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Development of the fuzzy sets theory: weak operations and extension
principles

The paper considers the problems that arise when using the theory of fuzzy sets to solve applied probléms.
Unlike stochastic methods, which are based on statistical data, fuzzy set theory methods make,sense to
apply when statistical data are not available. In these cases, algorithms should be baseddon membership
functions formed by experts who are specialists in this field of knowledge. Ideally, complete/information
about membership functions is required, but this is an impractical procedure. More, often than not, even
the most experienced expert can determine only their carriers or separate séts ofithe a-cuts for unknown
fuzzy parameters of the system. Building complete membership functions of sinknown fuzzy parameters
on this basis is risky and unreliable. Therefore, the paper proposes an ‘extension of the fuzzy sets theory
axiomatics in order to introduce non-traditional (less demanding,on the completeness of data on membership
functions) extension principles and operations on fuzzy sets. The so-called a-weak operations on fuzzy
sets are proposed, which are based on the use of separate sets ofithe a-cuts. It is also shown that all
classical theorems of Cantor sets theory apply in the extendéd axiomatic theory. New extension principles
of generalization have been introduced, which allow selving‘problemsiin conditions of significant uncertainty
of information.

Keywords: Cantor set, fuzzy set, function of belonging, set of a-cut, core of fuzzy set, a-weak operation.

Introduction

It is well known that the concept of‘anfuzzy set, proposed by L. Zadeh in 1965 [1], immediately
arouse great interest among mathematicians and scientists of other fields and stimulated the appearance
of a large number of works im this\direction. Just two years later, Gauguin extended this concept to
L-fuzzy sets, and further introduced the interval fuzzy line, regular fuzzy numbers and fuzzy metric
spaces, fuzzy topological spaces, fuzzy relations and mappings, concepts and theorems of fuzzy algebra
[2-11]. All these works withslight variations are based on the well-known maximin extension principle
(MMPG) Zadeh"|1], which“fully satisfied the researchers. The mathematical apparatus of fuzzy set
theory (FST) beganto béwwidely used both in physics [12,13] and in applied disciplines [14-18]. At the
same time, there are quite a few applied problems for which the use of the maximin extension principle
preventsmtheir solution. The fact is that the application of MMPG requires complete information about
the membership functions of fuzzy defined parameters of the task, and this, unfortunately, is often the
almostyimpossible procedure. In these cases, even the most experienced expert can determine only
their cores of a-cuts for the unknown fuzzy parameters of the system. Building complete membership
functions of unknown fuzzy parameters on this basis is risky and unreliable.

Thus, it seems appropriate to expand the axiomatics of the fuzzy sets theory in order to introduce
non-traditional (less demanding on the completeness of data on membership functions) extension
principles and operations on fuzzy sets. In works [19,20], an unconventional class of so-called a-weak
operations on fuzzy sets was proposed for the first time, further, introducing new concepts, we will
follow these works.
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Statement of the problem

All problems with uncertain parameters, which should be solved using fuzzy set theory methods,
can be divided into two classes:

1. Problems with non-numerical input parameters.

In these problems, each of the non-numerical parameters corresponds to a certain logical variable
(term), to which the expert assigns a membership function (performs fuzzification), then certain
procedures are carried out with the assigned membership functions, and the defuzzification procedure
is applied to the new membership functions obtained as a result. As a rule, the quality of these
calculations significantly depends on the knowledge of experts in the subject of research and, on the
adequacy of fuzzification and defuzzification procedures.

2. Problems with non-numerical input parameters.

As arule, it is advisable to solve such problems using the methods of probability. theory, but for this
the researcher must have a sufficient amount of reliable statistical data. If these/datasare not available,
or their number is very small, then it makes sense to apply the methods of fuzzy set theory. In this
case, the uncertain parameters are given by vague numbers, the membership functions of which are
formed by experts who are specialists in this field of knowledge.

The main problem of these methods is that even the most experiended expert can determine only
their cores or a-cuts for unknown fuzzy parameters of the system. Building complete membership
functions of unknown fuzzy parameters on this basis is risky and unreliable.

Therefore, the task of expanding the axiomatics of thefuzzy sets theory in order to introduce non-
traditional (less demanding on the completeness of datagn membership functions) extension principles
and operations on fuzzy sets is actual. For this, the authots propose to introduce the so-called a-weak
operations on fuzzy sets, which are based on the use of a-cuts.

