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On the calculation of round plates for bending

The article is devoted to the study of bending of round plates, which are the basis for calculating many
problems of mechanics. In the article the structure of this method is presented, its main components are
highlighted; its types are characterized, as well as its classical approaches. In this article the research of
the bending problem for round plates is carried out in particular cases. Methods of bending calculation of
round plates like all analytical methods have a number of advantages, which are also noted in this article.
The article is focused mainly on mechanics, engineers and technical specialists.

Keywords: round plate, plate deflection function, axisymmetric loads, maximum deflection of the round
plate.

Plates are widely used now in various fields of technology: construction, engineering, aviation, shipbuilding,
etc. During operation, the plates are subjected to temperature, chemical, force and other influences. These
effects cause plate deformations. Therefore, the problem of calculating the plates are so diverse and have such
a different character [1–6].

Many structural elements, such as the bottoms of pistons, tanks, apparatus, hatches, various kinds of
covers; flanges; diaphragms, etc. [7], are round plates. The simplest form of deformation for such elements is
their bending [8–12].

We consider the bending of a round plate and several axisymmetric loads: P is the concentrated force at
the center of the plate, T is the ring load, q is the distributed load.

We denote by h the thickness of the plate, which can be constant or variable. The outer radius of the plate
is denoted by R. Vertical linear displacements of the mid-plane points (along the z-axis) are called deflections
and are denoted by the letter W .

For thin plates, the assumptions called Kirchhoff hypotheses are valid [13].
We will distinguish two directions in the plate:
– the radial direction (all parameters of this direction are denoted by the index «r»),
– the circumferential direction (all parameters of this direction will be marked with the index «ϕ»)
According to Kirchhoff’s hypotheses for radial and circumferential deformations, we obtain

εr = z
dϕ

dr
, εϕ = ϕ

z

r
.

Then from Hooke’s law for the plane stress state (σr 6= 0, σϕ 6= 0, σz = 0) it is followed

σr =
Ez

1− ν2

(
ϕ′ + ν

ϕ

r

)
, σϕ =

Ez

1− ν2

(
νϕ′ +

ϕ

r

)
. (1)

The relationship between the deflection and the angle of rotation is written as

W ′ = −ϕ. (3)

Normal stresses σr are grouped in the bending momentMr, and σϕ are grouped in the bending momentMϕ

Mr = D
(
ϕ′ + ν

ϕ

r

)
, Mϕ = D

(
νϕ′ +

ϕ

r

)
, (3)

where D is cylindrical rigidity of the plate.
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Tangential stresses from the platform of the unit width form a transverse force Q in the circumferential
section. The normal stresses are easily expressed in terms of bending moments. It is sufficient to substitute
expressions (3) in (1). Then we receive

σr =
Mr

J
z, σϕ =

Mϕ

J
z,

where J = h3

12 is the moment of inertia for a rectangular strip of unit width.
The signs rule of the bending moment for round plates: we assume that the bending moment is positive if

the upper layer of the plate is stretched.
With axisymmetric bending, the problem of calculating a round plate is significantly simplified, since in

all equations and formulas describing the bending of the plate, the derivatives with respect to the angular
coordinate are equal to zero. Therefore, the differential equation of plate bending takes the following form

d4W

dr4
+

2

r

d3W

dr3
− 1

r2

d2W

dr2
+

1

r3

dW

dr
=

q

D
. (4)

The equation (4) is a differential equation of Euler.
In the case of plate equilibrium under the action of efforts Mr, Mϕ, Q and the acting load q on the center

of the plate, it is possible to obtain the differential equation of the problem in a simpler form. Making two
equilibrium equations, we obtain

rϕ′′ + ϕ′ − ϕ

r
=
Q

D
. (5)

This is an ordinary second-order linear differential equation of second order with respect to a function for
the angle of rotation, and the resolving equation for axisymmetric bending through the function of deflection is
the equation of the fourth order. The general solution of the equation (5) takes the form

ϕ =
C1

r
+ C2r +

1

D

∫ r

r0

r2 − s2

r
Q(s)ds.

The calculation of bending for circular plates with constant thickness
We consider the pure bending of a solid round plate by moments distributed along the hinge-supported

contour. In this case, there is no transverse load. The transverse (cutting) force also equals zero: Q = 0 and we
have Mr = Mϕ = m, then the deflection of any point from equation (2) is equal to

W = C − m

2D(1 + ν)

(
r2 − r2

o

)
.

