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On the solvability of the first boundary value problem
for the loaded equation of heat conduction

In this paper we consider the first boundary value problem for the loaded equation of heat conduction in a
quarter plane. The loaded term is the trace of the fractional derivative of order v, 0 < v < 1'with respect
to the time variable on the line x = ¢. It is shown that when 0 < v < 1 and VA €C, then the load is a weak
perturbation, that is, the studied problem has a unique solution in the class of bounded functions.
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Statement of the problem. In the domain @Q = {z € Ry, t € R} the following boundary value problem is
considered:

ou 82U v
576128962 + A oDfu(x,t)],_, = [z, t); W
u (x’ 0) = 0, u (O’ t) = 07 (2)

where .
1 _(2 1
rl—-wv)ot) (t—r)
0

ANeC,0<v <1, oDiu(z,t) =

su (z,7)dr —

is the fractional Riemann-Liouville derivative of the function u(z,t) with respect to a variable ¢ of order v,

oDy //G(m,é,t—f)-f(é“m)dédf e M(R,). 3)
0 0

Hear
M (Ry) = Loo (R1)NC (Ry),

-1 (z-¢)° (z+8)°
G(x,f,t) = 27\/7_? {exp <_4t> —exp <_4t> } —

is the Green’s function of the first boundary value problem for the heat equation.

Peculiarity of this problem lies in the fact that the loaded term is the value of the fractional derivative on
the line x/= t. Similar problems were considered in [1, 2]. In [1] it has been shown that when v =1 the load is
a strong perturbation and for certain values of the parameter A\ the corresponding homogeneous problem has
nonzero solutions, that is, a non-homogeneous problem has a non-unique solution.

The purpose of this paper is to determine the nature of the load when 0 < v < 1.

Inverting the differential part in the boundary value problem (1)—(2), we have the following representation
for the solution:

t oo
w(zt) = —A//G(x,g,t 1) o DYu (€, )] dédr+
0 0

+0/0/G(x,£,t7-)~f(§,7)d§dr,
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or
t oo
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/]
t oo
" / [t s (4)
0
hear -
Ko (z,t—1) O/G(a:,§,t7)d§ erf( \/7)
Indeed

r ~ (x—¢)° @+’ \
O/G:rft T)dE = 2m/{exp< t_T)>—exp< 4(t—7')>}d§_

. =FE ,=_F
N _2\/75—7’ _2\/t77'

= % { /Z exp (77)2) dn — 7e:vp (7772) dn} =

z

_ ;%O/Zexp (=n*) dn = erf (2\/%) '

Substituting the value of this integral into (4), we obtain

dr + fi (1), (5)
=1

u(w,t) =— /terf(ﬁ)[th”u(&T)}

where S
1<x,t>=//G<x,m—ﬂ~f<§m>d§dr
0 O

It follows from (5) that in order to find solutions of problem (1)—(2) it is sufficient find an expression
[oDYu (€, T)lle—r -

For this, we differentiate both sides of (5) by ¢, then assuming x = ¢, we get

.
0Dy u(z,t)]],_, = =\ {0 /erf<2\/7) “JoD{u (&, 7)) 5_TdT} +
0 r=t
oD f1 (2, 8) ]y (6)
and introducing the notation
loDfu(z,t)]l,—, = ¢(t), oD f1 (z,)],—p = f2 (t);
from (6) we obtain the following integral equation
t
t)+ A d = fo(t). 7
o (1) + { et (=) <>T} 2 1) g
0 r=t
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Next, we calculate

th”O/erf<2\/f_—T>-<p(T)dT=
_ r(11f y)@ato/ (t—lf)” {O/erf (2\/:’_77) .gp(ﬁ)dﬁ}dT:

- it | ot i o oo -

t—T=mn
T=t—"n

T1

t t—11
1 9] 1 T
0 0

where the following notation is used:

KI/ (t77—7 1’) =

22
ky (¢, 11,2 / emp{ }dn.
( Qa\f (t=m7 — 77)% 4a2 (t — 1 —n)

Let us find the explicit form of the function k, (¢, 7yx)-

(¢ ) T ] 1 1 x? d
 (tT,) = — ——— — erpy =
! 2a+/T / m (-1 _n)% P 122 (t—m—n) g

/ t—Tl 1 x2 1 d
. oel' B ——————— Z:
2af (t—71)"(1—2)" (t—ﬁ)% o3 P71 (t—m) =z

. N ! /z_% (1—2)" ex I dz =
20T (t_ﬁ)u+% / Pl a2 (t—m) =z N
=|[3]. p.367, 3.471(2)|| =

ST(=v) g (t—rll)% ' {4(12 (f n)]i 'exp{_éﬂa“’(fn)} "

i) -

hear W, 1 1 {Win)} is Whittaker function.
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Substituting the function k, (¢,71,2) into (9), for the kernel K, (¢,7,z) finally we obtain the following

representation
1 2a 1
K, (t,, = 7 — A\ —  —F—X
GCra)=ra=o ey V7 &

1 x? z?
el e R e .
Thus, the integral equation (7) takes the form
¢
o) -2 [ K, 61 o(@)dr = £(0), @y
0

where

Kby = Qf'm“p{W}‘W"-iv—i{4a2<ttz—r>}r<1—v>1-<t—7>”‘

This kernel has a weak singularity when 0 < v < 1, that will be shown below.

