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Numerical method to solution of generalized model Buckley-Leverett
in a class of discontinuous functions

A new numerical method is proposed for solving the generalized Buckley-Leverett problem, which describes
the movement of two-phase mixtures of Bazhenov bed sediments in a class of discontinueus functions. To
this end, we introduce an auxiliary problem that has advantages over the main problem, and using these
advantages, an original finite difference method to solve of the auxiliary problem is developed. Using the
suggested auxiliary problem, a solution which expresses exactly all physical characteristicsof the problem
is obtained.

Keywords: generalized Buckley-Leverett problem, auxiliary problem, finite differences method in a class of
discontinuous functions.

Introduction

We consider the following problem in the upper half of the Euclidean R2 (z,t) space

ou(z,t)  Op(u(x,t)) B
ot + B — ) (u(z,t)) =0, (1)
u(2,0) = up(x),z > 0, (2)
w(0,t) = ui(z),t >0, (3)

where ¢(u) and 1 (u) are known functions according to argument u and have the following properties:

e p(u), Y(u) and ¢'(u), ¥'(w) arecontinuous functions, and they are bounded for bounded u, and
¢©"(u) does not change its sign;

e p(u) >0 and ¢/(u) = 0 for u > 0, and the argument u has values such that the function ¢ (u)
becomes zero at these points,

e ¢’'(u) is bounded function for u > 0.

Hereg up(z) and ug(x) are given functions satisfying the condition ug(0) # u1(0).

In the case of 1 (u(z,t)) = 0, the problem (1)—(3) is used to solve many problems in hydrodynamics,
including the qualitative characteristics of the mechanism of compression of oil with gas or water in a
porous medium, which is called the Buckley-Leverett model in the literature [1]. It has been proven
that when the initial and boundary functions are incompatible (for the initial-boundary problem) or
the initial profile has a decreasing part with respect to the spatial coordinate (for the initial value
problem), the jump points, locations of which are not known beforehand, occur in the solution of the
problem [2-9]. In other words, there is no classical solution for the problem under consideration, and
the question of the uniqueness of the solution remains open. For this purpose, criteria for the uniqueness
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of the solution and robustness of the jump are proposed in [4,6,8,10,11]. In the theory of hyperbolic
equations, the stable jump motion in a problem is called a discontinuity disintegration problem and
has been widely studied in the literature, as specified in [2,3,5,8,12,13], etc.

There are conservative finite volume methods of practical importance, which are based on dividing
the spatial domain into intervals (also called «finite volumes» or grid cells), and establishing certain
approximations to the integral of the flow over each of these volumes in [10, 11, 14-18], etc. Also,
Godunov-type finite difference algorithms were developed considering the properties of the analytical
solution in [13].

In [19], a method in the class of discontinuous functions was proposed to find an analytical solution
of the problem (1)—(3), and using this method, a finite difference algorithm was established that
accurately expresses all the properties of the physical processes of the problem in [20):

In the case of 1 (u(z,t)) # 0, the problem (1)—(3) is called generalized Buckley:Leverett problem
in a physical sense and differs from the classic Buckley-Leverett problem in that_the trajectory of the
jump does not coincide with the characteristics, and the discontinuity jump approaches zero as time
values increase [21].

In [21], the dynamics of chemical and physico-chemical changes in a multi-phase and multi-component
oilfield after exposure to thermogas was investigated by means of a mathematical model, where the
process of injecting hot water into the reservoir containing hydroc¢arbons was specifically discussed.
Usually, this type of impact method is applied to an oilfield (Bazhenov-type deposit) including kerogen
containing oil in a bound state. Such deposits have a layered structure.in which oil is located in the pores
as well. Permeable non-productive strata alternate with preductive impermeable strata. Mathematical
modeling of deposits with such a structure in the non-isothermal mode becomes even more complicated.

The purpose of the thermal impact mechanism i to inject a certain amount of hot fluid such as
hot water into the reservoir in order to increase the reservoir temperature, and then to displace oil by
water at the common contact interface. This can also release trapped oil and isolated pores. During
treatment with hot water injected into the reservoir, some additional amount of oil is released into the
pore volume, which affects the regime of the displacement of oil by water. Ultimately, it leads to an
increase in the flow rate of light crudeoil trapped in the reservoir.

Since the filtration process is slow; the deformation of the bed can be neglected. On the other
hand, the movement happens so quickly that it is possible to ignore the conductive heat transfer as
the essential mechanism of heat transfer is convection.

