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Ranks and approximations for families of cubic theories

In this paper, we study the rank characteristics for families of cubic theories, as well a§»new properties
of cubic theories as pseudofiniteness and smooth approximability. It is proved that in the family of cubic
theories, any theory is a theory of finite structure or is approximated by theories of finiteystructures. The
property of pseudofiniteness or smoothly approximability allows one to investigate finite objeets instead of
complex infinite ones, or vice versa, to produce more complex ones from simple straetures.
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1 Introduction

Modern mathematical models, which are large relational, structures (random graphs) and at the
same time time-dependent dynamic models, such4as the growth of the Internet, social networks and
computer security, cannot be described and explored, by infinite models in standard graph theory.
However, if a set of models is algorithmically well defined; then these sets exhibit general patterns that
are inherent in «almost all> models in the commuaity. These general laws for well-defined systems can
be investigated using statistical and modeltheoretic methods. From a model-theoretic point of view,
one can approach approximations [1], definability [2]|, and interpretability [3].

The ranks and degrees for families of'eemplete theories [4], similar to the Morley rank and degree
for a fixed theory, and the Canter-Bendixson rank and degree, were introduced by S. Sudoplatov.
The problem arises of describing ranks and degrees for natural theory families. Ranks and degrees for
families of incomplete theories are examined in [5, 6], for families of permutation theories - in 7], and
for families of all theorieséof arbitrary languages - in [8].

The [1] examines approximations of theories both in the general context and in relation to specific
natural theory families. Theproblem of describing the approximation forms of the natural theory
families arises.

This work is devoted to the description of the ranks and degrees of families of cubic theories, as
well as@approximation by theories of finite cubic structures. Pseudofinite structures are mathematical
structures that reésemble finite structures but are not actually finite. They are important in various
areas offmathematics, including model theory and algebraic geometry. Further study of pseudofinite
structures, will continue to reveal new insights and applications in mathematics and beyond.

1.1 Preliminaries from cubic theories

Cubic structures are defined in [9], theoretical properties of the model are discussed and included in
the monograph [10], applications in discrete mathematics are presented [11]. The following necessary
terminology for cubic structures was taken from [9,11] without specifying it.
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Definition 1. An n-dimensional cube or an n-cube (where n € w) is a graph isomorphic to the graph
Q,, with universe {0, 1}" and such that any two vertices (d1,..., d,) and (d],..., d,) are adjacent if
and only if these vertices differ by exactly one coordinate.

Let A Dbe an infinite cardinal number. A A-dimensional cube or a A-cube is a graph isomorphic to
a graph I' = (X; R) that satisfies the following conditions:

(1) the universe X C {0; 1}* is generated from an arbitrary function f € X by the operator (f)
attaching, to the set {f}, all results of substitutions for any finite tuples (f (i1),..., f(im)) by tuples
(1_f(i1)7""1_f(im));

(2) the relation R consists of edges connecting functions differing exactly in one coordinate.

The described graph Q = Q; with the universe (f) is a canonical representative for the'elass of
A-cubes.

Note that the canonical representative of the class of n-cubes (as well as the canonigal representatives
of the class of A-cubes) are generated by any its function: {0,1}" = (f), where fu€ {031}" Therefore
the universes of canonical representatives Q of n-cubes like A-cubes, will be denotedyby (f).

Any graph I' = (X; R), where any connected component is a cube, is¢alled a.cubic structure. A
theory T of the graph language {R®} is cubic if T = Th(M) for some,cubic structure M. In this
case, the structure M is called a cubic model of T.

The invariant of a theory T is the function
Invy : wU {0} —w U {50},

satisfying the following conditions:

(1) for any natural n; Invp(n) is the number of ‘¢enneeted components in any model of T, being
n-cubes, if that number is finite, and Invr(n)i= oo if that number is infinite;

(2) Invr(co) = 0 if models of T do not contain infinite-dimensional cubes (i. e., the dimensions
of cubes are totally bounded), otherwise we set Invr(co) = 1.