Research results

Let’s consider the basics of weak operations axiomatics. The a-cut set of the fuzzy set A defined
on the universum X is the usual @antor set of elements x € X, for which the condition u;(z) > o
is fulfilled, where a > (0, 1]4The limiting case of the a-cut set is the so-called core (or, otherwise,
the 0-cut) of the fuzzy set A; which¥salso a Cantor set of elements zz € X for which the condition
pi(x) > 0 is fulfilled.

It is known that everyfopération on classical Cantor sets can be matched with many similar
operations on fuzzy sets. There is only one mandatory condition that each of these operations must
meet - they must reducétto the corresponding classical operation in the case of degeneracy of fuzzy
sets to classical Cantorsets.

Obyvieusly; that weak operations on fuzzy sets must have the same properties as the analogical ones
on classical.Cantor sets, that is the same theorems must be fair for them as for classical sets. Let’s
considerfit on the example of the relation of loose inclusion. L. Zadeh defined this relation as: fuzzy set
A, whichyis défined on the universum X, if and only if includes fuzzy set B, defined on this universum,
when for all elements # € X the membership function s ;(x) is more or equal to the membership
function pp

ADBeVr>X (ui) > ppx)). (1)

From the fuzzy theory point of view, the membership function of the classical Cantor set A in X
looks like p4 : X — {0,1}, and for the set A we can write

A={(z,pa(@)) | V2 € X(z € A & palx) = 1)}.
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The definition of relation of inclusion for classical sets A and B, expressed through their membership
function is formulated as: classical set A, defined on the universum X, if and only if includes classical
set B, defined at the same universum, when for all elements x € X, if up(x) = 1, then and p4(x) =1,
that is

ADBeVreX(ug(z)=1= palz)=1). (2)

The definition, which lessens the demands to the membership functions pj(x) and pz(z) in
comparison with (1), doesn’t demand the condition p 5(x) > pg(x) to be carried out, and is based on
the sets of a-cuts of fuzzy set (which are the commom Cantor sets) and is suggested being called loose

a-weak inclusion (is marked 5) and analogically can be formulated as (2): fuzzy set A, that defined on
the universum X, a-weakly includes fuzzy set B, defined on the same universum, if and“enly if when
for all elements x € X, if pg(x) > o, then and pz(z) > o, or

Ai)B@V:UEX(uB(x)Za:>,uA~(a:)2a).

In boundary case, the relation which is based on the cores of fuzzy sets A, B i§%flered to call just

0
loose weak inclusion or loose O-weak inclusion (is marked 2). Its definifiondean be formulated as: fuzzy
set A, defined on the universum X, if and only if 0-weakly include§, fuzzy set B, defined on the same
universum, when for all elements x € X, if uz > 0, then and pgz > 0, or
-0 .
ADBeVreX (ps(z) > 0=u (@) >0).

Let’s introduce the definition of the a-weak supplement, operation. The traditional supplement of
the fuzzy set A in X is the accepted fuzzy set Auis X, for which the following condition is carried out
Ve e X (,u~(a:) =1 —,u,A(a;)> .

A

For classical Cantor sets, the stippleient of set A is considered to be the set A, that is
VreX (pa(z) =1 pz(z) =0). (3)

Analogically to (3) the defiiition of operation of a-weak supplement is offered to formulate as:
o

fuzzy set A in X is @-weakssupplement of fuzzy set A in X if and only if, when for all elements x € X,
if pn5(x) > a, themypa(®) < a, and vice versa, that is
A

Vl‘EX(,uA(:L‘) >ae
It follows from (4) that

V:z:eX(uA(x)<a<:>ua(:1;)2a>.
A

Analogically to the definition (4) for the operation of weak supplement (or 0-weak supplement) we
0

can write: fuzzy set A in X is a weak supplement of fuzzy set A in X if and only if, when for all the

Mathematics series. No.3(111)/2023 61



S. Katsyv, V. Kukharchuk et al.

elements x € X, if ju ;(x) > 0, then o (z) = 0, and vice versa, that is

A

Ve e X uA(m)>0<:),ug(a:):0 . (5)

A

It follows from (5) that

Vee X | pi(z) =0 po(x) >0

A

The definition for the relation of a-weak equation between fuzzy sets A, B inX is formulated as:
fuzzy set A, defined on the universum X, a-weakly equal to fuzzy set B, defined on this universum, if
and only if, when for all the elements x € X, if 7 > 0, then and e (z) = 0, and vice versa, that is

A
A%B<:>Vx€X(uB(x) >a e pi(z) > o
For a weak equation (0-weak equation) we can write
AQB@VQUGX(MB(HJ) >0 < () 0) .

