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On the solutions of the homogeneous mutually conjugated Volterra integral equations

The paper deals with a pair of conjugate integral equations of Volterra type of the second kind with a variable
limit of integration. Feature of equations consists of incompressibility of the corresponding kernels and, con-
sequently, of the non-applicability of the successive approximation method. By using the Carleman-Vekua
method of regularization the investigated equation is reduced to the Abel equation of the second kind. The ex-
istence of the non-trivial solutions is established for homogeneous Volterra integral equation of the second
kind with a special kernel and its adjoint equation in weight Lebesgue classes.
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The solution of boundary value problems of the heat equation in the degenerate domains leads to the
need to study Volterra integral equations, a feature of which is that the norm of the integral operator is equal
to 1 [1]. Boundary value problems for parabolic equations in the domain with the moving boundary are fun-
damentally different from the classical ones. Due to the dependence on the time the size of the domain the
classical methods of solutions not are applied to this type of problems. From the mathematical point of view,
the problematic of the problem consists in the presence of a moving boundary and the degeneracy of the so-
lution domain at the initial time.

1 Statement of the problem. Find a non-trivial solutions of the homogeneous integral equation

L(p=(1—K)QEQ(t)—jK(t,T)(P(‘E)d‘CZO, t>0, )
and its adjoint homogeneous equation }
L*\|1:(I—K*)\VE\y(t)—TK(r,t)\y(r)dr:O, t>0, )
where t
1 T (t+1) 1 t—1
K(t,r)zz\/E Wexp _4(t—r) +\/t—1: exp{— 2 } . 3)

The kernels (3) integral equations (1) and (2) have the following properties
1) K(t,t)>0, K(t,1)=0 and are continuous;

2) limjK(t,t) dt=0, t,=¢€>0;

)

3) lim jK(t,r) dr=1; lim j K(t,H)dt=1.
0 t

The kernel feature of equations (1) and (2) is the presence of 3) property.
In the domain G ={(x, t): O<x<t, t> 0} the following homogeneous boundary value problem is
reduced to the integral equation (1)
u, (x,t)=u_(x,t), u(x,t)|X:0 =0, “(x’t)|x:, =0; 4)
if we look for its solution in the form of the sum of heat double layer potentials [2]:

_t b _ x’ fox-1 (x—1)°
u(x,t) _J.(t—r)” exp{ 4(1—1)}V(T)dT+J(t—r)3/2 exp{ 4(1_1)}@(1)411.

0 0
Where the functions v(z), ¢(¢) are unknown. For the unknown function ¢(¢) we have the integral equation

(1), and the function v(¢) is explicitly expressed through o(¢). The integral equation (2) corresponds to the
problem adjoint to the boundary value problem (4)
-v,=v_, v(x, t)|X:t =0, v(x, t)|X:OO =0.
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2 The transformed integral equations. If we put

-7 ~ t - t
k(t,7) = K(t,7)exp {T} o(1) = o(r)exp {Z}’ V(1) = y(r)exp {—Z}; )
then equations (1) and (2) are equivalent to the integral equations
(1) - [ k(2,1) p()dT =0, £ > 0; (6)
0
G(1) - j k(t,£) §(t)dt=0, ¢>0. (7)

Singling out the the characteristic part k,(¢,7) of the kernel of the integral operator in (6)
k(t,v) =k, (t,7v)+k, (t,7);
we obtain

(T)(t)—fkh(tsf) ¢(Ddt=f(1), t>0; (3
where

ke (t,7) = —i}; ©)

t
X
\/E(t_r)yz p{ -1

k., (t,7) zm(l—exp{—ti—rr}j; (10)
£ = [k, (DD (11)

The following lemmas are true.
Lemma 1. The inhomogeneous integral equation(8) is characteristic one for the equation (6) (tempo-
rarily we consider that the function f(¢) is the well-known).

The proof of Lemma 1 follows from the relations for(9) and (10)
lim ! k@ d=1, lim ! k (t,7)dt=0.

It’s in fact

o L. ¢ ¢ t t
%ggl!kh(t,r)dr:ﬁ%grgo(t_r)% exp{—t_rr}dr: =
Z%I’I—I’I"li exp{—(zz—t)}dz—ltl_{n{e erfs(\/_)}zl.

