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Abstract: We study the solvability questions for a particular second kind Volterra integral
with a spectral parameter \ arising in the theory of boundary value problems for the spect
parabolic equations in unbounded domains when the order of a derivative in a loaded su
with that in the differential part of the equation.
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Introduction. Despite the fact that the pair of conjugate integral equa 3 d in this article
consists of second kind Volterra equations with a spectral parameter A, uceessive approxi-
mations [1] for their solving is not applicable, since the kernels of th ators have singularities.
We demonstrate that the index of the integral operator in question is and establish its depen-
dence on the spectral parameter. Similar integral equation ith some er kernels) examined earlier
in [2, 3] arise in the theory of inverse problems and the theJ; aded differential equations [4-6].

1. Statements of the problems. We examine the so itydquestions for the following pair of
conjugate integral equations: (R = (0,00)):

k)\goE(I—)\k)goEgo(t)—)\/k T=f(t), 0<7<t<o0, (1)
0

ks = (I — Me* ) = (t % —t)(r)dr =g(t), 0<t<T <00, (1*)
t
where

1
— 1, t>0.
2/ t3/2 ( 4t>
Note that the pecuham% and (1%) is the fact that k and k* possess the property

O/k‘(t 0; /k(T—t)del vt > 0.
0

t

—

Thereby th rmpof £* is equal to 1 and the method of successive approximations is not applicable
o (1%).
dagé and solutions to (1) and (1*) meet the conditions
Ae G f(b),e(t) € Li(Ry);  g(t),9(t) € Loo(Ry), (2)
whe and g are given functions.

Transform (1) and (1*) using the corresponding one-sided functions defined for ¢, f, ¥, and g by the
expressions

10), if 6>0, 0, it >0,
1+(0) = . -\V)= :
0, it <0, —(0), if 6<0,
1(0) =1:(0) = 1-(0), 0eR
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and for k, by the expression

ko ={0" 4 oo =O-{i 0 ¥ a0 @
In this case (1) and (1*) imply that
+oo
(1= Neps = o) =X [ halt = T)os(r)dr = fos(®) + (0, tER (4)
=
(=N )os = 0a0) = A [ bt = 7104 (7) dr = g 6) + 00,

If ¢ > 0 then (4) and (4*) coincide with (1) and (1*), respectively, and bel
to (1) and (1*) do not depend on their extensions to the negative semiaxis, i

2. Solving the integral equation (4*). Applying the Fouri
TF(s) = AK™(5)®7(s) = G5 (s) + T (s),

where the capitals denote the corresponding Fourier imaged} ver,

with the cut along the positive imaginary axis. Moreeve re exist an analytic function ¥ (z) defined
ction ¥~ (z) defined in the lower half-plane

z = s+ 10, 0 <0, whose traces on the real axi b > equal to ¥ (s) and ¥~ (s), respectively.
! Al (s)= 0 VseR (6)
then (5) gives rise the Riemann prob ee [7-9])

Tt(s) =[A} "0 (s) + AR (s)G] (s) + GF (s), s€ER, (7)
where R, (s) = K™ (s)/A} (8)- 9 hejeoefficient R (s) in (7) has the analytic continuation R () to the
plane of the variable z = s {*io%with the cut along the positive imaginary axis R (z) with simple poles at

2k = Sk —2(arg A + 2k7) log || — i[log? |A| — (arg A 4 2kn)?], k€ Z, (8)

which are the zefos ofythefunction Aj(z) and lie on the parabola
+'( a 102|)\]> seR, YAeC 9)
2=5+1 —5— — , , .
41og? |\l 5

=+

ertex of (9) lies on the imaginary axis of the plane z and moves up and down in dependence
he branches of this parabola are directed upwards.

arify some properties of A%(z). The function exp{—+/iz} is multivalued. Choose the branch of
this function such that Re+/iz; > 0. To this aim, in the plane z we make the cut along the positive
imaginary axis. We obtain

