (4)
u(z,0) = z(z,Y); (6)

1
We make a partition by 7 > 0,h > 0: M7= X, Nh =Y step
M N
i=1 j=1

In this region Q is divided into M x N parts. By u;;(z,t), z;;(z, t) denote the restriction of u(x,t), z(z,t) in area
Q; =[(—1)r,ir) x [(j — 1)h,jh), i=1,M, j=1,N[2].

To find a solution we insert a new unknown function v;;(z,t) = %ﬁf’t), i=1,M, j =1, N, we insert the
notation \;;(z) = v;(z, (j — 1)h) and make the change v;;(xz,t) = vi;(z,t) — A\jj(z), i=1,M,j=1,N. We
obtain the equivalent boundary value problem with unknown functions A;;(z):

85”'
dy

[t

= a($7y)aij + a(a:,y))\w(x) + kf(xvy)u’ij(zvy)v (I7t) S Qija 1= 17M7 j = 5N7 (8)
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By (r = 1)) = 0 ©)
Ai1(z) — v () — y_l)igl_o@N(xa y) =0; (10)
Ais(x) + lir}rLl Oﬁis(x,y) —Ais+1(z) =0, s=1,N-1; (11)
y—sh—
uij(z,y) = eH*W 4 /[@j(f, y) + Aij (£)])dE; (12)
0
Zij (l’, y) = %lnuij(x, y) (13)

Task (8), (9) with fixed A;j(z),u;;(x,y) is the solution of the Cauchy problem and is equivalent to’the
equation

Yy Yy Yy
B () = / ol )53 () + / a(e,m)dn - hij () + / K aamug@ndn. (1)
(G—1h (j—-1)h (J—1)h

Passing on the right (14) to the limit y - Y — 0, y — sh — 0 substituting them interequation (10), (11) for
unknown functions A;;(z), we obtain a system of functional equations:

Y Y Y
N (@) = Ao () = Aow () / a(z,n)dn = / oo, n)Tug(, )+ k / f(@yus (e, )dn;  (15)
(NZ1)h (NZ1)h (NZ1)h

sh

Mo () + Aas () / ) B

(s—=1)h
sh sh
= - / a(x,n)vis(z,9)dn — k / flo,n)uis(x,m)dn, s=1,N—1. (16)
(s—=1)h (s—=1)h

To find the system of three functions {\;;(x),v;;(z,y), wi;(z,v), z:5(z,y)}, ¢ =1,M, j=1,N, we have a
closed system comprised of equations (15),,(16), (14),(12),(13).

For an initial approximation of the problem (8)—(9) we take 5%2)(;3, t) =0, ugg) (z,t) =W j =1 N, and
successive approximations based on the following algorithm:

Step 1. For '17(2) (z,t)=0, ug(;)(%t) = W) from the equations (15) and (16) we find the Atj(x),j=1,N.
Using (14) and found A7, (7), define v7;(z,t). Then, from the equation (12) get uj;(,y). Next, using (13) find
Z;j (l‘, y)

Step 2. For 1752) (z,t)=0, uég)(ac,t) = lim ouTj (z,t) from the equation (15) and (16) get A3;(z), j =1, N.
T—T—

Using (14)‘and found A3, (z), define v3;(x,t). Then, from the equation (12), (13) get u3;(z,1), z3;(x,t), j = 1, N.

Step M. For 55\2)‘(;10, t) =0, ug\(})‘(% t) = lim uhs_y i (x,t) from the equations (15) and (16) we find the
J J z—(M—1)7—0 J
Aa; (@), § = 1,N. Using (14) and found A}/, (z), define 03,;(z,t). Then, from the equation (12), (13) get
uppi(@,t), 23p,(2,t), =1, N.
Ezample. On the Q = [0, 1] x [0, 1] is considered the boundary value problem k = 1, a(z,y) = —2zy.