More interesting problems arise/in investigating the role of spatial structures in the creation and
evolution of living organisms in molecular biology [22]. When studying this type of problem, ¢ (u(z,t))
in Eq. (1) represents the convective flow function of the reaction component, and ¢ (u(z,t)) represents
the kinetics of the reaction: If dp(u(x,t))/dz is a strictly non-linear function, then jumps occur in the
solution of the problem; in which case such solutions are understood as weak solutions.

In this study, we consider problems with source terms that do not include delta functions that
typically converge to zero throughout most of the region, ignoring the existence of very thin reaction
zones that occur dynamically as part of the solution. Such source terms are often expressed in delta
functions, but their positions and strengths are often not known in advance.

In this article, in order to show what behaviors are expected from the process, problem (1)—(3) is
handled only mathematically, with respect to wave propagation, without considering the mechanism
of any chemical reaction. In general, soft solutions found by the characteristics method do not enable
us to explore the dynamics from the beginning of the process to the end.

As it is known that, the solutions of problem (1)—(3) has the points of discontinuities locations
of which are unknown beforehand. Existence of the points of discontinuities in the solutions involves
difficulties in applying the classical numerical methods to that equations [19]. The necessity to work
with discontinuous functions and to find a solution that can accurately express the dynamics of the
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process require the creation of sensitive numerical methods in the class of discontinuous functions.

1 Finding the analytical solution

For the sake of simplicity, we will first consider the Cauchy problem for Eq. (1). We can easily get
the solution of problem (1), (2) by the method of characteristics. For this, if we search for the solution
of problem (1), (2) in the closed form V(¢,z,u) = 0, we reach the following quasi linear equation in
accordance with the V' function

ov ov ov
WS+ e Sl =0, )

The system of characteristic equations for (4) is

dt dx du

1 ¢ )

From here, the following system of equations is obtained

{%:ww

The first intermediate integrals for the system (5) are
)du du
=T — yooco=t— | —. 6
5% o) )

According to the general theory, for an arbitrary continuously differentiable function F', the general
solution of problem (1), (2) is written as F'(c1,c2) =0or

x—/¢ w)du = f t—/¢ (7)

where the function f is any dontinuously differentiable function. Expression in the form of (7) is called
soft solution.

To check the effectiveness of the proposed method, and to find a clear expression of the analytical
solution, instead of Eq. (1),the following equation

ou ou
a—l—ua—x—u(l—u) 0 (8)

is considered in the special case of p(u) = % and 1(u) = u(1l — u). In this case, Eq. (8) is called the
Burgers equation with a robust source in hydrodynamics. For Eq. (8), the expression in (6) and (7)
take the following form

ca=z+In(l—u), cc=——c¢

and
t

:U—{—ln(l—u):f(%—et)

respectively. Here, f is any continuously differentiable function. Considering the initial condition (2),
the soft solution of problem (1), (2) is obtained as

u(z,t) = e (1 —u+ue Hug(Ine”(1 —u+ue™"). (9)
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By a simple calculation, it is verified that the function u(z,t) given by (9) is a soft solution of problem
(1), (2). In a special case if it is assumed ugp(z) = e, then expression (9) takes the following form

u(z,t) = e ¥,
Also, it is easily shown that function (9) satisfies Eq. (8). In other words, function (9) is a soft solution
of Eq. (8).
When the second equation of system (5) is considered
d
di: = u(1 - u), (10)

it is seen that the constant functions © = 0 and w = 1 are equilibrium solutions. This equation; called
the logistic equation, describes the growth of population and is also applied to the growth of bacteria,
fruit flies and flour beetles, etc. [22]. It can be shown that v = 0 is an unstable equilibrium point, and
u = 1 is a stable one. The initial condition u(z,0) just indicates a non-regular spatial distribution.
Solution of Eq. (10) is
u(§) = %(1+tanh%), E=xz— Dt

and this becomes a piece-wise continuous function from zero to one rapidly, regardless of the initial
profile. To see the subsequent evolution of the solution, it issufficient to consider the Riemann problem
with a jump from 0 to 1 or from 1 to 0. In the Burgers equation without source function, the jump line
moves with velocity D = 1/2 for wiery = 1 and upigns =0. Then the source term is identically equal
to zero, and therefore, has no effect on the solution of the problem. An interesting situation occurs if
et = 0 and upigne = 1, in which case the Burgers equation converts the jump in the initial profile
into a rarefaction wave.