The constant C is found from the boundary condition of the contour fixing.
In the case of hinged fastening the contour at r = R we have W = 0. If C equals zero (C = 0) and r0 = R,

the condition of the hinged fastening is satisfied. Then the following formula is valid

W =
m

2D(1 + ν)

(
r2 − r2

o

)
.

The greatest deflection (at r = 0) is

Wmax =
mR2

2D(1 + ν)
.

We consider a round plate under the action of a concentrated force P0 at its center. In this case we have

Q(s) =
P0

2πs
. (6)

Substituting (6) into the formula of the particular solution (5), we get

ϕ1 =
P0

4πD

[
r ln

r

r0
− 1

2r

(
r2 − r2

0

)]
.
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Then the general solution can be written as

ϕ =
C1

r
+ C2r +

P0

4πD

[
r ln

r

r0
− 1

2r

(
r2 − r2

0

)]
. (7)

We will find C1, C2 from boundary conditions. If r = 0, ϕ = 0, then from (7) we determinate C1

C1 = − P0

8πD
r2
0.

If r = R, ϕ = 0, then from (7) we find C2

C2 =
P0

4πD

(
1

2
− ln

R

r0

)
.

As a result, the general solution takes the form

ϕ =
P0r

4πD
ln
r

R
.

We calculate the bending moments

Mr = −P0

4π

[
1 + (1 + ν) ln

r

R

]
, Mϕ = −P0

4π

[
ν + (1 + ν) ln

r

R

]
.

In the center of the plate, if r = 0 then ln r
R → ∞ and therefore, the values of bending moments tend to

infinity. On the edge of the plate, if r = R then ln 1 = 0, and we have that the abcolute values of bending
moments are equal to

Mr =
P0

4π
, Mϕ =

P0ν

4π
.

Infinitely large values of bending moments are only a consequence of the extreme schematization for the
mathematical model of the problem (the concentrated force is applied at the point) [13]. In fact, this does
not happen, the load is distributed over a small platform, and in a small neighborhood of the point of force
application we have Mr = Mϕ, as in all other cases of loading [14].

We consider the general differential equation of plate bending

d4W

dr4
+

2

r

d3W

dr3
− 1

r2

d2W

dr2
+

1

r3

dW

dr
=

q

D
. (4)

The general solution of the differential equation (8) has the form

W (r) = C1 + C2 ln r + C3r + C4r ln r +W1(r), (8)

where W1(r) is a partial solution of the equation (4). To find a particular solution, we present equation (4) as

1

r

d

dr

[
r
d

dr

(
1

r

d

dr

(
r
dW

dr

))]
=
q(r)

D
. (9)

After integration (9) we obtain

W1(r) =
1

D

∫ r

a

1

ξ
dξ

∫ ξ

b

ηdη

∫ η

c

1

ζ
dζ

∫ ζ

d

q(τ)τdτ. (10)

For the case when the plate is under the action of a uniformly distributed load q = const, after integration
(10) we have

W1(r) =
qr4

64D
. (11)

Included in (8) constant of integrations C1, C2, C3 and C4 are determined from the corresponding boundary
conditions in each specific problem.
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We consider the problem of bending for a round plate, rigidly pinched along the contour. This plate is under
the action of a uniformly distributed load q. The deflection of the plate is determined by the expression (8),
where the particular solution has the form (11).

In accordance with the physical meaning of the problem in the center of the plate at r = 0 deflection and
internal forces must have finite values. To satisfy this condition, it is necessary to remove the partial integrals
containing the natural logarithm in the general solution (8), putting the constant integrations C2 and C4 equal
to zero. Thus, we obtain the following expression for the deflection of the plate

W (r) =
q

64D
· r4 + C1 + C3r

2.

To determine the constants C1 and C3, we use the boundary conditions on the rigidly clamped plate contour

r = R; W = 0; ϕ =
dW

dr
= 0.

Using these conditions, we obtain two algebraic equations with respect to C1 and C3. Having solved these
equations, we receive

C1 =
q ·R4

64D
, C2 = −q ·R

2

32D
.

The final expression for the deflection is determined by the following formula

W =
q · r4

64D
− q ·R2 · r2

32D
+
q ·R4

64D
=

q

64D

(
R2 − r2

)2
.

Then we get the expressions for the internal forces in the plate in the form

Mr =
q

16

(
R2 (1 + ν)− r2 (3 + ν)

)
,

Mϕ =
q

16

(
R2 (1 + ν)− r2 (1 + 3ν)

)
,

Q = −qr
2
.

In the center of the plate, the bending moments are equal to each other, the transverse force is zero, and
the deflection has a maximum value equal to

Wmax =
q ·R4

64D
.