0%z 0z 0z 0z 2
Gudy ~ 5 gy 2 gyt L o o
2(0,y) = 0; (18)
2(,0) = z(z,1). (19)
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To solve the problem (17)—(19) u = e* we make the change, then we obtain a linear periodic boundary value
problem

O u —2x Ou + 2y — 1+ 2y — zy) - u; (20)
0x8y Y- 3 Y Y Y )
u(0,y) = 1; (21)
u(z,0) = u(z, 1); (22)
2(z,y) = Inu(z, y). (23)
1 1 Ou,j(x,t
Let 7 = §7h = i’N = 2. To find a solution we insert a new unknown function v;;(x,t) = ——uj(x ),
1 1
i,j = 1,2, we insert the notation \;j(z) = vi;(z,(j — 1)h), Qi = ZT’% x |2 5 7%) and make the

change v;;(x,t) = vi;(x,t) — Aij(2), 4,7 = 1,2. We obtain the equivalent boundary value problem with unknown
functions A;;(z):

565; = —2xyv;; — 2xyNi;(z) + 2y — 1+ zy? — zy)uij(x,y), Uij(z,0) =0, (at)€Qijud,j=1,2; (24)
)\il (JL‘) — /\ZQ(I) — hHl 51‘2(13,y) = 0; (25)
y—1-0

i1 (z) + lim Oail(xvy) — Xiz(z) = 0; (26)

Yy—3z—
wi(o,) = 1+ [0, 0)ot Ny @)1 (27)

0

uzj(x,y) = xiiliﬂio uyj(2y) + /[523'(57 y) + Az, (§)]dE; (28)
Zz’j(l’, y) = Inawg (7,y). (29)

Task (24) with fixed A;;(z), uij(z, y) is'the solution of the Cauchy problem and is equivalent to the equation

Y
wnvzg x,n)dn— 2 / xndn - Aij(z) +

i
2

Uij (2, y) (2n — L+ 2n® — an)uy(z,n)dn, 4,5 =1,2. (30)

R

Passing on the right+(30) to the limit lignoﬂig(x,y), lim ;1 (z,y),9 = 1,2, substituting them into
y—l= y—2—0

2
equation (25), (26), for unknown functions A;;(z),%,j = 1,2, we obtain a system of functional equations:

1 1 1
Air(x) = Nia(x) + 2 / anviz(z,n)dn + 2/xnd77 Aio(x / 2 — 14 xn® — xn)uis(z,n)dn = 0; (31)
3 3
3 3
Air(x) — 2/:07)51-1(3:, n)dn — 2 / andn - A (z) + / 20 — 1+ an? — xn)ui (x,n)dn — Nia(x) = 0. (32)
0 0 0

For an initial approximation of the problem (24)—(29) we take v(])( ,y) = 0, ugg)(x,y) =1,7 = 1,2, and
successive approximations based on the following algorithm:
Step 1. For 5%2)(33@) =0, ug(;) (x,y) = 1,57 = 1,2, from the equations (31) and (32) we find the \j;(z),
Afy(x). Then
12 + 4z — 622 11z — 22

A (z) = =22 T DT _ o rm
1) = g s e M0 = B e
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max A1p(z) =0.2834, max Aj2(z) = 0.1186.
z€0,3) z€0,3)

Using (30) and results \{; (z), Aj5(x), define 0, (x,y), Ui (z, y):
Y Y
o1y (@,y) = =2+ Al (2) /xndn + /(2n — 14 an” —an)dn =
0 0
= 0.3333y(zy” + (3 — 2.35027)y — 3);

Yy Yy
U19(7,y) = =2+ Ai2() /wndn + /(2n —1+an” —zn)dn =
3 3
= 0.3333zy> — 0.61862y> 4+ 0.11302 + > — y + 0.25;
max o1 (z,y) =y* —y, max i(z,y) =y* -y +0.25
z€0,3) z€0,3)

Further, from the equations (27) get uj;(x,y), uiy(z,y):
uly(z,y) = 14+ 2y® — 2y +0.2834z,  uly(z,y) = 1+ 2y* = 2y 40.36862.