The diameter d(T) of a cubic theory T i8.the maximal distance between elements in models of 7, if
these distances are bounded, and we set d('F),= oo otherwise. The support (accordingly the oco-support)
Supp(T)(Suppso(T)) of a theory & is'the set {n € w|Invr (n) # 0}({n € w|Invr(n) = oco}).

If the diameter d(7) is finite then there exists an upper estimate for dimensions of cubes, being
in models of T. It means that Supp(7T) is finite, i. e., Invr(co) = 0. In this case the oco-support is
non-empty.

If d(T) = oo thendInwvg(oo) = 1. In this case the support Supp(T') can be either finite or infinite.

1.2 " Preliminaries from model theory and approrimations of theories

Histerically, pseudofinite fields were first introduced by J. Ax and S. Kochen [12] in the form of
non-principalultraproducts of finite fields. Later, J. Ax in [13] connected the notion of pseudofiniteness
and theonstruction of ultraproducts. The class of pseudofinite fields was defined in the work of J. Ax
[13] and regardless of him in the work of Yu. Ershov [14]| with an axiom system indicating this class.

In 1965 J. Ax [15] investigated fields F' having the property that every absolutely irreducible variety
over F' has an F-rational point. It was shown that the non-principal ultraproduct of finite fields has
such property. Yu. Ershov called such fields regqularly closed. The notion of pseudofiniteness is credited
to work in the 1968s by J. Ax [13]. He introduced the notion of pseudofiniteness to show the decidability
of the theory of all finite fields, i.e. there is an algorithm to decide whether a given statement is true
for all finite fields. It was proved that pseudofinite fields are exactly those infinite fields that have every
elementary property common to all finite fields, that is, pseudofinite fields are infinite models of the
theory of finite fields.

82 Bulletin of the Karaganda University



Ranks and approximations ...

In the early 1990s, E. Hrushovski resumed research in the field of pseudofinite structures in meeting
on Finite and Infinite Combinatorics in Sets and Logic [16], as well as in the joint works of E. Hrushovski
and G. Cherlin and the following definition first occurs in [17], subsequently in [18]:

Definition 2. Let X be a language and M be a Y-structure. A Y-structure M is pseudofinite if
for each Y-sentences ¢, M |= ¢ implies that there is a finite My such that My = ¢. The theory
T = Th(M) of a pseudofinite structure M is called pseudofinite.

In the work [1] S. Sudoplatov defined approximations relative given family 7 of complete theories.

Definition 3. [1] Let T be a family of theories and T" be a theory such that 7' ¢ T. The theory T is
said to be T -approzimated, or approzimated by the family T, or a pseudo-T -theory, if for any formula
¢ € T there exists 7" € T for which ¢ € T".

If a theory T is T-approximated, then T is said to be an approzimating familgrfor T, and theories
T’ € T are said to be approzimations for T. We put T, = {T' € T | ¢ € T}. Any setyT, is,called the
w-neighbourhood, or simply a neighbourhood, for T. A family T is called e-minimal if forsany sentence
@ € X(T), Ty, is finite or T-, is finite.

Recall that the FE-closure for a family T of complete theories is charagterized by the following
proposition.

Proposition 1. |19] Let T be a family of complete theories of thedangiiage .. Then Clg(T) =T for
a finite T, and for an infinite T, a theory T belongs to Clg(T) if and only if T is a complete theory
of the language ¥ and T' € T, or T' # T and for any formulagp thesset 7T, is infinite.

We denote by T the class of all complete theories of relational languages, by 7’fm the subclass of
T consisting of all theories with finite models, andsby T, ¢ theclass ’T\’Tfm.

Proposition 2. |1] For any theory T the following ¢enditions are equivalent:
(1) T is pseudofinite;

(2) T is T fin-approximated;

(3) T € Cle(T tin)\T fin-

1.8  Preliminariessfrom ranks for families of theories

In [4], rank RS(-) is defined inductively for families of complete theories.

(1) The empty family 7 is assignedsthe rank RS(7) = —1.

(2) For finite nonemptyfamilies7 set RS(T) = 0.

(3) For infinite families 77 we set RS(7) > 1.

