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Modeling of a Static Incompressible Medium

tends to 0,5, which corresponds to an incompressible medium. Further, it was proved tha
the proximity of the solutions of the problems considered as unimprovable in order of %
use previously differential schemes for the static problem of the theory of elasticity, as, an
is obtained a method for solving the static Stokes problem on a sequence of grids.
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In a bounded simply connected domain D C R3 with a suffigiently Smooth boundary v, we will make a
solution to the problem of the theory of elasticity for an incompres medium that satisfies the equilibrium
ulNu — Vp + ,

medium incompressibility condition

W\
D, (2)

displacement-strain relations
U .
2e; — i,k=1,2,3, 3
&E o) k=1 ®)

equations of state of the environmen

Oik = —0ikp + 21k, (4)
where u(x) is the displacemeft v, . p(z) is the pressure function, f(x) is the vector of volume forces, &;x(z) is
the components of the strain tensory o;x(z) are the components of the stress tensor and the boundary condition

3
Zaiknk =0, z e, (5)
k=1

cosines by norms to the boundary ~.
er in the domain D the formulation of the static problem of the theory of elasticity for a

where ny i

pAT + (A + p)Vdiva* + f =0,z € D, (6)
ment-strain relations
ou}  Oup
2, = | == k ik=1,2,3 7
Ezk: (3xk+a$1)7 2, 9 Ay Iy ()
equations of state, Hooke’s law
oir = N0k + 2pe,, (8)
3
In the formula (8) 6* = 3~ &};, A, 1> 0 is Lame coefficients.
j=1
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Border conditions

3
Zal')\knk = 07 T e, (9)
k=1

for the solvability of problems (6) - (9) the following conditions are necessary [1,2]

/7dm=0, /Fx?d;vzo, /ﬂdxzo, /rotﬂdmzo,
D D D

(10)
D
where 7 = r(z) is the radius vector of the point x € D.
Earlier in the work, it was obtained an estimate for the proximity of the solution of proble - he
solution of problem (1)—(5) as A — oco. Here we get this assessment in another way.
Let us denote u = Ty + +W where T is the solution of problem (1)—(5). By virtue of (6)<(10) and (1)(5)

we have: )
E(u,v) + XE(W,V) —l—/divﬂg -divvd:c+/divw-divvdac: /7-v (11)
D D D

for an arbitrary function v € Wy (D) ®
3
1 Oou; Ou; ov; v
Ev) = & Jui | Ouj\ (OVi j
(@7%) Z'U/”Z_:l (&vj + &m—) <8xj +%
D I=

In (11) we add and subtract the expressions [ pdivvdz, as a sz
D

1
XE(W,V) + /divW'diVVdm
D

Assuming in (12) v = W, the estimate follows

1. N 1 1, .. _
XE(W, W) + || divw||? < m divi|| < §||p||%2(D) + §|| divw||2.

By virtue of the fact that

L) < W llwzr )
then inequality holds true
1., .. _ 1
Bz + 51 dvwl? < SIFI2, s (13)
After that we will finall t

the next formula:

Mdival < Fop s, (14)
Next, we esti thethigher derivatives of the solution of problem (6)—(10).
Theorem, 1. f(zY'€ Ly(D), v € C2. Then, to solve the problem (6)—(10), the inequality is
1 -
lullwz o) + ZIV divallz, ) < ellf ooy (15)

ce. If we follow to the work [3], from the smoothness condition for the boundary +, it implies that there
is cal change of variables y = ¢(z), where x € v, let w be a neighborhood of the point x such that the piece
of thetboundary w () becomes a piece of the hyperplane. Let denote through w; the small neighborhood of this
point, which is at a positive distance from the boundary to the neighborhood w. Let z(x) be a non-negative in
@ = w|JOw a smooth function such that suppz C w and z(z) = 1 if z € w. Finally, let us assume that the yy
axis, k =1,2,...,n — 1 lies in the indicated hyperplane, and the y,, axis is directed along the norms drawn to
it. Solutions of problem (6) - (10) satisfy a neutral identity:

E(1,v) +/\/divﬂ~divvdx = /T-Vd:c (16)
D D
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for any ¥(z) € W4 (D). Put in (16) v = z(a:)%(z(x)uyk), after integration by parts, evaluating the terms in
the same way as in [4] we will have ||uyk||%,[,21(w) < lullwz(py - llullw; (), by virtue of (6)—(10), multiplying by

z(x)uy, integrating we get

H—levu

1/2 1/2
NS V| i P e i et
W, (D)

to estimate 5 - d1v u, we use the 1dent1ty Vdivy = div (ﬂ%) which is obtained from (6), if we take the div
by going to the variables , we express 3 divw through the remaining derivatives of the ﬁrst and nd order,

which are already estnnated Then we get
Vg < e [IF1+ el 3y - 17150
e Wl W3(D) Lz(D)
2