Next, using (29) find 2§, (x,y), 275 (z, y).
Step 2. For B} (z,y) = 0, 153 (w,y) = 0,

ugp(x, y) = iu;n Oufl(x, y) = 0.5y% — 0:5y + 1.1417;
T—g—

u;g) (z,y) = _1>1£n OuTQ(x,y) = 0.5y — 0.5y + 1.1843
i

from the equations (31) and (32) we find the \ji(@), \5s5(a).
Then

_0.3708(22 + 0.4146& — 0.069) ~0.1195(22 — 11.2266 — 0.2143)

AL (z) = AL (z) =
2(2) 5.3333 = 42 » Aa(?) 53333 — 22 :

max: Agr (z)= 0.1151, max Ago(z) = —0.1405.

z€[3,1) z€l,1)
Using (30) and results A3, (z), X35(z), define U3 (z,y), U55(2,y) :
U531 (2, y) = y(y>(0.25 — 0.25x) 4 y(1.3917 — 0.6859x) + 0.1zy* + (0.54722 — 0.5)y* — 1.1417);

Uso (2, y) = 0.12y° — 0.252y* + 0.5614ay> — 0.45162y 4 0.05522+
+0.25y* — 0.5y + 1.4343y? — 1.1843y + 0.2804;

max 03, (2,y) = 0.1y° + 0.0472y° + 0.7058y — 1.1417y;
16[571)

max Uso(z,9) = 0.1y 4 0.0614y> + 0.9827y* — 1.1843y + 0.3356.
z€[3,1

Further, from the equation (28) get u}; (x,y), u3s(z,y). Thus, to solve this problem

1 1

1 1
25y (2,y) = In(1 + 2y* — xy + 0.3686x), =€ [O, 2) , YE [2, 1) ;
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251 (2, y) = In(0.1471y? 4 0.0708y + 1.0842 + 0.12° + 0.0472zy>+
+0.7058zy? — 1.1417xy + 0.1151z), =z € [; 1) Y € [07 ;) ;
Z3o(,y) = In(1.0165 + 0.3356x + 0.0126y — 1.1843xy + 0.0086y>+
+0.9827xy% — 0.0307y> + 0.0614zy> — 0.05y° + 0.1zy°), z € B 1) , Y€ B 1) .

Thus, a nonlinear semi-periodic boundary-value problem for hyperbolic equations with two independent
variables is solved.The solution method proposed by the authors can be used quite widely.

This publication is supported by the grant project 1164 / GF 4 from the Ministry of Edutation and Science
of the Republic of Kazakhstan.
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H.T. Opywmbaesna, I'. Caburbekona

Epkin dysknusiapbl 6ap ChI3bIKTEL.eMec and pepeHImasablK TeHJaey
YIIiH KOMbLJIFaH Oip MIETTIK ecell TypaJbl