We consider some particular cases of equation (11) for specific valuesof v: v =1, v =0, v = %

We note that earlier in [1] the problem (1)—(2) was considered for the case v =1ywhich was reduced to an
integral equation of the form

(1+A>w<t>—A/Kl<t,T>~so<f>d7=f2<t>7 (12)
0

the kernel of this integral equation

K1 (t,T) =

is «incompressible», since
¢
lim [ K (¢,7)dr =1,
t—=0
0

and it was shown that the corresponding homogeneous integral equation has non-zero solutions, and their

number depends on |A].
We show that when v —'1 < 0, the integral equation (11) coincides with equation (12). To do this in (11)
we pass to the limit » =1 =0, that is, we calculate the following limits:

t

: 1
ygrln—o)\./l_‘(l—l/)-(t—T)u p(r)dr=
0

u=p(1); du=¢ (1)dr

= dv = 7(tii:—)";v = 7$ (t o T)l—y
t t
= 1 - M () + 1 /(t )1 v /( )d —
T ST w) R A oowner e =
0
\ t
N erny=r R UL GGl &
0

=X 00+ e(Mo=A00)+X @)= A-00)=Xp(t).
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Now we find the limit from the first summand

lim k, (t,7)= —-m

v—1—-0 e

t? t?
Xemp{_&ﬂ(t—ﬂ} W04 {42@_T>} -

V2 e
’ {rr<§3> My Lw (t;_ T)} +F E—g M LW(T—T)] } |

Here we use the representation of the Whittaker function Wy, (z) in terms of the function M) , (z)
[3; 1024(9.220)]. Further, writing down the Whittaker function M) , (z) via the Kummer function (a,f;z2)

we have:
, 2a 1 12 t2 1
ul_i?lok” (t,7) = T m -exp{—8a2 (t—T)} ' {4&2 (t—T)] x
t2 3 12
Xe”’{_scﬂ (tT)} @ <0’ 2’ g2 (t7)> A
1 ¢ t?
T 20VE (1)} 'exp{‘4a2<t—r>}‘
Thus, we obtain
t
1 t t2
(1+>\)99(t)—)\/w'm'exp{—4az(t_ﬂ}"P(T)dTZfz(t)~ (13)
0

Indeed, equation (13) coincides with equation (12)+[1].We further define the form of the integral equation (11)

at v — 0,
For this, we find the value K, (¢,7) upu v = 0.
1

2a (t—T1)* t2 t?
lim K, (t,7) =1 —4/—+———— - 0 W_1 1 ——— 7 =
Yim Ko (t,7) N exp{ 8a2 (t — 1) D71\ 4a? (t— 1)

T x
= HW_}U_i (z) = [1 — erf(x)] = =

t t
=1l—|l—erfq ——=¢| =erf{ ———— .
[ {Qa\/t—TH {Qa\/t—r}
Using this relation, we obtain the following integral equation

! (14)

w(t)—AO/erf{W} D)= £,

where ¢ (t) = u (z,t)|,_, -
This equation coincides with the integral equation (5), when v — 0.
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Now we consider the case v — % That is

oy Kl = \/z ﬁ.@l_f)i“p{‘w 57)}'%1 {4@)}_

1
v—3

1 1
VE Vit
To determine the specific form of the kernel, we use the representation of the Whittaker function

I'(=3)
"M 1
I (+0) i

(2) + (2) =

_1
:Z%e_%_i'_l—‘( 2).i.z%.6_%.erfi{\/g}7

vz

where erfi{y/z} = [ e$”d¢. Hence the kernel K1 (t,7) is equal to the sum of three terms.
0

We compute the first summand

S S = r>)i ) -

For the second summand we have

) I‘(—l) 2a frs 1 t2 T
(2) — R B S .
Vle%K” (t’T)_F(+8) T2 \/i-(t—r)% (4(12(157)) .
[ 2avi=T
xexp{4a2 G 7')} . exp {52}d§ =
0
T4 L1 R U OO
BB exp{ 4a2(t—7')} 0/ e ie)de=

Thus
i K0 == o (e i | R )

This result can be obtained if we take directly from both sides of (5) the derivative of order  :

oD? O/ETf (W) cp(r)dr =
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t T
1 0 1
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-V e =) *"(T“dﬁ" rth‘
0 T1
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| |
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[ (e e

Now we show that the kernel of the integral equation:(11) has a weak singularity for Vv, 0 <w» < 1. To do

this, we calculate the integral from the kernel k, (¢,7).