Let’s consider the definition for other main relations between fuzzy sets and operations on them.

It is suggested that a-weak combination of fuzzy sets A'and B in X is the fuzzy set C £ A U B in
X, if and only if, when for all elements z € X, if ps(2)h> o then pz(x) > o or pg(x) > a, and vice
versa, that is

C’%AGB@VJUEX(N@(J:)Za@uﬁ(x)ZOC\/,u,B(x)Za).

~ ~ ~ ~ 0 ~
Analogically, weak (0-weak) association of fuzzy sets A and B in X is the fuzzy set C SAUBin
X if and only if, when for all elemeéntsyr € X, if ps(x) > 0 then pz(z) > 0 or pz(x) > 0, and vice
versa, that is

GQAPJB@VxGX(ué(m)>0(:>,uA(a;)>0\/,ug(x)>0).

At last, a-weak crossingsof fuzzy sets A and B in X is the fuzzy set C = A A B in X if and only
if, when for all elements r'€X4 if ps(2) > «, then pz(x) > o and pp(z) > a, and vice versa, that is

C’%flroﬁB@VaﬁeX(ué(m)Za@ug(:c)Zcx/\,uB(a:)Za).

- . -0 ~0 =~

Analogieally, ‘@weak (0-weak) crossing of fuzzy sets A and B in X is the fuzzy set C' 2ANBin
X if'and onlylif y1~(x) > 0, when for all elements x € X, if then p3(x) > 0 and pgz(x) > 0, and vice
versa, that is

~ ~ 0 =~
CgAﬂB(:)V:UEX(ué(:U) >0 pi(z) >0Apg(x) >0).

The definition of the more complex operation of the Descartes multiplication of fuzzy sets is
suggested as follows: a-weak Descartes multiplication of the fuzzy sets A; in X is the fuzzy set
AZ ;11 3< 1212 ;X< ;.é fln in X = X3 xXox...... X, if and only if, when for all elements
r = (1,%2,...,2,) € X, if pz(z) > , then simultaneously pz (z) > a, pg, (v) > o, ..., uz5 (2) >«
and vice versa, that is

~ o = o~ [0 o~
A=A XAy x ...--- X A, &
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@x:(ml,xg,...,:nn)€X<,uA(m)Za@MAI(x)zaAuAQ(x)Za/\.../\NAn(x)ZOz).

Accordingly, weak (0-weak) Descartes multiplication of fuzzy sets A; in X is the fuzzy set A °

- 0 - 0 0 -
Al X Ay x ..o x Apin X = X7 x Xog X ...... X, if and only if, when for all elements x =
(x1,22,...,7,) € X, if pg(x) > 0, then simultaneously pz (z) >0, pg (z) >0, ...,uz (v) >0, and
vice versa, that is

~ 0 -~ 0 - 0 0 -

A:A1><A2X...'”><An<:>

@x:(xl,xg,...,mn)€X<,LLA(x)>0<:>MA1(JU)>0/\,uA2(x)>O/\---/\,uAn(x)>O).

If we analyze all the above definitions of a-weak operations, we can come to theiconclusion that
the results of a-weak operations are ambiguous. Unlike traditional operations on fuzzy sets, the result
of any a-weak operation is not a specific fuzzy set, but a set of fuzzy sets, each of which, satisfies‘given
conditions. This ambiguity makes it possible to operate with fuzzy sets, the mémbership’functions of
which are not completely specified or are specified imprecisely. Such functions are most often obtained
with the help of expert procedures.

It is obvious that a-weak operations on fuzzy sets should have #he samepproperties as similar
operations on classical Cantor sets, that is, the same theorems as for classical sets should be valid for
them. Let’s formulate and prove analogical theorems for a-weak operations.

Theorems of idempotency.

Theorem 1. Operation of a-weak association is idempotent, that is

A AL A

Proof. Let’s consider the fuzzy set C' = A O in X. According to the definition of the operation of
a-weak association for an arbitrary element x € X wecan write pu ;(z) > aVpi(x) > a & pi(r) > .
Since the logical operation is idempotent{that is Vv, then for an arbitrary element x € X, it will be
fair pa(x) > @V pz(z) > a, what hadgto be proved.

It follows from the theorem 1, that:the operation of weak association of fuzzy sets is also idempotent,
that is

~O~O ~
AUA=A.

By means of analogical considerations we can prove that the operations of a-weak and weak crossing
are idempotent asywell, thatuis

b
Do DR
LR N
o e

A
A

s

Theorems Jof distributivenes.