If r = R we find the moments on the plate contour

Mr(r=R) = −q ·R
2

8
; Mϕ(r=R) = −q ·R

2

8
ν.

On the center of the plate, where r = 0, we have

Mr = Mϕ =
q ·R2

16
(1 + ν) .

The maximum stress on the plate contour is equal to

σrmax = −6Mr

h2
=

3

4

q ·R2

h2
.

In accordance with the condition of rigidity [14]

σrmax =
6 ·Mrmax

h2
≤ [σ]bend. − 5 %,

we make the adjustment of section thickness h.
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The round plate has a supported edge. Uniformly distributed in a circle of radius b the load P acts on the
plate. In this case, the expression for the function W (x, y) has different forms for r > b and r < b

Wr>b =
P

8πD

[(
r2 + b2

)
ln
r

a
+

(3 + ν)a2 − (1− ν)b2

2(1 + ν)a2

(
a2 − r2

)]
,

Wr<b =
P

8πD

[(
r2 + b2

)
ln
b

a
+

(3 + ν)a2 − (1− ν)b2

2(1 + ν)a2

(
a2 − r2

)
+ r2 − b2

]
.

For a plate with a pinched edge at the same load P for the function W (x, y), we have [15]

Wr>b =
P

8πD

[(
r2 + b2

)
ln
r

a
+
a2 + b2

2a2

(
a2 − r2

)]
,

Wr<b =
P

8πD

[(
r2 + b2

)
ln
b

a
+
a2 + b2

2a2

(
a2 − r2

)
+ r2 − b2

]
.

General case for bending of round plates
If the load on the plate or the conditions of its fixation are not axisymmetric, then the plate deflection

depends on variables r, ϕ and must satisfy the differential equation

D∆∆W = q (x, y). (12)

Obviously, we are looking for a solution for a round plate in polar coordinates. The equation (12) in polar
coordinates has the form(

∂2

∂r2
+

1

r
· ∂
∂r

+
1

r2
· ∂

2

∂ϕ2

)(
∂2W

∂r2
+

1

r
· ∂W
∂r

+
1

r2
· ∂

2W

∂ϕ2

)
=
q(r, ϕ)

D

or in expanded form
∂4W

∂r4
+

2

r2
· ∂4W

∂r2∂ϕ2
+

1

r4
· ∂

4W

∂ϕ4
+

2

r
· ∂

3W

∂r3
− 2

r3
· ∂

3W

∂r∂ϕ2
−

− 1

r2

∂2W

∂r2
+

4

r4
· ∂

2W

∂ϕ2
+

1

r3
· ∂W
∂r

=
q(r, ϕ)

D
. (13)

In the general case of round plates bending to obtain a solution, the deflection of the plate can be represented
as a trigonometric Fourier series with respect to the angular coordinate ϕ

W (r, ϕ) = W0(r) +

∞∑
n=1

[ξn(r) cosnϕ+ ηn(r) sinnϕ] , (14)

where the functionsW0(r), ξn(r) and ηn(r) characterize the change in the plate deflection in the radial direction
and they are to be determined.

An arbitrary load q(r, ϕ) causing bending of the plate can also be decomposed into a trigonometric series,
similar to the series (14)

q(r, ϕ) = q0(r) +
∞∑
n=1

[λn(r) cosnϕ+ µn(r) sinnϕ] , (15)

where

[q0(r) =
1

2π
·
∫ 2π

0

q(r, ϕ)dϕ, λn(r) =
1

π
·
∫ 2π

0

q(r, ϕ) cosnϕdϕ,

µn(r) =
1

π
·
∫ 2π

0

q(r, ϕ) sinnϕdϕ.

Substituting (14), (15) into (13) and comparing the coefficients of linearly independent functions 1, cosnϕ,
sinnϕ we obtain three equations to determine functions W0(r), ξn(r) и ηn(r)

d4W0

dr4
+

2

r

d3W0

dr3
− 1

r2

d2W0

dr2
+

1

r3

dW0

dr
=
q0

D
, (16)
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W IV
i,n +

2

r
·W ′′′i,n −

(2n2 + 1)

r2
·W ′′i,n +

(2n2 + 1)

r3
·W ′i,n +

n2(n2 − 4)

r4
W =

qi,n
D

, (17)

where
Wi,n = Wi,n(r), W1,n = ξn, W2,n = ηn,

qi,n = qi,n(r), q1,n = λn, q2,n = µn; i = 1, 2.