The validity of equality
lim ! k, (1,7)dt=0,

follows from the estimate
1

k(t.7)= (1 ep{ tr}j< 1 T T
T adn(r-1)” t=1)) ofm(t-1)2 =T 2iz(t-7)>
that 1s the function &, (¢,7) has a weak singularity.
Lemma 2. Equation (8) is equivalent to the integral equation

3= £+ [ r(t.7) f(r)dr+%, >0, (12)
where
r(t,t)= \/_(t = i xp{—%}, t>1, C =const>0. (13)
T n=l1 -
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To prove Lemma 2, as in [3], we reduce the integral equation (12) to an equation with a difference ker-
nel. To do this, we will perform the replacement in it:

t=y", 1=x", §M=y"60") LO)=y"SOT (14)
and we will reduce the equation (8) to an integral equation with a difference kernel
$() — [ RGe= )P, (x)dx = £,(»), (15)

where

R(G) = ﬁexp {_é}

From the results of paper it follows, firstly, that the equation (15) with f,(»)=0 has only a unique so-
lution ¢,(y)=C, and, secondly, that the solution of the inhomogeneous equation (15) has a representation

3 = /() + [r (=2 fi(x)dx+C, (16)

where

r(—0)= \/_ = Zn exp{——}, 0>0.

n=l1

Note that the representation (16) is also obtained in the paper [4].

Further performing the reverse replacements to (14) we obtain assertion of the lemma 2 (12)—(13).

3 Reduction of the equation (6) to the Abel equation and the solution of the integral equation (1).
Following [4] we substitute in (12) the function defined by relation (11). Taking (13) and changing the order
of integration in the double integral, we obtain

(p(t)=j;[kw(t,r)+J(t,r)]¢)(r)dr+%, t>0, (17)
where
J(t,1)= jr(t,tl) k,(t,,1)dT1,;

and performing the necessary calculations in the latter expression we have

! ex{ v } (18)
2a4/m(t —1) P at-1))

Substituting (18) into (17), we finally have (for the sake of simplicity C, =1 is accepted)

J(t,1)=

o(t) - (90 4.1 oo (19)
r—71 t

Equation (19) is an.inhomogeneous Abel 1ntegral equation of the second kind. By applying the theory
of fractional differentiation and integration [5; 3839, 41-43, 84-86], or [6, 7], we find the solution of equa-

tion (19)
o) = % + %exp {i}[l +erf (%J] (20)

which is also a solution of the equation (6).
Finally, considering the formula (5) from (20) we obtain the validity of a theorem.
Theorem 1. Homogeneous integral equation (1) has a unique non-trivial solution

cp(t)=%exp{-£}+%[l+erf{gﬂa t>0. 1)

Moreover, the solution (21) belongs to the Lebesgue weight class
Jrexp {—%}‘@(z) I ‘ eL (0,00), >0, 22)

has a feature in the point ¢ =0, and Ker{L} =1.
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4 The solution of the integral equation (2). For this purpose we will solve the equation (7). With the

help of substitutions
-1 —3/2 ~

t=y", t=x, G =y"0); (23)
equation (7) we reduce to the form

Y00 = [ 8,0 =00, @)dx —y- [ S,y —0)F, (x)dx =0, (24)
where ' ’

S (2)=

1 1 1 1
5 /—n'z(l_exp{_;}j’ SZ(Z)_z\/E'Zyz CXp{—;}, (25)

Applying to the equation (24) the Laplace transformation with consideration of representations (25) [8;
216 (formula 22.1), 248 (formula 23.96)], [9] (formula 9.191), we obtain a differential equation in the'La-
place images

d¥, - d -
— ‘I;p(p) _ﬁ(l—exp{—Z\/;})\Pl(P)+E(CXP{—2\/;}\P1(P)) =0.