Theorem! 2. Operations of a-weak crossing of fuzzy sets is distributive, that is
~ ~ X ~ o ~ X ~ (6% ~ O ~
An(BOC) 2 (AnB)G(AAC).
Proof. Let’s consider C1 £ B 0 C,D1£ A A Cl,C2£ A A B,C3% A A C, D2 £ C2 0 C3.

According to the definitions of the a-weak association and crossing operations for an arbitrary element
x € X we can write

pe (@) 2 a e pp(@) 2 aVpus(r) 2 a, (6)
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pp () Z a e pi(r) 2 aApg (@) = o (7)
Hee(T) 2 a s pi(z) > ahpp() = a, (8)
tes(®) = o pi(r) = oA pa() = a (9)
(@) Z @ & ey (T) 2 aV pa(r) 2 a. (10)

Having done the substitution of the equivalent expressions for the logical variables p s () > a,
Peo(T) > o and ps(x) > o from logical equations (6, 8, 9) into logical equations (7, 10) we obtain

() > e pi(x) > an (ps(x) > aVps(z) > a),

pp(@) 2 a e (pi(2) 2 anpge) > a) v (ui(z) > aApe(r) >a)!

Since logical operation A is distributive, that for an arbitrary element x €& we can claim, that
pp5,(r) > a < ppsy(r) > a, what had to be proved.
The operation of weak crossing of fuzzy sets is also distributive, that is

<0 /~0-\No[+0=\NO0/-0
Am<3u0>:<AmB>U<AmC>.

By means of analogical considerations we can prove that operations.of a-weak and weak association
are also distributive, that is

Theorems of involution.

Theorem 3: For any fuzzy set A inX, thesasweak complement of its a-weak complement is a-weakly
equal to the fuzzy set A, that is

= A

ke

[e% [

Proof. Let’s consider fuzzy sets B =A and C =B in X. According to the definition of a-weak
complement, for the arbitraryelement 2 € X we can write pz(r) < a & pji(z) > o and pa(r) > o &
pg(x) < . So, for an arbitrary element z € X the equivalency ps(z) > o < pz(r) > a will be fair,
what had to be proved:

It follows from Theorem 3, that for any of fuzzy sets A in X, the weak complement of its weak
complementris, wedkly equal to the fuzzy set A, that is

2 A

g lolo

Theorems de Morgan.

Theorem /. a-weak complement of the a-weak association of the fuzzy sets A and B in X are
a-weakly equals to a-weak crossing of a-weak complement of these fuzzy sets, that is

(4
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a a a
Proof. Let’s consider fuzzy sets C1 = A 0 B, and C?2 2 AAB and €3 2C1 in X. According to the
definitions of the corresponding operations, for the arbitrary element x € X we can write

per () > @ & pa(e) > aV pg(@) > o, (11)
Peo(z) > e pi(r) <aApg(r) <a, (12)
Peos(T) > a & pe (z) < a. (13)

Taking into consideration that pus () > o < —pus(x) > «, let’s do the substitution of the
equivalent expression for the logical variable p 5 () > « from logical equation (11) into logical eguation
(13), and as a result we’ll obtain

Hea(®) > a & = (us(n) > aV pp(e) > a) (14)

Since pz(z) < a < = (pi(z) > a) and pp(z) < o < = (pg(z) > a), the expréssion (12) we can
write as
Hea(®) > a0 & = (uz() > a) A (1p(2) > ahe (15)

As it follows from the similar logical de Morgan’s law

~ (i) = aVpp) 2 a) & = (pi(e)e ap () > @),

and the expressions (14) and (15) we can write ji54(2) >0 [igy(2) > o, what had to be proved.
It follows from the theorem 4 that the weak complement of the weak association of fuzzy sets A
and B in X weakly equals to the weak crossing of thezweak complement of these fuzzy sets, that is

0
0 040

([1 U B) LA0B .

By means of similar considerations4we can prove the fairness of the second de Morgan’ theorem for
a-weak and weak operations, namely

Besides above mentioned theorems, in classical theory of sets there are also theorems characterizing
the operations betweenifuzzy sets and universum or empty set. Let’s check the reality of the similar
theoremmfor c=weak joperations’ class.

Theoremmd. a=weak association of the fuzzy set A in X and the empty set @ a-weakly equals to
the fuza§ set A in X, that is

AboLA

Proof. Let’s consider fuzzy set B = A U2 in X. According to the definition of a-weak association
operation, for the arbitrary element xz € X we can write pgz(z) > a & pi(z) > aV pp(r) > a.
Since the definition of an empty set @ pg(x) = 0, then pz(x) > aV pp(x) =0 & pi(x) > a. So,
pp(r) > a < pg(r) > o, what had to be proved.