In equation (16), which describes the plate deflection, the derivatives with respect to the angular coordinate
vanish, sinceW0 is a function of r as the coefficient of the Fourier series with respect to ϕ. Thus, the functionW0

describes the axisymmetric bending of a round plate. Note that the partial differential equation (16) coincides
with the equation (4).

Equation (17) is an ordinary differential Euler equation. By replacing the variables r = et, equation (17) is
reduced to a linear differential equation with constant coefficients

W̃ IV
i,n − 4W̃ ′′′i,n + 2(2− n2)W̃ ′′i,n + 4n2W̃ ′i,n + n2(n2 − 4)W̃i,n =

q̃i,n
D

, (18)

where W̃i,n = W̃i,n(t); q̃i,n = q̃i,n(t), i = 1, 2. The characteristic equation for (18), obviously, has the form

τ4
i,n − 4τ3

i,n + 2(2− n2)τ2
i,n + 4n2τi,n + n2(n2 − 4) = 0. (19)

In many cases, when solving the problem of bending for a round plate, the accuracy given by the formula
(14) is sufficient if there is only the first term of the series (14). If n = 1, then the characteristic equation (19)
has roots τi,1,2 = 1, τi,3 = 3, τi,4 = −1. In this case, the general solution of the differential equation (17) takes
the form

Wi,1(r) = Ai,1r +Bi,1r ln r +Ki,1r
3 +

Li,1
r

+W
(1)
i,1 (r),

where Ai,1, Bi,1, Ki,1, Li,1 are constants of integration,W (1)
i,1 is a partial solution of the equation (17). Constants

of integration Ai,1, Bi,1, Ki,1, Li,1 are usually determined from the given boundary conditions, and a partial
solution W (1)

i,1 depends on the type of load applied to the plate.
If n = 1 the plate deflection in the general case can be written in the form

W (r, ϕ) = W0(r) +

[
A1,1r +B1,1r ln r +K1,1r +

L1,1

r
+W

(1)
1,1 (r)

]
cosϕ+

+

[
A2,1r +B2,1r ln r +K2,1r +

L2,1

r
+W

(1)
2,1 (r)

]
.

It should be noted that almost all the problems related to the study of stresses and strains in a plate are
reduced to solving boundary value problems for one or several differential equations. The exact solution of these
equations does not cause difficulties only in some elementary cases. In more complex cases, finding a solution
in analytical form is associated with great mathematical difficulties.

In such cases, it is recommended to use approximate solution methods: variational methods (Ritz method,
Galerkin method, Treffz method, Kantorovich method, etc.), which give an approximate analytical expression
for the desired function and numerical methods (finite difference method, grid method, variational-difference
method, finite element method, etc.), which determine the numerical values of the function for different values
of the argument.
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Г.А. Есенбаева, А.Т. Касимов, Б.А. Касимов

Иiлу үшiн дөңгелек пластиналарды есептеу туралы

Мақала дөңгелек пластиналардың иiлуiн зерттеу мәселесiне арналған, пластина механиканың көп-
теген есептеудiң негiзi болып табылады. Авторлар осы әдiстiң құрылымын берген, оның негiзгi ком-
поненттерiн көрсеткен, сондай-ақ оның түрлерi мен классикалық тәсiлдерiн сипаттаған. Мақалада
жеке жағдайларда дөңгелек пластиналардың иiлу мәселесi бойынша зерттеу жүргiзiлдi. Дөңгелек
пластиналардың иiлуiн есептеу әдiстерi, барлық аналитикалық әдiстер сияқты, бiрнеше артықшылы-
қтарға ие. Негiзiнен, мақала механиктерге, инженерлерге және техникалық мамандықтары маман-
дарға бағытталған.

Кiлт сөздер: дөңгелек пластина, пластинаның иiлу функциясы, осьсимметриялық жүктемелер, дөң-
гелек пластинаның ең жоғары иiлуi.
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Г.А. Есенбаева, А.Т. Касимов, Б.А. Касимов

О расчете круглых пластин на изгиб

Статья посвящена вопросу исследования изгиба круглых пластин, являющихся основой расчета мно-
гих задач механики. Авторами представлена структура данного метода, выделены его основные ком-
поненты, охарактеризованы виды, а также его классические подходы. В статье проведено исследова-
ние задачи об изгибе круглых пластин в частных случаях. Методы расчета изгиба круглых пластин,
как и все аналитические методы, имеют ряд преимуществ, которые отмечены в статье. Главным об-
разом, статья рассчитана на механиков, инженеров и специалистов технических специальностей.

Ключевые слова: круглая пластина, функция прогиба пластины, осесимметричные нагрузки, макси-
мальный прогиб круглой пластины.
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