2 Finite differences in a class of continuous functions

Firstly, let’s divide the interval [a, blinto n equal parts by means of the points x;, (j = 0,1,2,...,n)
and by setting h, = (b—a)/n, (i =0y1,2,...;n) that is, ; = a+ jh,. In a similar way, let’s divide the
interval [0,7) into time layers by means of points ¢, = kh., (k = 0,1,2,...), where h, > 0. Here a, b,
and T are given real numbers. Thus; wehave constructed two one-dimensional grids over the intervals
[a,b] and [0,T), respectively

wh, ={zj=a+ jhy, hy=(0b—a)/n, (j=0,1,2,...,n)},

wh, = {ty = khy, h.>0, (k=0,1,2,..)}.

Eventually, we cover the region by a uniform grid 5, = wp, X wp,.

The need to work with discontinuous functions and find a solution that can accurately express
theddynamics of the process requires the creation of a sensitive numerical method in the class of
discontinuous functions. Now, we can study the techniques in discretizing the differential problem.

To find the numerical solution of problem (8), (2), let us include the following operator

A() = %(3'3).

It is clear that this operator has an inverse denoting by A~!(.), which differs from it by a constant.
Applying the operator A~1(.) to both sides of the Eq. (3) we get

A1 @;‘) + A7t <;%f> — A (u(1 —u)) = A70).
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Let A=1(0) = h(t), from here we have Ah = 0. The last equation is written as

Ly u?
a/gt +5 - A7 (u(1 —u)) = h(t), (11)

where h(t) € A7Y(0) = ker A = {h(t) € C[0,00) : Ah = 0} is any function. We introduce the

following transformation

A+ h(t) = oz, ). (12)
From (12) we obtain
u(z,t) = A(v(z,1)). (13)
Substituting the relations (12) and (13) in Eq. (11), we get
ov(x,t 1 z
E?t ), 5(u(ac,t))2 - a/ u(é,t)(1 —u(E, t))dg =0. (14)
The initial condition for Eq. (14) is
v(z,0) = vo(x). (15)

Here the function vg(z) is any continuously differentiable solution of equation A(U(x, O)) = u(x,0),
which is
dvo(z)

dx

We will call the problem (14)—(15) as an auxiliary problem. In accordance with [19] and [23]| we consider
this special auxiliary problem in order to determine the weak solution of the problem (8), (2).
The auxiliary problem has the following advantages:

= ug(z). (16)

e The differentiability property of the function w(a;t) is of a higher order than the differentiability
property of the function u(z,t),

e The function u(z,t) may be a discontinuous function, as long as it is an integrable one,

e Algorithms built to calculate the function u(x,t) do not require the derivative of u(z,t) with
respect to any variables.

Theorem 1. If the funetion v(x, t) is a solution of the auxiliary problem (14), (15), then the function
u(z,t) = A(v(z,t)) ista weak solution of the main problem (8), (2).

Proof. To prove thestheorem, it is sufficient to apply the operator A directly to the Eq. (14) and
consider the expression.in (13).

The construction of finite difference algorithms

We will apply two finite difference schemes for Eq. (14) using explicit and implicit schemes.
Ezxplicit scheme : Firstly, let us discretize Eq. (14) as follows

Vi Vi
’““7 Ufk—ahz Ujk(1=Ujp) =0
or
‘/Yi,k+1:‘/;'7k—TUiyk{U ( +ah>}+mhz Uik(1=Ujp), §=1,2,,n=1; k=0,1,2,... (I7)

where h and 7 are steps of the grid for  and t variables, respectively.
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The initial condition for (17) is
Vio =wo(z;), j=0,1,2,..,n.

Here, vg(x) is the grid function corresponding to the continuous function found from Eq. (16). The
validity of the following equality can be easily shown as

Vik+1 — Vici k41
Uipy1 = . .

Implicit scheme : Now let’s write an implicit scheme for problem (14), (15). For thisylet’s write
equation (14) as a finite difference equivalent as follows

1 i—1
Vikt1 = Vig — Ui ki1 [Uz’,kzﬂ (5 + ah) + ah} + T@thZIU‘,k—H(l — Uit 1),
i=12..nk=0,1,2, ..

We can obtain the solution of the last system of nonlinear algebraic equations by applying Newton’s
method.

Computer tests

In order to compare the solutions found by the finite difference algorithm we proposed solutions
in the literature, as ug(x) function e~* is accepted. The calculation results are shown in Figures 1-3
accordingly.