Similarly, the weak association of fuzzy set A in X and the empty set @ are weakly equals to the
fuzzy set A in X, that is

~ 0 0 =
AUo = A
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Theorem 6. a-weak crossing of the fuzzy set A in X and the empty set @ is a-weakly equal to the

empty set ©, that is
Afno2o.

Proof. Let’s consider the fuzzy set B £ A A @ in X. According to the definition of the a-weak
crossing operation, for the arbitrary element x € X we can write ug(z) > o & pi(x) > aApg(z) > a.
As to the definition of the empty @, that p;(z) > a A pp(z) = 0 & pp(z) = 0. So, ps(r) > a &
to(z) = 0, what had to be proved.

Similarly, a weak crossing of the fuzzy set A in X and the empty set @ weakly equals the empty
set @, that is

~ 0 0
ANo=0Q.

Theorem 7. a-weak association of the fuzzy set A in X with the universum X o-weaklyfequals to

the universum X, that is
A0X £ X

Proof. Let’s consider the fuzzy set B = A 0 X in X. Acccording $6"the definition of the a-weak
association operation, for an arbitrary element z € X we can write s (@) @& pi(r) > aVux(x) =
1. As to the definition of the universum for all of the x € X px ()= Iythat p;(x) > oV px(z) =
1 & px(r) = 1. So, pz(x) > a < px(r) = 1, what had tobe proved.

Similarly, weak association of the fuzzy set A in X with the universum X weakly equal to the
universum X, that is

-0
AUXLXx

Theorem 8. a-weak crossing of the fuzzy set A in X with the universum X a-weakly equals the

fuzzy set A in X, that is
AnXx LA

Proof. Let’s consider the fuzzy set Bw='A A X is X. According to the definition of the a-weak
crossing operation for an arbitraryelement x € X, we can write pg(x) > a & pi(r) > aApx(z) > .
As to the definition of universum, for all x € X pux =1, that p;(z) > aApux(z) =16 pi(x) > a.
So, pg(r) > a < pz(r) > o, what had to be proved. Similarly, the weak crossing of the fuzzy set A
in X with universum X weakly equals the fuzzy set A in X, that is

~ 0 0 ~
ANX = A

Let’s congider the theorems characterizing a-weak operations between fuzzy sets and their a-weak
complement. There are theorems for the Cantor sets

AUA=X,

ANA=o.

In the traditional theory of fuzzy sets similar theorems are absent.
As for weak operations between fuzzy sets, the following theorem exists.

Y=

Theorem 9. Weak crossing of the fuzzy set A in X with its weak complement A in X weakly equals
the empty set @, that is

S

o

<0
AN Q.

66 Bulletin of the Karaganda University



Development of the fuzzy sets theory ...

0
~ = ~ ~ 0 ~
Proof. Let’s consider fuzzy sets B SAdandC L AN Bin X. According to the definition of a-weak
crossing operation, for the arbitrary element z € X we can write

npa) > 06 ) =0, (16)

pe(r) >0 pi(r) >0Apg(x) > 0. (17)
Having done the substitution of the equivalent expression for a logical variable pz(x) > 0 from the
logical equation (16) into the logical equation (17) we get pux(x) > 0 pz(z) > 0A pz(z) = 0.
Since p () > 0 A pz(x) = 0 < False, then ps(x) = 0, what had to be proved.
Let’s consider a-weak operations on binary fuzzy relations (BFR). Binary fuzzy relation (/1, X ) -

is a fuzzy set defined on the Descartes square X x X and for which the followingds true:

Vo,y € X (pi(z,y) €[0,1]) .

Since BFR is a common fuzzy set and the only difference is that its elemeénts‘are the ordered pairs
of the Descartes square of the universum X, then for BFR all introduced beforehand“a-weak operations
occur (association, crossing, complement, difference etc). At the same titme, for BFR one can introduce
additionally operations which are absent for ordinary fuzzy sets. Thereforé there is an inverted relation,
its definition is in the traditional theory is written as:

(/171, X) is the inverted relation to (fl, X) if andonly if, when

Va,y € X (nz-1 @) S0 (7)) -
Following the principles of building the class of weak operations, for the a-weak inverted relation
we can write:

(A_l, X> is a — weak inverted relation to (fl, X) if and only if, when

Va,y e(ui iy, 2) > a & pi(z,y) > 0).
Accordingly,

0
(A_l, X) is au— weak inverted relation to (/Nl, X) if and only i f, when

Yo,y € X (pza(y,2) > 0& pyle,y) >0).
Let’s formulate the, definition for a weak composition of fuzzy relations. Traditional maximin

composition of\fuzzy relations is formulated as: fuzzy relation ([11 oAy, X ) is a maximin composition

of fuzzy rélations (fll, X > and (1212, X ) as to the definition if and only if the, when
Vo € X (103,04,0:0) = Maghinlyz (205, :10) )

~ o
The definition for the a-weak composition can be written as: fuzzy relation <A1 ) A27X> is the

a-weak composition of fuzzy relations <[11, X ) and </~12, X ) according to its definition if and only if,

when

Ve,y € X (MANAQ(J:,y) >aedz e X(ug, (,2) > anpg (zy) > a) ,a € (0,1]. (18)
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0 .
It follows from (18) that fuzzy relation | A; 6 Ao, X ) is the a-weak composition of fuzzy relations

(/Nll,X> and (Ag, X) if and only if, when

Vm,yéX(uA10A2(m,y) >0 3z € X(ug, (7,2) > 0A pg,(29) >O) ,a € (0,1].

Let’s proceed to the fuzzy sets reflections and the extension principles. As it is known the extension
principles is the way of defining the image of fuzzy set under crisp or fuzzy reflection. There can be
many such methods, but all of them must satisfy two conditions:

1. The image of any fuzzy set, regardless of the nature of the reflection, is also a fuzzy set.

2. Any extension principle should not contradict the definition of a clear representation oftelassical
Cantor sets.

The definition of the maximin of extension principle, the most widespread in the traditional theory
of fuzzy sets, for the crisp reflection of fuzzy sets can be formulated as follows: fuzzy set” f (fl) inY is
the image of the fuzzy set A in X under crisp reflection f : X — Y accordifig to the/definition if and
only if, when

Vyey <ruf(A)(y) = Maz ug(w)> , (19)
where f~1(y) is the proimage of the element y € Y under érisp'teflection f : X — Y.

Maximin of extension principle for fuzzy reflection of the fuzzy sets one can be written as: fuzzy
set f(A) in Y is the image of the fuzzy set A in X undexfuzzy reflection f : X — Y according to the
definition if and only if, when

e Y (g0 Mgz Mol s(o)onsto.0) ) (20)
where I X xY — (0,1] - membership function of fuzzy reflection f: X — Y.

Let’s formulate the extension principles for crisp and fuzzy reflections of fuzzy sets that are more
general than (19, 20) and less demanding on the completeness of data on membership functions.

The definition of a-weak extenSion principle for crisp reflections of fuzzy sets is formulated as: fuzzy
set f(A ) in Y is the a-weak imfage of fuzzy set A in X under crisp reflection f : X — Y according to
the definition if and only ifzwhen

e V(pay @) > a e 3w € fH ) (uae) > ),

where f~1(y) ishe proimage of the element y € Y under crisp reflection f: X — Y.

Accordingly, forithe principle of weak extension for crisp reflections of fuzzy sets we can write: fuzzy
set f (A) in Y is.a weak image of fuzzy set A in X under crisp reflection f : X — Y according to the
definition/if‘and only if, when

vy € Y (1y)() > 0 3o € F7HY)(us() > 0)).

The definition of a-weak extension principle for fuzzy reflections of fuzzy sets can be written as:
fuzzy set f (A ) in Y is the a-weak image of fuzzy set A in X under fuzzy reflection f : X — Y according
to the definition if and only if, when

Ver( ()(y)>a<:>EI:UEX( ()Za)/\,uf(x,y)Za>,

where pi7: X XY — (0,1] - membership function of fuzzy reflection f: X — Y.
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Accordingly, for the principle of weak extension for the fuzzy reflections of fuzzy sets we can write:
fuzzy set f(A) in Y is a weak image of fuzzy set A in X under fuzzy reflection f : X — Y according
to the definition if and only if, when

VyEY(,uf(A)(y) >0 3z € X(pg(x) >0)Aps(z,y) >0>.

Conclusions

1. There is a large number of applied problems for which the use of the maximin extension principle
hinders their solution, since its application requires complete information about the membership
functions of vaguely defined parameters of the problem, and this is often a practically impossible
procedure. In these cases, even the highest-level expert can determine only cores_or a@scuts for the
unknown fuzzy parameters of the system. Building complete membership functions oftunknown“fuzzy
parameters on this basis is risky and unreliable.