Xexp(—Viz) = | A expliarg A — \/|z| expi(7/2 4 arg z + 2n7)]
= |\ exp[iarg A — /|z|expi(7/4) + nm + (arg z)/2]
= |\ exp[—+/|z| cos(m/4 + nm + (arg 2)/2) + iarg A — \/|z| sin(7 /4 + n7 + (arg 2)/2)],



where n = 0,1. In order the inequality Re{iz;} > 0 to be valid, it is necessary to assume that n = 1,
since in this case cos[(57)/4 + (argz)/2] > 0 for /2 < argz < (5m)/2. Hence, the function A%(z) is
uniquely determined on the complex plane with the cut along the positive imaginary axis and has zeros
only for |A| > 1. Thereby A}(z) does not vanish for || < 1.

We rewrite (6) in terms of an appropriate complex parameter A. The formula (8) for the roots zj
implies that (6) is fulfilled if and only if the imaginary parts of these roots do not vanish, i.e., if log® |\| —
(arg A + 2km)? # 0 for all k € Z. The last condition together with the inequality |A| > 1 is equi
the requirement

[\

|A| # exp(]arg A + 2kn|) Vk € Z.

If |A| < 1 then, obviously, A}(z) does not vanish on the complex plane z = s + io @ith the cut along
the positive imaginary semiaxis since | exp(v/iz)| > 1. Indeed, for the function A%(z) tothave zeros it is
necessary that |\| = |exp(v/iz)|. The last equality is impossible under our assumpti

But if |A| = 1 then the equation |\| = |exp(v/iz)| with the complex variable
A =1 which corresponds to the value z = 0.

The lines described by the equations |A| = exp(|arg\ + 2kn|)

only solution

x plane of the

parameter A\ into pairwise disjoint domains D,,, m =0,1,2,..., as
2n—1
P

(11)
Dopy1 = {D’I(Ll) uD

ks

where D{V) = ={\: |\ <exp[(2n+ 1)m — arg \]} and
Denote the exterior parts of the boundaries 0D,
that the boundary of Dg has only the exterioz

A A < exp[2nm +arg A}, n=0,1,2,....
n=20,1,2,...,byI',,, m=0,1,2,.... Observe
0Dy while the boundaries 0D,,, of the remaining
domains D,, consist of the exterior part interior part I'y,_1, i.e., 0D, = I''_1 UL,
Furthermore, T',—1 N Ty, = (—1)" expafer}; e exterior part I';, and the mterlor part I';,—1 of the
boundary 0D, of D, have one com oint lying on the real axis of the complex plane .

Moreover, We can find that A ) 0,1,2,..., if and only if there exists at least one point §
such that A% (3

Let |A| > 1 In accor % A’ (z) can have finitely many zeros of the form (8) in the lower

half-plane, where

—-N <k [(log |\| +argN\)/(27)], N2 =|[(log|A| —argX)/(2m)]; (12)
here [a] stands f part of a; moreover, we assume that the entire part of a negative number
is equal to zer (12) follows from the condition Re{—iz;} < 0 for the roots (8) (in accord
with ( 1on ¢ from the class of essentially bounded functions). Hence, the inequality

27rk y1elds (12).
problem has positive index »*(\) which is equal to the number of zeros (with
1ty counted of the functlon A (2) in the lower half-plane, i.e.,
»*(\) = Ind{[A%(2)] !} = —Ind{A%(2)} = Ny + No +1 > 0. (13)

Note that in View of (8) and (9) the index of the Riemann problem is equal to »*(\) = 0 for |A| < 1.
Let Zk_7 N Zk be the principal part of the Laurent expansion of the function [A} (2)] 7'~ (2) in the

powers of z — zi, k= —Nq,...,0,..., No. In this case
_ N2
U (z) Ck
X(2) =Sy = D
Al(z) B T



is a function whose Fourier preimage vanishes for ¢ € R;. Now (7) can be represented as