Maxkasaga gepbec TyBIHABLIB HuddEPEHITHANIBIK, TeHAEYIED VIIIiH KapThlIail IEPUOITHI IIETTIK ecell Ka-
pacTeIpbLLIbl. Epkin napamerpiepi 6ap remueyinep G.B. Whitham »xymbicTapbiaga KapacTbipblran 60-
sareia. MyHal TeHaeyIep XUMUSIIBIK, TEXHOTOTHIAPIbIH XKoHe XpoMaTorpadusiHbiH Keibip ecenrepime
keszneceni. Epkin dbyHKuusnapsl 6ap ChI3BIKTLL €MEC €CelTe U = e** aybICTBIPYBIH €HII3il, MUIep6oIaIbK
TeHJIeyJIep YIIiH YKapThLIall IIepUOIThl CHI3BIKTHI €CenTi anaTbiH 6omaMb3. 2Kana 6esrici3 pyHKIUSIHBL eH-
rizim, apaJac TYBIHIBI TUIIEPOOIIATIBIK, TEHIEYIED VIMH KaPThLIail IEPHOATHI CHI3BIKTHI €CEIITI KaparmaibiM
nuddepeHnnaIbIK, TeHAEYIep VIIH MeTTIK ecenrep yiipiHe »koHe (DYHKIMOHAJIBIK, TEHJEYTe KOIIeMis.
Kapanaitbiv nuddepeHnuaIblK TeHIeyIep YINiH MIEeTTIK ecenTep yilipiHe mapaMeTpJiey 9/IiCiH KOJIIaHbIII,
KaPaCTBIPBIN OTHIPFAH. OO/IBICTA OEPIITeH €CenTiH, KYBIK, MIENTiMiH aJaMbl3. ¥ CBIHBLIBII OTBIPFAH OJIiC MbI-
CaJIMEH TOJIBIKTBIPBIJIFAH.

Kiam cesdep: CBIBBIKTBL €MEC TEHJIEY, METTIK ecell, aepbec TYyBIHABLIB AuddepeHITuaIIbIK, TeHIEY, TUIED-
DOJTAJTBIK, TEHJIEY.

H.T. Opywmbaesa, I". Caburbexona

O kpaeBoii 3aja4e J1Jis1 HeJinHeltHoro nuddepeHnnajabHOro
YPaBHEHUS C IIPOU3BOJILHBIMI (DYHKITUSIMU

B crarbe paccmorpena HesimHeHas OJyTIepUOIAYEcKas KpaeBas 3aja4a st auddepeHnuaabHbIX ypaB-
HEHWI C YaCTHBIMU ITPOM3BOIHBIMIY. Y PABHEHUsI, COJIEPKAIIE TPOU3BOJIbHbBIE TAPAMETPHI, OBLITN U3y JIEeHbI B
paborax G.B. Whithama. Takoit Buz ypaBHeHUIT BCTpEIaeTCs B HEKOTOPBIX 33/Ia9aX MO XUMUIECKON TEXHO-
jorun u xpomarorpacdun. 3aMena u = e° B HeJIMHENHHON 3a/[a9€ C IPOU3BOIBHLIMU (DYHKIMSIMI HPHBOIAT
K JIMHEIHOM MOJTyIepUOIMIeCcKOl KpaeBoii 3ajade JIJisi TUIepOOIMIeCKUX ypaBHeHu. BBoIs HOBYIO Hems-
BECTHYIO (DYHKITUIO, IMHEHHYIO TOJIYIIEPUOANIECKYIO KPAEBYIO 33/1a4dy Il TUTIEPOOTMYIECKIX YPAaBHEHU CO
CMEIIIaHHON IIPOU3BOJHON CBEJIEM K CEMEHCTBY KPAeBbIX 3aJ1a4 Il OOBIKHOBEHHBIX JU(dEepEeHIInaIbHBIX
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ypaBHEHUI 1 (DYyHKIIMOHAJIHLHOMY COOTHOIIEHHIO. VI CIIoIb3yst MeTO TapaMeTPU3aIn K CEMeCTBY KPaeBbIX
3a7a4 A1 OOBIKHOBEHHBIX MUM@DEPEHITNATBHBIX YPABHEHUN, HAXOIUM MPUOINKEHHbIE PEIEHUs TAHHOTO
ypaBHEHHUs B paccMarpuBaeMoii obsiactu. [IpeniokeHHBII METOT IPOUIIIOCTPUPOBAH IIPUMEPOM.

Karoweswie caosa: HenwHelHOe ypaBHEHHe, KpaeBasl 3ajada, JuddepeHInalbHOe YpaBHEHNE B YaCTHBIX
MIPOM3BOHBIX, TUIIEPOOINIECKOE YPABHEHHE.
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