2. The axiomatics of the theory of fuzzy sets have been extended inforder to introduce non-
traditional (less demanding on the completeness of data on membership functions) extension principles
and operations on fuzzy sets. The so-called a-weak operations on fuzzy sets are proposed, which are
based on the use of a-cuts.

3. The axiomatics of weak operations is constructed so that each'of these operations reduces to the
corresponding classical operation in the case of degeneracy of,fuzzy,sets to classical Cantor sets.

4. For weak operations on fuzzy sets, the same theorems as for classical sets are valid, namely,
theorems of idempotency, distributivity, involution, de Morgan and others.

5. Weak operations are introduced not only for fuzzy sets, but also for binary fuzzy relations, which
made it possible to construct the principles of weak extension. All this makes it possible to use the
mathematical apparatus of fuzzy sets to solve problems in conditions of significant uncertainty of input
information.
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! Bunnuyalyinmmuiggmernukansy, yrusepcumemi, Bunnuua, Yxpauna;
2 Vman, yammows 6ay-6axua yrusepcumemi, Ymar, Yrpauna;
3 Axademurx E.A.Bowemos amwimdazss Kapaeandv, yrusepcumemi, Kapaeanow, Kazaxcman

AHBIK eMeg KUBLIH/Iap TEOPUSICHIHBIH JaMybl: 9JICi3 olepanudaaap

2KOHEe KaJNbLJIay IIPUHITANITEPI

2K ymBicTa KOIAaH0aIbI €CerrTep/Ii eIy YITiH aHbIK, eMeC XKUBbIH/IAD TEOPUSCHIH MMalIaJIaHy Ke3iHe TybIH-
JAiTHIH Macesesep KapacThIpbliFal. CTATUCTUKAJBIK, IEPEKTEPTe HETri3/Ie/NeH CTOXAaCTUKAJIBIK, 9/IiCTEPIEH
abIPMAIIBLIBIFBI, CTATUCTUKAJBIK JIepeKTep OOIMaraH Ke3/e aHBIK e€MeC KUBIHIAD TEOPUSCHI diCTepiH
KOMJaufan >keH. By xkarmaityiap/ia aJropuTmaep ocbl OLIIM cajlachbiHIarbl MaMaHIap OOJIBII TaObLIATHIH
capalllliblIap »KacaraH THICTLIIK (PYHKIUACBIHA Heriznesyi kepek. EH aypbIchl, THICTIIK (DyHKIUAIAPHI
TypaJibl TOJIBIK, aKIapaT KaxkeT, Oipak OyJI TpaKTHUKAJBIK mporeaypa emec. Kebinece, TimTi eH Toxipu-
OeJli MaMaH TEK OJIapAbIH TacChIMaJIIayIIblIapblH HeMece Oericid OyJIbIHFBIP »Kyiie IapamMerpJiepi yImiH
Q-JIeHreliHiH 0eJIeK KUBIHTBIKTAPBIH aHbIKTail ajaabl. Ocbl Herizme Gesrici3 aHbIK emMec mapaMeTpJIepiiH
TOJIBIK, THICTITIK (DYHKITUSITIAPBIH KYPY TOYeKes i koHe ceniMmci3. COHABIKTAH MAaKAJIa1a AHBIK, €MeC YKUbIH-
JIap TEOPUSICBHIHBIH, AKCHOMATHKACHIH KEHEHTY YCBHIHBLIAAB! (THICTUIK dyHKUHUAIAD TYypPaJbl JePEKTEP/IH,
TOJILIKTBIFBIH TaJIall €TIEATIH) YKaJIIbLIayIblH YKOHEe AHBIK eMeC *KUBIHIADIAAFbl ONEPAIUsIIADIbIH, IPUH-
UITEPiH eHrizdy. BeJiek «a-fleHreitsi »KuUbIHIAPAbl KOJAJAHYFa HETI3JIeJINeH aHBbIK eMeC KUbIHIAPIArbl (-
9JICI3 flen aTajaThiH amMasgap yebiHblarad. CoHmal-aK, KeHeHTIIreH aKCHOMaTUKAJIBIK, Teopusaa KanTop-
JIbIH, YKUBIHJAD TEOPUSICHIHBIH, OAPJIBIK, KJIACCUKAJIBIK, TeOpeMaJIapblH KOJIJIaHyFa OOJIATHIHBI KOPCETIJITeH.
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AKmaparTbiH, MaHBI3IbI Herici3airi Karnaibiaga Macesesep/l menryre MyMKIHIIK 6epeTid KaHa KaJIbl-
Jay TMPUHIUITEP] eHriziim.