No

T (s) = G (5) + ARy (5)G () + > ——+x(s), seR (14)
W S Tk
Applying the inverse Fourier transform to (14) for ¢ € Ry, we obtain a general solution to (1*) in the
form
P(t) =g(t) + )\/rA_(t —7)g(T)dr + Z crpexp(—izgt), teR;. (15)
t k:—Nl
Here the function ry_(6) is the restriction of the Fourier preimage of R, (s) to the tive semiaxis
defined by the relation (see [10])
—(N1+1) 9
ry\_(0) =2 Z Vizpexp(—izif) + 2 Z Vizpexp(Et
k=—o0 k=Na+1
I ime m® Re(izy,) < 0 cR (16)
_— —exp| — iz _
2/m(—0)3% 2= xm P\ g ) RS ’
r (9)—;im5\me}c (m <1, #eR (17)

where the numbers Ny, Ny, and z;, are given by (12)
Demonstrate (16) and (17). Consider the domainsho
by the integration contour, i.e. closed from above @ ;
circle (see Fig. 1). Using the residue theore b
lemma (see [10]), we infer

) / exp|—Viz — iz0]
lim =
R—oo J 1 — Aexp[—Viz]

)
CR

exp[—Viz — zz@]}
1 — Xexp[—V/iz]

N 27 exp|— Viz — i20] Figq.‘ﬁ. Int.egratiolr‘l contours.
z =
om ks 1 — Nexp[—viz] e points zy lie on (9).

100

i [—Viz — i20) ; A exp[—Viz — i20) ; A exp[—Viz — i20) s
Q%lxexp[md *%Z,Zl—xexp[—m]d +2wc/1—xexp[—md

—(N1+1)

(
=

. 1 & )
RV izke_zzko + B Z Vi izke_zzkg + i+ o+ J, (Reizi < 0).
k

k=N>+1

1
2

The integral J, over the small circle C), satisfies the condition J, — 0 as p — 0. Indeed, it follows from
the relation )
A [ exp[—Viz —iz0) iAp / exp[—+/ipe¥ — ipe¥] ,
Jp=— = — dz = — = ———e'"P dyp
2r ) 1 — Nexp[—Viz] 2m 1 — XAexp[—y/ipet?]
Cp

5
57’(’




for |[A\| > 1 and the relation

7~ z)\p/exp[ Vipe® — ipet?d] % g
P 21 \ /,lpeup ¢

for sufficiently small p and |A| = 1. The sum of the integrals J; and J, for |A| > 1 is written as

™

[Sl[e

Ji+ S = dz

0 100
A [ exp[—Viz —iz0] A [ exp[—Viz —izb)]
2 /I—Aexp[ Viz] et o /I—Aexp[ Viz]

8

_ A [ explivu +ub] —|— u9] + exp[—z\/_ -|— uG]
S on )\ expl 1- /\exp
B 27 exp[—ivu+uf] exp[z\/_+u0] @
S 27 1 — XNexp[—ivu] 1— Xexpli
0
Using the transformation

exp{—ivu} explivu} _
1—Xexp{—ivu} 1—Xexp{i\/u}

1o 1 ,
DY Z X—m(exp{lm\/ﬂ} —¢€
m=1

* A1 - Y exp{—iﬁ})

of the integrand, we obtain
J1 + JQ&Q sin(my/u) exp{uf} du
o0

2 = 1 )
== Z_IX_W ‘ ?Sl )exp{z“0} dx = N e Z exp{m?/(46)}.
In order a solutig ed by (15) to be an essentially bounded function, it suffices to re-

quire that the inte r (t — 7)dr be essentially bounded for all 0 < ¢ < 7 < o0, since g(t) +
y . . .

kNj_ N, Ck €XP abounded function of ¢. This integral is bounded since the function ry_(6)

given by (16) s estimate
A= (0)] < C1[0] 712 exp(—0o|0]) + Cal8] /2 exp(—do|6] 1) VO € R_, (18)
s 6o = min{1/4; [2n(Ny + 1) +arg A — log? |A|; [27(Na + 1) 4 arg A\]> — log? | A[}. (19)
The estimate (18) ensues from the following relations. For the second summand in (16) we have
e} o
> Viz exp(—isz)‘ <|logAl > |exp(—iz0)]
k=Ns+1 k=Ns+1
> 2 2 Yy = 2k7T + arg )\
< |log | ) ;H exp{[(2km + arg \)* — log® |A[]0} < — 27 (Ny + 1) + log ||
=Nz