Let us suppose that the set w is a finite cover D, then in the last inequality on the leff - ake the norm
over the whole domain D. So we have

1/2
lllwz oy < e (1 lkay + 171y -

The theorem is proved. Similarly we prove
Theorem 2. Let f € Lo(D), a domain D is bounded, simply 3nected, wi
v, then the estimate is valid.

sufficiently smooth boundary

||ﬂ/\ — UO”W;(D) + ||)\d1vﬂ’\ - o C )\_1. (17)

In the work [5], it was obtained an estimate for the proxi timate for the solutions of problem (6)—(10) to
the solution of problem (1)—(5).

[ — ﬂ||€1/21(D) + (A pllT ) S e A% (18)

for A.
Evidence. Suppose the contrary,

TR 1Dy T | A diva? —PHiz(D) < AT,
where a > 0 is a constant, perh@psjsmall enough, therefore we have:
[Adiva® —p|| > [[pl| — Al diva?|
Ipll < Al diva*|| + [ diva* —pl| < ¢ { 17l + 5575 a (19)
Pl = Pl = Nta/2

i ©”. In inequality (19), we wil pass to the limit as A — oco; we can obtain it by virtue of (18).
p = 0. Thus, for @ and p we get the following problem

pAT—Vp+f=0, x €D, divi=0, p=0;

3

Zaiknk =0, z €. (20)
k=1

As we see this contradicts our assumption, since the latter problem (21) is unsolvable (the initial problem
(1)—(5)) is correct and it was required.
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M.M. Byxkenos, /I.K. KoiikesioBa

CT&TI/IKaJIbIK KbICbIJIM&ﬁTBIH OpTaHb baecy

ey apkbLibl CTOKCTBIH, CTATUKA-
TITOTUKA Ke3iH/Ie OChbI MiHIAETTEeP/Ii
naiina Ilyaccon koaddurmenti
i >JKYMBICTa KAPaCTBIPBLIFAH €CeITep
[H OOJIBIT TaOBIIATHIHBI JIDJIEJIIEH .
afBIPBIM/IBIK, CXeMaJIapibl KOJJIAHYyFa MYM-
H CTATUKAJIBIK €CeOiH IIenTy 9Iici aabIHIbI.

Maxkanana ['yk 3aHbIMEH CepIIM/ITIK TEOPUSCHIHBIH CT&THK&JI@C
JIBIK €CeOIHIH IIeITiMIiH MaTeMaTUKAJIBIK, MOJIE/IIEY KAPaCThIPBLIFAH.
IENTy YKAKBIHIBIFIHBIH 0aFachl aJbIHIbI, aTall aTKAHIa A —
0, 5-kKe YyMTBLIa b, OYJI KBICHIIMANTBIH OpTaFra CONKeC Kesel
mrerriMepiHiy YKaKbIHIBIFBIH Oaraaay 1/ periMeH xa
By cepriimMpiisiik T€OPUSICHIHBIH CTATHKAJIBIK ecebl yImiH

(bopMariusi, OpPbIH ayBICTHIPY, Jlame Kosbduim-
TeH ey, 6ip 6ailTaHBICTBI OBJIBIC.

enos, /I.K. Koiikemosa

Moaenn CTAaTUYECKOIl HEeCXKMMAaEeMOil cpeibl

CTaTbe PACCMOT, AT YeCcKOoe MOJIE/IMPOBAHUE PEIICHUsI CTaTU4IeCcKOo# 3a1a4un CTOKCa ¢ ITIOMOIIBIO

B C

pelleHns CTaTUYE afady Teopuu yupyroctu ¢ 3akoHoM ['yka. Ilomydens orerku 6/1m30CcTH perreHuit
TG

ad ABJISETCS HEYTydIIaeMOoi mo mopaaky 1/A. DTo MO3BOJAET UCMOIB30BATL DAHEE

HEen € Pa3HOCTHBIE CXEMBI JJIsI CTATUYECKOIl 3a/Ja4y TeOPUM yIPYTOCTH, KaK IIPHOIHMKEHHBII
o MET0/] pellleHns cTaTudeckon 3a1a4un CTOKCa Ha IOC/IE0BATEIbHOCTH CETOK.
oY cA06a: HeCXKUMaeMasl cpefia, 3aKoH ['yka, Hampsikenus1, Jedopmariun, nepemernesusi, Ko3bdu-

nenTol Jlame, 3amada CTokca, Teopus yupyrocTd, ypaBHEHUE PABHOBECHs, OJHOCBI3HAs ODJIACTD.
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