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On the solutions of the homogeneous mutually conjugated Volterra integral equations 

The paper deals with a pair of conjugate integral equations of Volterra type of the second kind with a variable 
limit of integration. Feature of equations consists of incompressibility of the corresponding kernels and, con-
sequently, of the non-applicability of the successive approximation method. By using the Carleman-Vekua 
method of regularization the investigated equation is reduced to the Abel equation of the second kind. The ex-
istence of the non-trivial solutions is established for homogeneous Volterra integral equation of the second 
kind with a special kernel and its adjoint equation in weight Lebesgue classes. 
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The solution of boundary value problems of the heat equation in the degenerate domains leads to the 
need to study Volterra integral equations, a feature of which is that the norm of the integral operator is equal 
to 1 [1]. Boundary value problems for parabolic equations in the domain with the moving boundary are fun-
damentally different from the classical ones. Due to the dependence on the time the size of the domain the 
classical methods of solutions not are applied to this type of problems. From the mathematical point of view, 
the problematic of the problem consists in the presence of a moving boundary and the degeneracy of the so-
lution domain at the initial time. 

1 Statement of the problem. Find a non-trivial solutions of the homogeneous integral equation 
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The kernels (3) integral equations (1) and (2) have the following properties 
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The kernel feature  of equations (1) and (2) is the presence of 3) property. 
In the domain  ( , ) : 0 , 0G x t x t t     the following homogeneous boundary value problem is 

reduced to the integral equation (1) 
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if we look for its solution in the form of the sum of heat double layer potentials [2]: 
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Where the functions ( ), ( )t t   are unknown. For the unknown function ( )t  we have the integral equation 
(1), and the function ( )t  is explicitly expressed through ( ).t  The integral equation (2) corresponds to the 
problem adjoint to the boundary value problem (4) 
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2 The transformed integral equations. If we put 
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then equations (1) and (2) are equivalent to the integral equations 
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Singling out the the characteristic part ( , )hk t   of the kernel of the integral operator in (6) 
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The following lemmas are true. 
Lemma 1. The inhomogeneous integral equation (8) is characteristic one for the equation (6) (tempo-

rarily we consider that the function ( )f t  is the well-known). 
The proof of Lemma 1 follows from the relations for (9) and (10) 
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that is the function ( , )wk t   has a weak singularity. 
Lemma 2. Equation (8) is equivalent to the integral equation 
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To prove Lemma 2, as in [3], we reduce the integral equation (12) to an equation with a difference ker-
nel. To do this, we will perform the replacement in it: 
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Note that the representation (16) is also obtained in the paper [4]. 
Further performing the reverse replacements to (14) we obtain assertion of the lemma 2 (12)–(13). 
3 Reduction of the equation (6) to the Abel equation and the solution of the integral equation (1). 

Following [4] we substitute in (12) the function defined by relation (11). Taking (13) and changing the order 
of integration in the double integral, we obtain 
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and performing the necessary calculations in the latter expression we have 
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Substituting (18) into (17), we finally have (for the sake of simplicity 1 1C   is accepted) 
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Equation (19) is an inhomogeneous Abel integral equation of the second kind. By applying the theory 
of fractional differentiation and integration [5; 38–39, 41–43, 84–86], or [6, 7], we find the solution of equa-
tion (19) 
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which is also a solution of the equation (6). 
Finally, considering the formula (5) from (20) we obtain the validity of a theorem. 
Theorem 1. Homogeneous integral equation (1) has a unique non-trivial solution 
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Moreover, the solution (21) belongs to the Lebesgue weight class 

exp ( ) (0, ), 0,
4

t
t t L

         
 

(22)

has a feature in the point 0,t   and   1.Ker L   

Ре
по
зи
то
ри
й К
ар
ГУ



On the solutions of the homogeneous … 

Серия «Математика». № 2(70)/2013 155 

4 The solution of the integral equation (2). For this purpose we will solve the equation (7). With the 
help of substitutions 
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Applying to the equation (24) the Laplace transformation with consideration of representations (25) [8; 
216 (formula 22.1), 248 (formula 23.96)], [9] (formula 9.191), we obtain a differential equation in the La-
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The solution of the equation (26) is a function 
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To the function (27) we apply the inverse transformation [8; 253 (formula 23.121)]. As a result, we 
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2

0

(2 1)
( ) (2 1)exp , 0.

4n

C n
t n t t





 
      

  
 (29)

From (29) and (5) the required solution of the integral equation (2) directly follows 
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Thus, the following theorems are established. 
Theorem 2. The homogeneous adjoint integral equation (2) has a unique non-trivial solution ( )t  de-

termined by relation (30). Moreover, this solution belongs to the Lebesgue weight class 
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Theorem 3. The index of the integral operator (1) is equal to zero 

      0.index L Ker L Coker L    

So, we have established the weight Lebesgue classes (22) and (31) respectively in which the integral 
equations (1) and (2) have a unique non-trivial solution. In the next article, by substitution, we will show that 
the functions (21) and (30) are solutions of integral equations (1) and (2) respectively.  

Note that the restriction of the obtained weight Lebesgue classes allows us to find the family of the 
uniqueness classes for the equations (1) and (2). 
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Д.М.Ахманова, М.Т.Космакова, М.Ы.Рамазанов, А.Е.Түймебаева 

Біртектес өзара-түйіндес Вольтерра интегралды теңдеуінің шешімі туралы 

Мақалада интегралдаудың айнымалы шегімен екінші текті түйіндес интегралды Вольтерра теңдеуі 
қарастырылды. Теңдеудің ерекшелігі — ядроның сығылмауында жəне, сəйкесінше, біртіндеп жуықтау 
əдісін қолдана алмауда. Карлеман-Векуа регуляризация əдісін қолдана отырып, зерттелетін теңдеу 
екінші текті Абель теңдеуіне əкелінді. Айрықша ядромен біртектес Вольтерра екінші текті 
интегралды теңдеуі жəне оған түйіндес салмақты лебег кластарында тривиалды емес шешімнің бар 
екендігі анықталды. 

Д.М.Ахманова, С.Т.Космакова, М.И.Рамазанов, А.Е.Туймебаева 

О решениях однородных взаимно-сопряженных интегральных  
уравнений Вольтерра 

В статье рассмотрена пара сопряженных интегральных уравнений типа Вольтерра второго рода с пе-
ременным пределом интегрирования. Особенность уравнений заключается в несжимаемости соответ-
ствующих ядер и, соответственно, в неприменимости метода последовательных приближений. При-
менением метода регуляризации Карлемана-Векуа исследуемое уравнение сведено к уравнению Абе-
ля второго рода. Для однородного с особым ядром интегрального уравнения Вольтерра второго рода и 
его сопряженного установлено существование нетривиального решения в весовых лебеговых классах. 
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