J“’”i/tﬁmm{—%}wuz it

t? ; 1 J 21
= — — T = — T = — - =
4a’(t—'7) Y 4a? vy’ 102 2%
2(1 (2a) s t2 vl 2 W d
T @ VY exp{—*} v—1,-1 () dy =
@) o [ )
:T 72 y( 1) 269317{_*} Wy,%’,% (y) dy =
v
1[4, 36(1.13.2(6))]||
(261)2”_2 2-2 - °°
B SO S U Y
NG y'Ti - exp sz 1 (y) .
2a 3 t t
— —v+3
“VE “fp{‘sz}w{u}

_5 _
1

Bl

Let us study the behavior of functions W,,_s _1 (z) at ¢t — 0, for this, we represent the function W,

as follows: ( ) ( 1)
r r -3
WV_Z’ i(Z) (2_1/) MV I i(z)_‘_l—,(%_y) 'Mu—%,% (Z)_
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From here it follows that

lim [ Ky (t,7)dr=0, Vv, 0<v<l1.
t—0
0

This means that the integral equation (11) has a unique solution ¢y (t), VA € C, f5 (t). The samercan be
shown as follows.

The function k, (t,7) has a singularity at 7 — ¢, we define the order of this singularity by using the
asymptotics W, (z) ~ 2* - exp (—%) , npu |z| — oo [3, 1026; (9.227)].

We have for the case v > %

_ 1

Tt La? it—J p{‘ﬁ} =

Here, we use the estimate

2 - eap{-a} < (V_ ;)V_é .exp{— <y_ ;)}

And when v < % the following inequality is used

(t flﬂ" ' Laz it—J p{‘zl(tt—)} :

1—-2v
1 t—7 1 1—2u 1
= 20-1 ( ) ’ < (2a) ’ :
(2a) t t—1T t—T1

Now, according to (4), we write the solution to problem (1) — (2) in the form

t

u(x,t)z—x/erf{wij} o (7) dr+

0

t oo
+O/O/G(:c7§,t—7)-f(ﬁ,T)dﬁdT.

Thus, it is shown that when 0 < v < 1 for YA € C the loaded term in (1) — (2) is a weak perturbation.
Thus, the following theorem is valid
Theorem. The boundary value problem (1)—(2) Vv,0 < v < 1, VA € C has a unique solution uy € U, where

U= {al (5 vE) s = i € (@), DY o)Ly € M (R
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2KyKTeJireH >KbLTYyOTKI3TIINTIK TeHAeyl YImiH OipiHImi
MIETTIK eCeNnTiH MIENIiM/IiJIIr TypaJIbl

MaxkaJsaga *Ka3bIKTBIKTBIH Oip ITUperiie XKYKTeJIreH KbUIYOTKI3TIITIK TeHAeyi yiiH Oipiami meTTik ecebi
KapacThIpblaral. 2KyKTereH KOCBUIFBIINI — & = ¢ ChI3BIFBIH/IA YAKBITTBIK alHBIMAJIBICHI OOWBIHINA V-IITi
perTi Gesmrek TyBIHABIHBIH 131, 0 < v < 1. Erep 0 < v < 1 xome VA € C 6oJica, OHIa KYKTEMEHIH 9JICi3
aybITKY €KeHi KOPCEeTIJINeH, AFHU, 3ePTTEJIETIH €CeITiH, MeHeareH: PYHKIUAIAP KJIAChIHIA YKAJFBI3 IIeIiMi
oap.

Kiam cesdep: »KyKTeJIreH »KbUIYOTKI3TIIITIK TEHJEY, IEeTTIK ecell, 6eJIeK TybIHbl, Bosbreppanbly nHTE-
rPaJIIbIK, TEHIEYI.

M.T. Txxenammes, C.A. Uckakos, M.W. Pamazanos, 2K.M. Tyneyraesa

O paspenmMocTu TepBOii KPaeBoil 3aa9n JAJid Harpy2KEeHHOTO
YpaBHEHUs TEeNJIOHPOBOIHOCTU

B craTbe paccmoTpena nepBast KpaeBas 3aada A HArPYKEHHOTO yPaBHEHHUS TEIIONPOBOIHOCTUA B U€T-
BEPTHU IJIOCKOCTH. Harpy:keHHoe ciiaraeMoe — cijiej1 JpoOHOM mpou3BogHoi mopsaka v, 0 < v < 1, mo
BpeMeHHO# mepemenHoit Ha jguaun & = t. [Tokazanmo, aro mpu 0 < v < 1 u VA €C Harpy3ka sSIBISIETCST CJIa-
OBIM BO3MYIIIEHHEM, TO €CTh MCCIEAyeMas 3aadua UMeeT eIMHCTBEHHOEe PeIlleHre B KJIaCcCe OTPAHUIEHHBIX
bYHKITIH.

Karoweswie crosa: HArpy»KEHHOE ypaBHEHHE TEIIOIPOBOJHOCTH, KpaeBas 3aJada, JpoOHAasi IPOM3BOIHASI,
WHTErpaJibHOE ypaBHeHUEe Boasreppa.
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