Uy
°
&

Figure 1. The source function.

vix,t)

Figure 2. Graph of the solution of problem (14), (15) at 7" = 1.5.
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Figure 3. Graph of the function u(z,t) = A(v(z,t)).

3 Conclusion

The results obtained in this paper can be listed as follows:

An original method in the class of discontinuous functions is propesed to.find the numerical
solution of the Cauchy problem for the first order nonlinear partial differential equation with a
nonlinear source function.

The special auxiliary problem of which the differentiable properties of the solution one order
higher than the differentiable properties of the main problemtis introduced.

Using the advantages of the auxiliary problem the efficient numerical algorithms are suggested
in a class of discontinuous functions. The obtained solutions express the all physical properties
accurately.
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B. Cuncoiican', M. Pacynos?, P. Mckenneposa?
L Cmambyns Tedux ynueepcumemi, Cmambya, Typrus;
2 Dzepbatiorcar Yammok evuvim axademuactinoiy Mynati srcone 2as3 unemumymu, Baky, D3ipbatiorcan
Y3inicTi dyukiusaaap kJjaackiHgarbl bakim-JleBeperTiH >KaJanblIaHFaH
MOJIEJIIH HIEIIYdiH, CAHJbIK 9iCi

Baxkmn-JleBeperTiH kanmblaanran ecebiH MIENTYIIIH KaHA CAHIBIK OJIiCI YCBIHBUIBI, OJ1 Y3LmicTi (yHKIm-
sJIap KaachlHAArbl DaskeH KabaTbIHBIH, €Ki (as3albl KOCIAJAPBIHBIH, KO3FaabIChIH cunarTaiasl. Our yimix
Heri3ri ecenTeH apTHIKIIBIIBIFGI 6ap KOMEKII ecell eHri3i/i/Ii »KoHe OChl DAChIMJIBIKTAPIbIH KOMETriMeH KO-
MEKIII eCeNTi IIeNTy YIIH aKbIPJbl aflbIPBIMJBIK TYITHYCKA 97ici 93ipsensi. ¥ ChIHbLIFaH KOMEKII eCeITiH
KOMEriMeH eCeITiH 6apJIblK, (PU3UKAJIBIK, CAITATTAMAJIAPHIH 9/ KOPCETETIH ITeTiM aJIbIHIbI.

Kiam ceadep: Bakin-JleBeperrin, xKaymnblianran ecebi, KOMeKINi ecerr, y3itic OyHKIUAIAPHI KJIACHIHIAFBI
AKBIPJIBI ANBIPBIMIBIK, 9IiC.
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B. Cuncoiican', M. Pacymnos?, P. Vckeneposa?

L Cmambyaveruts yrusepcumem Ieduxa, Cmambyas, Typyua;
2 Unemumym nedmu u 2aza Hayuonaivhnot axademuu nayk Asepbatincana, Baxy, Asepbaidocan

YwucneHHblii MeTo/ pereHns obobenHoii moaenan Bakim-JIeBeperTa

10
11
12

13

14

B KJIacce pa3pbIBHBIX PYHKIINI

IIpenyiosken HOBBIM YMCJIEHHBIN MeTOJ, pelnreHust 0600meHHoi 3amayn Bakim-JleBeperTa, onmuchbiBaronumii
JBY2KEHUE JBYX(Ma3HbIX CMecell OTJIOXKEeHUiH 0aKeHOBCKOI TOJIIN B KJacCe Pa3pbIBHBIX (yHKIwi. s
9TOr0 BBEJIEHA BCIIOMOTaTEe/IbHAS 381a49a, NMEIOIIAast TPENMYIIECTBA [T€PEJT OCHOBHOM, M C TIOMOIIBIO JaHHBIX
MIPUOPUTETOB pa3paboTaHa OPUTHHAIBHBIA METOJ, KOHEUHBIX PA3HOCTEN IS PEIIeHMs BCIIOMOTATEIBHON
3asaun. C HOMOIIBIO NPEJJIOKEHHOM BCIIOMOIaTeIbHOM 3a/[a49U IIOJIyY€HO PellleHue, TOYHO BhIPazKaloliee
BCe (PU3NYECKUE XapPAKTEPUCTUKU 38, IaH.

Karouesvie crosa: 0bobiennas 3amada bakmiu-JleBeperra, BcoMoraresnbHas 3a7a4da, METO KOHETHBIX Da3-
HOCTEH B KJIacCe Pa3PbIBHBIX (DYHKITUIA.