(4) For the familyt 7 and,the ordinal number we set a = 8+ 1 RS(T) > « if there are pairwise
inconsistent ¥(7) sets ofugy,, n € w such that RS(7,,) > 5, n € w.

(5) If o is a limit ordinal, then RS(7") > « if RS(7) > B for each § < .

(6) Let RS(7) =@ if RS(T) > a and RS(T) # o + 1.

(7) If RS(T)=ax for any a, we set RS(T) = oc.

Anfamily T is called e-totally transcendental, or totally transcendental, if RS(T) is an ordinal.

If T is.é-totally transcendental, with RS(7) = a > 0, we define the degree ds(7) of T as the
maximal number of pairwise inconsistent sentences ¢; such that RS(7;,) = a.
Proposition 3. [4] T is e-minimal < RS(T) =1 and ds(T) =1

Definition 4. [4] A family 7, with infinitely many accumulation points, is called a-minimal if for
any sentence ¢ € X(T'), T, or T-, has finitely many accumulation points.

Let a be an ordinal. A family 7 of rank « is called a-minimal if for any sentence ¢ € X(T),
RS(7,) < a or RS(T-,) < a.

Proposition 4. [4] (1) A family T is O-minimal < T is a singleton.
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(2) A family T is 1-minimal < T is e-minimal.
(3) A family T is 2-minimal < T is a-minimal.
(4) For any ordinal « a family T is a-minimal < RS(T) = a and ds(T) = 1.

2 Ranks for families of cubic theories

Consider a language > composed of R®?). Let Ty be the family of all cubic theories of X. Let T
be a cubic theory and Q |= T'. For a cubic theory T" we consider the above invariants and the following
possibilities:

2.1 Family of cubic theories with a bounded number of Invy(w)

If for each theory T from the subfamily 7 C 7. both diameters d(T') and Inuvg (n),arefinité, and
also Invp(oo) = 0 or Supp(T) is finite, the subfamily 7 is finite, so RS(7T) # 0,.and the degree of
ds(T) is equal to the number of invariants. Let’s illustrate how the grades of families/differ.

Ezample 1. Now we consider a one-element family 7 = {77 }. If we considerng-cubes with invariant
Invp, (ng) = m, then RS(T) = 0, ds(T) = 1. And if we work with ng-gubés and nj-cubes with
Invr, (ng) = m and Invp (n1) =1 for m # [, then ds(7) = 2. For a finite number k, if we are dealing
with ng-cubes with the set of invariants {Invr, (no), ..., Inup (ag)}, 0 # nj, we still have RS(7T) =0
and degree ds(T) =k + 1.

Example 2. Let us deal with the finite family 7 C Feupnconsisting of theories Th,...,T,. If the
number of m;-cubes in each theory 7T; is equal to Kpin other words, each theory has the same number
of mj-cubes, that is, Invr,(m;) = k with Invr,(m;) ZAdnvgy(m;), i # j, then RS(T) =0, ds(T) = n,
since 7T is represented as a disjoint union of finite subfamilies 7., = {T; € T|p; € T; is a sentence
describing m;-cubes }.

In the examples above, one can noticé\that the degree of the family depends on the number of
invariants. If for the theories considered in Example 2 we add the conditions that each theory has the
same number of invariants, let, for_exampley s, then ds(7) = n - s. And if for different sq,...,s,, in
each theory T; there are s; invariants, then ds(7) = >_7"; si.

For a family 7 C Teyp such thatulnor(oo) = 0 and Supp(T) is finite for every theory T € T, the
degree varies in a similar way:

Let us now consider infinite subfamilies 7 C 7., of all cubic theories with a bounded number of
Invr(n) = oo atd Invr(co="0 for every T' € T. In this case, Supp(T) is infinite and the rank of the
family increases, andyfor'the degree of the family, we consider the number of accumulation points.

For natural numbers'n, m € w, with n # m, we denote by 7, the family of cubic theories from 7.,
with omé‘arbitrary value Invp(n), where T' € T, and Invp(m) = 0.

Proposition 5. Fach subfamily T, of T.y is e-minimal.