< |10g/\|/e><p{(y2 —log?|A)¢} dy = |log A| exp{—0log? I/\I}/exp{9y2}dy
[e.e]
= |z =y —a| = |log A exp{—0log? | \|} /exp{@(a2 + 22 + 2a2)} dz
0
= |log M| exp{—0log? |\| + Aa?} /exp{022 +60-2az}dz
0

< o A(~6) /2 exp{6la® ~log® ) [ exp{~(v02)%} d(v/ =
0

Jr
— log A|—Y" exp{5,0},
‘Og ‘2\/_—96Xp{2}

where d; = [2m(Ny + 1) + arg \]2 — log? || > 0.
Similarly, for the first summand we obtain

—(N1+1) J

Z \/izkexp(—izkﬁ)‘g\log ; p{d.16},

k=—o0

where 6; = [27(Ny + 1) + arg \]? — log? || > 0.
The third summand in (16) is estimated as

> m m2
|9|_3/2 Z —mexp(——> = |0|_3/2 €eXP
2 X 416]

The quantity (17) satisfies the gstim

it 2 T y? y? 2 1
02 S mex <2 fow(-20)i(- 1) = e (1)
S e )T ) e

for |A| =1 and the es
|9]_3/2im5\me —12 <l ?e L
Q = v

m m2—1 3 1
— - < Cl9|~3/? —— ).
Ame"p( 19 )—C'(" e"p( 4|e|)

f 1.
immediate that the function (15) is a solution to (1*) for arbitrary coefficients c;. Since the
nu r of linearly independent solutions to the corresponding homogeneous equation (1*) is equal to the
index % (\) given by (13), (15) is a general solution to the inhomogeneous equation (1*).
First we prove that the function

No
Vhom(t) = Z cpexp (—izpt), teRy,
k=N

is a solution to the corresponding homogeneous equation (1*) for every coefficient ¢, k =1,2,...,m.
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Indeed,

8

A 1 1 . d
Z ckexp zzkt Z ckQﬁ 7__t)g/2exp _m_ka T

Nz

~+

= (_
k=—N;
Na
Z cpexp (—izpt)\ - exp ( \/E Z cx exp (—izgt,
k=—Ny
Demonstrate that the function ®
o

Upart(t) = g(t) + X / _(t—1)g(7) dr,
t
defines a particular solution to the inhomogeneous equation d) deed, inserting this function into (1*),
we infer

o0

g<t>+7m_<t—7>g<f>df—x v g e i

5 7m oxp {— /m_ (r — $)g(s)ds| dr = g(t).

Hence, the function ¢p.+(t) is a particular
the equality

*) if and only if the function ry_(—t) satisfies

O 2\/_ gz P/ () (r = 1) dr,

where the func ) can be transformed to the form (see Fig. 1)
—1s+oo
exp{—Viz} ,
- exp{—iz(t —t)}dz, T <t.
27r e Vi) p{—iz(t — 1)}
—ZE o0
ForJ(t), we obtain
—ig+00
A2 exp{—Viz} ]
J(t exp{—1/(4r = exp{—iz(T — 1)} dz| dr
()= /f eol-1/n)| [ R (i)
—E—00

_ ; _/+ ixfg;;/j:;f—g {2 NG 7 731/2 exp{—izT — 1/(47‘)}d7'] dz
0

—1e—00




since Im z = —¢&, € > 0 (see Fig. 1). The inner integral is equal to

171 , 1 7 | |
mo/mexp{—zm—l/(ZlT)}dT: ﬁo/eXp{_ﬁ_12/(4$2)}dx=exp{—\/z_z}

and so

__. —ietoo
J() A2 / exp{—2Viz +izt} d
= — z.
2 1 — Xexp{—+iz}
—1E—0Q
The integrand extends analytically to the domain Im z > —¢ of the complex plane withghe cut along the
positive imaginary semiaxis (see Fig. 1).