Kiam cesdep: KaHTOpD »KUBIHBI, aHBIK €MeC YKUBIH, THICTLIIK (DyHKIINS, Q- TeHT eIl >KUBIH, AaHBIK, eMeC YKUbIH-
Bl KOJIZAY, (:-9JICI3 OIepaIfusl.

C. Kanpis!, B. Kyxapuyx!, H. Kongparenko!, B. Kyuepyk?, II. Kynakos?, /1. Kapa6exosa®

! Bunnuuxudi nayuonasorort mernuseckutd yrusepcumem, Bunnuua, Yxpauna;
2 Vmanexuti Hayuonaashuidl yrueepcumem cadosoocmea, Ymann, YEpauna;
3 Kapazanduncruti yrnusepcumem umenu axademure E.A. Byxemosa, Kapazanda, Kasdeemin

Pa3zBurue Teopun HeYeTKNX MHOXKECTB: CJiaOble OIlepauui
MPUHIINIIBI 0000ITIeHsT

B paGore paccMmorpeHbl po0JieMbl, BOZHUKAIONINE [IPY MCIIOIb30BAHU TEOPUHM HEUYETKUX MHOYKECTB JUJIsl
pellleHnsl IPUKIAJHLIX 3aJad. B oTintime OoT CTOXaCTHYIECKHX METO0B, OCHOBAHHBLIX HAa CTATHUCTUIECKUX
JIAHHBIX, METO/[bl TEOPUH HEYETKUX MHOXKECTB I[€JIeCO00PA3HO IPUMEHSTH, KO CTATHCTUYECKUE TaHHbIE
HEJIOCTYIIHBI. B 9THX ciIydasix aJroOpuTMBbI JIOJ?KHBI OCHOBBIBATHCSI Ha (DYHKIMUSIX HPUHAJIEIKHOCTH, POP-
MHPYEMBIX KCIEPTaMU, sBJIAIONMMUCS CIEIUAJINCTAMI B JAHHOM 0bsacTy 3manmii. B maeasne tpebyercs
nosiHast nHMOpMaIms 0 QYHKIUAX IPUHAJIEKHOCTH, HO 9TO HETIDAKTHYHAs Iporieypa. Jalie Bcero maxe
CaMBblif OIBITHBINA CHEIHAIUCT MOYKET OIPEIEJINTh TOJIBKO UX HOCHUTENIM WM OTIeJIbHbIe HAOOPHI (-yPOBHS
/I HEM3BECTHBIX HEYETKUX IIapaMeTpoB cucreMbl. [locTpoerite Ha 9T0# OCHOBE MOIHBIX (DYHKIUI IPUHA/I-
JIE2KHOCTH HEM3BECTHBIX HEYETKUX IIapaMeTPOB PHCKOBAHHO M HeHae KHO. [JoaToMy B cTaThe IpeIoxKeHbl
paciIupeHre aKCHOMATUKN TEOPUU HEUETKUX MHOXKECTBIC LEJIbIO BBEJIEHUs HETPAJUIMOHHBIX (MeHee Tpe-
6GOBATE/IBHBIX K MOJHOTE JIAHHBIX O (DYHKIUAX IPUHAIJICYKHOCTH) TIPUHIUIOB O0OOIIEHNST U ONePAITii HaT
HEYETKAMHU MHOXKECTBAMH, & TaKXKe TaK Ha3bIBAEMble (-CJIabble Olepanui HaJ, HEYETKHMU MHOXKECTBAMH,
OCHOBaHHBIE HAa, WCIIOJIL30BAHUM OTEJILHBIX MHOXKECIB q-ypoBHs. Kpome Toro, mokasaHo, ITO Bce KJiac-
CHUYeCKIe TeOPEeMbl TeOPUM MHOXKecTB KaHTopa HPHMEHWNMBbI B DACIIMPEHHONW aKCHOMATHYECKOH Teopuu.
BBeieHb! HOBBIE IPUHIMIIBI 0OOOIIEHNS, TIO3BOJIAIONINE PEIIATD 33a4Yl B YCJIOBUAX 3HAYNTEIHHON HEOIIpe-
JIeJIEHHOCTH UHQOPMAIIH.

Kaoueswie caosa: MHOXKeCTBO KaHTOpa,JHEIETKOE MHOYXKECTBO, (DYHKIIUST TPUHAJIEKHOCTH, MHOXKECTBO
Q-yPOBHSI, HOCUTEJIb HEYETKOIO MHOXKECTBA, (-Cj1abast Omeparins.
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