Proaf, By Proposition 3, it suffices to prove that RS(7,) = 1 and ds(7,) = 1. The family 7,
consists of theories T1,...,Ts with Invp(n) = ki, ki > 01 < i < s and the only theory T with
Invy,_(n) = oo. The theory T is the only accumulation point for 7, and the number of accumulation
points is equal to the degree of the family. We get RS(7,) = 1 and ds(7,) = 1, which implies an
e-minimality of 7,.

Ezample 3. We are dealing with cubes of different sizes ng and n;. Then we get a countable number
of options (Invr(ng), Invr(ny)). Thus there is a countable set of theories with ng-cubes and nj-cubes
forming the family 7’. Here every family with an infinite Invp(ng) or Invp(ny) has RS = 1, and
the only accumulation point with I'nvp(ng) = Invp(ny) = oo, has infinitely many ng cubes, infinitely
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many n; cubes and RS(7’) = 2. Thus for the given family 7/ RS(7’) = 2 and ds(7’) = 1. Hence the
family is a-minimal.

Ezample 4. If there exists a countable number of n;-cubes, i € w, with countable (Invr(ng),
Invp(ni),...,Invp(n;)) one can construct an a-minimal family 7 consisting of a countable number
of e-minimal subfamilies 7;, ¢ € w. According to the definition of a-minimality, the family 7 has
RS(T) = a, ds(T) =1 and is represented as Tp,__ .-

So by increasing the number of Invp(n) invariants and the dimension of the cubes, one can unlimited
increase rank to any natural number. If the set Invp(n) is countable, then the family 7 C Tgyp of cubic
theories is e-totally transcendental and can contain e-minimal, a-minimal, a-minimal subfamilies.

Realizations of e-minimal, a-minimal, a-minimal subfamilies of the family 7., of all eubic theories
allow one to construct a subfamily 7 with a given countable rank and degreé» According ‘to the
definition of a-minimality, a family of 7 cubic theories with RS(T) = « andids(T)s= n can
be represented as a disjoint union of subfamilies Trnup (ko) s Trnop(kn_1) S0mewhat differently
Invr(ko), - .., Invr(kn—1), so every Trpy,(k,) is a-minimal.

2.2 Family of cubic theories with an unbounded numbértof I'nur(n)

The next result shows that the family 7., of all cubic theoriesds not e-totally transcendental.
Theorem 1. RS(Teyp) = 00.

Proof. Repeating the arguments of [1; Proposition 4.4] and}8; Proposition 2.5] we can construct a
2-tree of sentences ¢, g, ©1, @o1, - .. indicating an infinite rank:

3 Approximations of.cubie theories

The following theorem shows that any cubieitheory is approximated by theories of finite cubic
structures.

Theorem 2. Any cubic theory T with aninfinite model is pseudofinite.

Proof. Let Q be an infinite model,of a“eubic theory T'. Since for finite k& and n, Invp(n) = k and
Invr(oco) = 0, the cubic model Q i finite and consists of a finite number of finite connected components
(n-cubes), we will consider only the following cases:

Case 1. If Invp(n) = cesand Inur(co) = 0 (that is, co-support is a singleton), then Q consists of
an infinite number of connectedscomponents of finite diameters. The Q@ model is approximated by the
disjoint union | |z, Qf of'models Q;, i € w which the connected components are n-cubes. Each such
n-cubes are pairwise isemorphic that implies the pseudofiniteness of T'.

Case 2. If forfinite,k and n € w, Invp(n) = k and Invp(co) = 1, then the theory T has models
Q = Qyl.] Oty whereyQp is a finite cubic model consisting of m < k connected components (n-cubes)
of finite diameters,#0 is an infinite cubic model consisting of k¥ —m connected components of infinite
diameters. Since the components of the model Qg do not affect the pseudofiniteness, Q; is approximated
by increasingithe dimension, as well as the diameters of the connected components. Let Q) be a finite
model with'k —m connected components which are n-cubes. Using Q) = Q5U Q) ;.4 > 2 in the limit,
we obtain the desired model Q;. The set of theories {Th(Q})|i € w} approximate the theory Th(Q;)
and theories {Th(Qo| ] Q})|i € w} approximate the T" theory.