The residue theorem and the Jordan lemma (see [10]) yield

—(N1+1) 00
J(t) = 2\ Z Viz exp{—+/iz, +izxt} + 2X Z Vizk exp{=a/i t}
k=—00 k=Nop+1

+&7 exp{—2ivu —ut} exp{2ivugu
27 1—Xexp{—ivu} 1— Xexp{i .
0

Transforming the integrand in the last integral to the ﬂd‘
exp{—2i/u} exp{2ivu}  exp{i exp{iv/u}

1 — Xexp{—ivu} 1—Xexp{ivu} X * A1 - %exp{—iﬂ})
VU oxp{—im/a}

— sin(my/u),
we obtain
J(t) =2 izpexp{izit} + 2 Z iz exp{izit}
k=Na+1
e ut} sin/u + ! i sin(my/u) exp{—ut}| du
o — hl SV _
} T AT P

m=1

ma 1. The values A € Dy in (11) are regular numbers of k3 (see (1%)).
Lemma 2. The set C\ Dy consists of the characteristic numbers of k3 (see (1*)). Moreover, if
AE Dy UTy a \ {(=1)™e™}, m=12,...,
then dim Ker(k}) = »*(\) = m and the corresponding eigenfunctions are of the form
e (t) = exp(—izxt), k=1,....,m=3"(\) =N+ No+ 1.



3. Solving the integral equation (1). Examine (4). Applying the Fourier transform, we infer

P (s) = AKT(s)@1(s) = F5(s) + ® (s), s€ER, (20)
where the capitals stand for Fourier images.
If
Ay(s)=1—- XK' (s) #0 Vs R, (21)

then in view of (20) we arrive at the Riemann problem [7-9]
Ot (s) = [A\(s)] 1@ (s) + AR[ (s)F5 (s) + F§ (s), s€ER,
where R (s) = KT (s)/A\(s). The coefficient R} (s) in (22) can be analytically extend
half-plane with the possible exception of finitely many poles which are the zeros of t
Moreover, the index »(\) of (22) is nonpositive, i.e., s(A) = —*(\) < 0. Rewriting
[1—AKT(s)]@T(s) =F5(s) + @ (s), seR,

we obtain ®~(s) = 0; thus, (22) takes the form
dt(s) = AR (s)F5 (s) +F5(s), se€R. (23)
The last relation implies that the homogeneous integral equation correspending t only the trivial

solution for all \ € C.

Applying the inverse Fourier transform to (23) for t € Ry, we

sol to (1) as follows:

(24)

+ )\/I‘)\+ t — T ful
where ry; () is the restriction of the preimage of the F %m R (s) to the positive semiaxis

(see [10]) which is defined by the formula
—(N1+1)
ry(0) =2 Z \/ —izp ex Z V —izi exp(izih)

k=—o0 k=Na+1
2\/_93/22Am ize) >0, A >1, 0€eRy, (25)
Ty (0 exp , N[ <1, 0eRy;
here N1, Ns, and z; are the from ) and (
In order the function to be 1ntegrable it is sufficient that the function ry, (¢ — 7) be

bounded for arbitrary
bounded, since the fu

00, since the function f(¢) is integrable. The function ry;(t — 7) is
+(0) in (25) admits the estimate

11617172 exp(—60/6]) + Cal0] 7% exp(=5[0] ") V6 € Ry,
with the constdmt oy defined by (19).

Next, i then by Lemma 1 (1) is unconditionally and uniquely solvable; if A € C\ Dy then
by m unique solvability of (1), it is necessary and sufficient to have the orthogonality
¢ S

/ﬂ p(—izt)dt =0, k=1,...,m.
0

We have proven the following lemma.

Lemma 3. There are no characteristic numbers of ky (1) on C.

Lemmas 1-3 imply the following main result of this article stated in the form of a theorem.

Theorem. The problem (1) is Noetherian and the index of k) is as follows:
Ind(ky) = dimKer(ky) — dim Ker(k}) = —»*(\) = —N; — No — 1.
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