The last equality is given to the differential equation

d\ill(p) 1 7
— e+ ——coth\ p ¥ =0 26
RN Vp ¥i(p) (26)
The solution of the equation (26) is a function
li’l(p) :L: C-cosech\/p, C =const.

sh\/;

According to [10] (formula 1.232.3), this function can be written as a series
¥.(p) =2C-Zexp{—(2n+l)\/;}. 27)
n=0

To the function (27) we apply the inverse transformation [8; 253 (formula 23.121)]. As a result, we
have

- < 2n+1)°
() =2C Zexp{—g}. (28)
n=0 4y
Using into (28) the reverse replacements to (23) we obtain the solution of the equation (7)
- Co 2n+1y
y(@)=—-) 2n+1)exps———¢;, t>0. 29
A Z;‘ 4 ()
From (29) and (5) the required solution of the integral equation (2) directly follows
C o0
y(t)=—=-> 2n+1)exp{—(n*+n)t}, t>0. (30)
o Sansne{-(r )]

Thus, the following theorems are established.
Theorem 2. The homogeneous adjoint integral equation (2) has a unique non-trivial solution y(¢) de-

termined by relation (30). Moreover, this solution belongs to the Lebesgue weight class

1ex8—t !
tp4

\I/(l‘)—ﬁ

Theorem 3. The index of the integral operator (1) is equal to zero

index{L} = Ker{L} — Coker {L} =0.

So, we have established the weight Lebesgue classes (22) and (31) respectively in which the integral
equations (1) and (2) have a unique non-trivial solution. In the next article, by substitution, we will show that
the functions (21) and (30) are solutions of integral equations (1) and (2) respectively.

Note that the restriction of the obtained weight Lebesgue classes allows us to find the family of the
uniqueness classes for the equations (1) and (2).

€L (0,0), £>0. (31)
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J.M.AxmanoBa, M.T.KocmakoBa, M.bl.Pamazanos, A.E.Tylime6aeBa

Biprexkrec e3apa-tyitingec BosibTeppa nHTerpaiabl TeHAeyiHiH memiMi Typasibl

Makanana HHTETrpaniay blH aiHbBIMANbl MeTiMeH eKiHIN TeKTi TyHiHmec MHTerpanasl Bomereppa TeHueyi
KapacTHIPBUIABL. TeHaeyaiH epeKIeNiri — sSApOHbIH CBFBUIMAYbIHIA JKoHe, ColKeciHIIe, OipTIH/e KYBIKTay
onicin Kongana anmayna. Kapneman-Bekya peryisipusaiivsi oTICiH KOJZaHAa OTBIPBII, 3EPTTENETIH TEHIACY
eKiHmn TekTi AOens TeHjeyiHe OoKemiHIl. AWpBIKmIAa sapoMeH Oiprektec BombTeppa ekiHm TekTi
MHTETpalibl TeHACYI OHE OFaH TYHiHIeC canMaKThl JeOer KiacTapblHIa TPUBHAIABI eMeC IIenliMHIH 6ap
€KEHIIT] aHBIKTaJIIBL.

J.M.Axmanosa, C.T.Kocmakosa, M..Pamazanos, A.E.Tyiime6aeBa

O pewreHHsAX OAHOPOAHBIX B3aMMHO-CONPAKEHHBIX HHTErPalIbHbIX
ypaBHeHuii BoabTeppa

B crarse paccMOTpeHa lapa CONpsKEHHBIX MHTErpalbHBIX ypaBHEHUM Tuna BoisTeppa Broporo poza ¢ me-
PEMEHHBIMAIPEAEIOM HHTErpupoBaHus. OCOOEHHOCTh YpaBHEHHH 3aK/II0YACTCSl B HEC)KUMAEMOCTH COOTBET-
CTBYIOIIMX SIiep M, COOTBETCTBEHHO, B HEMPHMEHUMOCTH METOJa IOCINIeI0OBAaTENbHBIX NpHOmmKkeHui. [Ipu-
MEHEeHUeM MeToja perymspusanuu Kapnemana-Bekya uccnenyemoe ypaBHeHHE CBEJIEHO K ypaBHEHHIO Abe-
JSL BTOPOTO poza. [IIst 0JTHOPOIHOTO ¢ OCOOBIM SAPOM HHTETPAIFHOTO ypaBHEeHHsI BonsTeppa BToporo poxa n
€ro CONPSKEHHOTO YCTaHOBJIEHO CYIECTBOBAHUE HETPUBHAILHOTO PEIICHUS B BECOBBIX JIEOETOBBIX Kilaccax.
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