We can also grow connected components to get a pseudofinite model Q" with I'nvp(n) = oo and

Invr(co) = 1, having components of both finite and infinite diameters.

Case 3. Let Invp(n) = oo and Invyp(oco) = 1. Let the cubic model Q have only an infinite number
of connected components of infinite diameters. For the cubic model Q, it is true that Q = | ;. @5,

where Q) = Q5 U Q) ,,i > 2. That is, first we take the finite model and increase the diameters of the
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connected components, we get a model with a finite number of connected components, each of which
is infinite-dimensional cubes, then, increasing the number of the connected components, we get the
desired model O.

4 Futher direction

Recently, various methods similar to the “transfer principle” have been rapidly developing, where
one property of the structure or pieces of this structure is satisfied in all infinite structures or inlanother
algebraic structure. Such methods include smoothly approximable structures, holographie,structures,
almost sure theory, and pseudofinite structures approximable by finite structures. Pseudofinite structures
in an explicit form after J. Ax were not studied for a long time. Until the 1990s, only ayfew results
on this topic were obtained, and the very first result is the result of B.I. Zilber¥[20] asserting that
w-categorical theory is not finitely axiomatizable. At the time, the property of' beifig pseudofinite was
not considered particularly important or interesting, but the proof is basedyon pseudofiniteness.

One of the first results in the theory of classification of pseudofinite stFuctures,is the famous theorem
of G. Cherlin, L. Harrington and A. Lachlan [21], which generalizes Zilber's theorem to the class of
w-stable w-categorical structures, stating that totally categorical theoriess(and in more generally, w-
categorical w-stable theories) are pseudofinite. They also ‘proved,that such structures are smoothly
approximated by finite structures.

Definition 5. [22] Let L be a countable language and let M be a countable and w-categorical L-
structure. L-structure M (or Th(M)) is said to belsmoethly approzimable if there is an ascending
chain of finite substructures Ay C A; C ... € M such\that Uiew A; = M and for every i, and for
every a,b € A; if tppm(a) = tpam(b), then there'is an automorphism o of M such that o(a) = b and
o(A;) = A, or equivalently, if it is the union of an“w-chain of finite homogeneous substructures; or
equivalently, if any sentence in Th(M) is true of some finite homogeneous substructure of M.

A. Lachlan introduced the concept ofwsmoothly approrimable structures to change the direction
of analysis from finite to infinite, #hatis, to classify large finite structures that appear to be smooth
approrimations to an infinite limit.

Smoothly approximated struetures were first examined in generality in [22], subsequently in [23].
The model theory of smioothly. approximable structures has been developed very much further by
G. Cherlin and E. Hrushevski/[18]. The class of smoothly approximable structures is a class of w-
categorical supersimple structures of finite rank which properly contains the class of w-categorical
w-stable structures (so in particular the totally categorical structures).

Recall [24325] that a countable model Q of a theory T is called a limit model if Q is represented as
the union of a c¢euntable elementary chain of models of the theory 7" that are prime over tuples, and
the‘model @ itself is not prime over any tuple. A theory T is called I-categorical if T has a unique (up
to isomerphism) limit model.

Homogeneity and [-categoricity, as well as the Morley rank for a fixed cubic theory, are studied in
[9,10].

Proposition 6. Any model Q of the [-categorical cubic theory T is smoothly approximable by finite
cubic structures.

Proof. The limit model Q of [-categorical cubic theories T is represented as an ascending chain of
finite prime substructures @y € Q) C ... € Q such that Q = (J,.,, Q; and there is an automorphism
o of Q such that o(Q}) = Q..
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Conclusions

In the paper the ranks and degrees for families of cubic theories are described. Several examples
of families of finite rank cubic theories are given. It is proved that any cubic theory with an infinite
model is pseudofinite.
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Algebra and Logic. — 2004. — 43. — P.62-69 https://doi.org/10.1023/B:ALL0O.0000015131.4121-
8.f4