References

Buckley, S.E., & Leverett, M.C. (1942). Mechanism of Fluid Displacement in Sands. Transactions
of the AIME., 1/6(1), 107-116.

Gelfand, I.M. (1963). Some Problems in the Theory of Quasi-Linear Equations. American Mathe-
matical Society Translation Series 2, 29, 295-381.

Goritski, A.Y., Krujkov, S.N., & Chechkin, G.A.(1997). Kvazilineinye uravneniia s chastnymi
proizvodnymi pervogo poriadka: obobshchenmnye resheniia, udarnye volny, tsentrirovannye volny
razrezheniia [First Order Quasi Linear Equations with Partial Derivatives: generalized solutions,
shock waves, centered rarefaction waves]. Moscow: Izdatelstvo Moskovskogo gosudarstvennogo
universiteta |in Russian].

Kruzkov, S.N. (1970). First Order Quasilinear Equation in Several Independent Variables. Math.
Sbornik, 10(2), 217-243.

Lax, P.D. (1972). The Formationand Decay of Shock Waves. Amer. Math Monthly, 79(3), 227—
241.

Lax, P.D. (1954). Weak Solutions of Nonlinear Hyperbolic Equations and Their Numerical
Computation. Comm. of Pure and App. Math., 7(1), 159-193.

Lax, P.D. (1964). Development of Singularities of Solutions of Nonlinear Hyperbolic Partial
Differential Equations. Journal of Mathematical Physics, 5(5) 611-613.

Oleinik, O.A. (1957). Discontinuous Solutions of Nonlinear Differential Equations. Usp. Math.
Nauk:12(3), 3-73.

Whitham, G.B. (1999). Linear and Nonlinear Waves. New York: John Wiley & Sons Inc.
Samarskii, A.A. (2001). Theory of Difference Schemes. New York: Marcel Dekker, Inc.

Smoller, J.A. (1983). Shock Wave and Reaction-Diffusion Equations. New York: Springer-Verlag.
Godlewski, E., & Raviart, P.A. (2013). Numerical Approximation of Hyperbolic Systems of Conser-
vation Laws. Springer Science & Business Media.

Godunov, S.K. (1959). Finite Difference Method for Numerical Calculation of Discontinuous
Solutions of the Equations of Fluid Dynamics. Math. Sbornik, 47(3), 271-306.

Lax, P.D., & Wendroff, B. (1959). Systems of Conservation Laws. New Mexico: Los Alamos
Scientific Laboratory, LA-2285.

Mathematics series. Ne 1(109)/2023 139



B. Sinsoysal, M. Rasulov, R. Iskenderova

15

16

17

18

19

20

21

22

23

140

LeVeque, R.J. (2002). Finite Volume Methods for Hyperbolic Problems. Cambridge University
Press.

Richtmyer, R.D., & Morton, K.W. (1994). Difference Methods for Initial-Value Problems. Malabar:
Krieger Publishing Co.

Thomas, J.W. (1999). Numerical Partial Differential Equations: Conservation Laws and Elliptic
Equations. New York: Springer-Verlag.

Toro, E.F. (1999). Riemann Solvers and Numerical Methods for Fluid Dynamics. Berlin Heidelberg:
Springer-Verlag.

Abasov, M.T., Rasulov, M.A., Ibrahimov, T.M., & Ragimova, T.A. (1991). On a method of
Solving the Cauchy Problem for a First Order Nonlinear Equation of Hyperboelic<Type with a
Smooth Initial Condition. Soviet Math. Dokl., 43(1), 150-153.

Rasulov, M.A. & Ragimova, T.A. (1992). A Numerical Method of the Solution of One Nonlinear
Equation of a Hyperbolic Type of the First Order. Differential Equations Minsk., 28 (7), 2056—
2063.

Karakin, A.V. (2011). The Generalized Buckley-Leverett Problem. Mathematical Models and
Computer Simulations, 3(2), 135-148.

Murray, J.D. (1983). Lectures on Nonlinear-Differential-Equation Models in Biology. Oxford:
Clarendon Press.

Sinsoysal, B., & Rasulov, M. (2009) Efficient Numerical Method of the 1D Motion of the Two-
Phase Fluid Through Porous Medium in a Class of -Discontinuous Functions. Lecture Notes in
Computer Science, 543/, 532-539.

Bulletin of the Karaganda University