Sudoplatov S.V. Complete theories with finitely many countable models IT / S.V. Sudoplatov //
Algebra and Logic. — 2006. — 457 P..180-200 https://doi.org/10.1007 /s10469-006-0016-5

H./1. Mapxabaros

JI.H. Tymunes amumdaev. Eypasus yammus ynusepcumemi, Acmana, Kaszaxceman;
KaszaK-Bpuman mexnukaavy yrusepcumems, Aamamot, Kasaxcman

Ky®TblK TeopusijiapJblH YifipJjiepi yHIiH paHTijiep MeH
annpoKcUuMalusaiap

2K yMbIcTa) KyOTHIK Teopusijiap yilipJiepiHiH, paHI'THIK CUIIATTAMAJIAPbl, COHBIMEH KaTap IICEBI0aKbIPJIbI XKOHE
TETIC ANIPOKCUMAIIHSIAY CUSKTHI KyOTBIK, TEOPUSIAPILIH YKaHa KacuerTrepi 3eprrenren. KyOTwik Teopusi-
Jap wiipingeri Ke3 KeJIleH TeOPHUsl aKbIPJIbl KYPBLILIM TEOPUACHI OOJIBII TAObLIATHLIHBI HEMECE AKBIPJIBI
KYPBIABIMIaP/IbIH TEOPUIaPbIMEH AlIPOKCUMAIUSIAHATHIHBI J1a/1es1en1i. [lceBroaKkbIpabLIbIK HEMece Te-
ric anmpoOKCUMAIUSIAHY KACHETI KYPeJi MeKCi3 KYPBLIBIMIapIbIH OPHBIHA aKbIPJIBI 00 bEKTIIEP Il 3epTTe-
yre HeMece KepiciHine KapamaiibiM KypbLIBIMAAPIAH KYP/IeIi KYPbUIBIMIAAPIbI TYAbIPYFa MYMKIHIIK Oepeti.

Kiam cesdep: Teopusiyiap allpOKCUMAIUAIAPbl, KyH, KyOTBIK KYPbUIBIM, KYOTBIK TE€OpUsl, IICEBI0AKBIPIILI
TEOPHs, TETiC AITPOKCUMAIAATAHATHIH KYPbLIbIM.
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H.JI. MapxabaTtoB

Espasutickuti Hayuorasvhoul yrusepcumem umenu JI.H. lymuresa, Acmarna, Kasaxcman;
Kasarcmancko- Bpumanckul mexnuveckutld yrusepcumem, Aamamol, Kazaxcman

Panru n AIIIlIpOKCUMalus JaJis ceMelCTB KY6I/I‘IGCKI/IX TeOpI/Iﬁ

B pabore m3ydueHBl paHTOBBbIE XapaKTEPUCTUKU CEMENCTB KyOMIECKUX TEOpHii, a TaK»Ke HOBBIE CBOMCTBA
KyOMYIeCKUX TeOpHhil, TakKhe KaK ICEBIOKOHEYHOCTb W TJIaJKasl allpOKCUMHUPYyeMocTh. JlokazaHo, 4To B
ceMelicTBe KyOMYeCKNX Teopuii Jirodast TEOPUs ABJISETCS TEOPHel KOHEYHOM CTPYKTYPBI MM AIIIPOKCHAMI-
pyeTrcs TeOpUsiMA KOHEYHBIX CTPYKTYP. CBONCTBO MCEBIOKOHETHOCTH WJIN TJIAIKON AlIpPOKCAMUPYEMOCTH
TIO3BOJISIET UCCJIEOBATH KOHEYHBIE OOBEKTHI BMECTO CJIOXKHBIX OECKOHEYHBIX WMJIM, HA0OOPOTH N3, MPOCTHIX
CTPYKTYP IPOU3BOJUTH OOJIEE CIIOXKHBIE.

Karouesvie crosa: almmpoKcUMaIus TEOPHUH, KyO, KyOUdecKasl CTPYKTypa, KyOHdecKas TeOpUsly IICEBHOKO~
HeYHas TeOpHusd, IVIAJIKO allIPOKCUMUDPYyeMas CTPYKTYPA.
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