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About mixed problem for degenerate hyperbolic-parabolic equation

The hyperbolic-parabolic equation in the upper half plane with given boundary and initial conditions is con-
sidered. By the method of generalized Fourier transformation the existence and the uniqueness of the solution
of the posed mixed problem are proved.
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Introduction

By investigating the problems of aerodynamics, hydrodynamics, the membrane theory 'of shells, heat
and mass exchange in the capillary porous environment and in the stratum _environment it is very common
that one have to solve the boundary value problems for partial differential ‘equations which belong to
different type in the different regions of its domain. Many works [1-19] have been addressed to the analysis
of various boundary value problems for parabolic-hyperbolic equations of the second and the third order. In
this work we solve the mixed problem for degenerate hyperbolic-parabolic equation of the second order in
the upper half plane by applying for each parts of the domain the generalized Fourier transformations
corresponding to the posed problem.

1. The statement of the problem
In the domain Q=0Q, UQ,, where le{(x,t):—1<x<0,t>0}, sz{(x,t)10<x<1,t>0}, we

consider the mixed hyperbolic-parabolic type equation

Oz[t'”un—uxancl(x)u, =1<x<0,t>0,0<m<1; 0
t“u, —u_+e,(x)u, 0<x<Lt>0,0<a<l,
where ¢, (x) € C[-1,0], ¢,(x) € C[0,1].
We search the solution from the'class of functions u(x,?), satisfying the conditions
V>0 }Lrgu(x, H= xliﬁr&u(x,t), —0< J._Ol|u(x,t) 2clx < +o0, Vit >0; o

Cdx'< o) Vi > 0 u(x) e (@)U C@,)UCE(Q,) N L (Q).

St

jol|u(x, 1)
We consider the mixed problem for the equation (1) in the following statement.
Problem
Find the solution of the equation (1) satisfying the conditions (2), union conditions on the line x =0
lim [0, (. t) = hyu(x,0) | = lim [, e, t) = hu(x.0) | =0, > 0, 3)

boundary and-initial conditions

u (-Lt)+hu(-1,t)=0,¢>0; 4)
u.(1,t)+hu(l,t)=0,t>0; %)
u(x,0)=1t(x), -1<x<1; (6)
tlirg u,(x,t)=v(x), -1<x<0, @)

where t(x)e C'[-1,0]NC[0,1]NC*(-1,00NC'(0,1), v(x) € C[-1,0]NC"(~1,0),/,,h,, by, b, are positive
numbers.

To solve the problem (1)—(7) we use the method based on the Fourier method of separation of variables
and the method of generalized Fourier transformations. As known the method of separation of variables
implies finding particular solutions of the equation (1) in the following form
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u(x,t)=0,(x)o,(?), if -1<x<0
and
u(x,t)=0,(x)m, (1), if 0<x <1,
which in the domains €, and Q, satisfy the homogenous boundary conditions (2) + (3) and (3) + (4)
accordingly.
Thus, the functions 9,(x) and 9,(x) should be the solutions of the next Sturm-Liouville problems

accordingly
-9, +¢,(x)9, =1,9,, —~1<x<0;
[9;(—1)+h191(—1)=o, lim (9,(0) =9, (x))=0 ®
and
-9, +¢,(x)9, =1,9,, 0<x<I
( lim (95(0) = 1,9,(x)) =0, 8,() + 71,9,(1) =0 ©
and the functions ,(¢) and ,(¢) are the solutions of the corresponding ordinary differential equations
"o, + A0, =0,¢>0 (10)
and
t*o, +h,0,=0,¢>0. (11)

The problems (8) and (9) have been studied in [15]. The general solution of the equation (10) has the
following form [20, 21]:
o, (t)=c I (t,\,m)+c, 1, (A ,m), (12)

where ¢, and c, are arbitrary constants,
Lt A, m)=t+Y a,(t,h,m)gs(t, hyym) =1+ b, (£, 1, m);
k=1 k=1

D Ak +1 _

K\2=m) T (2—m)n+1)
(=D Mk

K@ -m) 11t (2-mn-1)"

n=1

a,(t,h,,m)=

b, (t,\ ,m)= 0<m<l1

and the general solution of the equation (11) are presented by the following formula

1-a
0, (1) =, exp[— ﬁz’ - } (13)

where c, is an arbitrary constant:
Under the assumption of continuity of ¢,(x) for -1<x<0 and ¢,(x) for 0<x<1, and finiteness of

the intervals [-1,0] and [0, 1] the nonzero solutions of the problem (8) and the problem (9) can only exist for
discreet values of A, =X, and A, =2, , which are all real numbers and have as the accumulation points the

infinity for points X, =+4w,A, =+o0 [1]. Also, as known eigenvalues A, and A, are paired with their
corresponding eigenfunctions 9, (x)=9,(x,4,,) and 3, (x)=39,(x,1,,), and all eigenfunctions 9, (x,A,,)
and 9,(x,A,,) are orthogonal for [—1,0] and [0,1] accordingly and they form a complete system in
L, [—1,0] and LZ[O,l] [1]. Due to the fact that Vxe[—l,O], ¢ (x)=0, Vxe[O,l], ¢,(x)=0 there are no

negative eigenvalues in our case.
Let's consider the problems (8) and (9) in the sense of the spectral functions p,(A,) and p,(A,).

Therefore we need the solutions 9,(x,2,) and 9,(x,A,) of the corresponding Cauchy problems
=9, +¢,()9, =19, 9,(-LV) =19 (-L,1) =—h,
and

—8; + c, (x)Sz = 7\‘282 ’ 82 (07 7\‘) = 1’ 8'2 (0’ 7\') = h3'
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The solution for the first problem has the next form [20, 21]:
9,(x, ) =hd(x,A) + J(x,)))
where

I A)=x+1+> a, (x,)), J(x,h) =1+ > b (x,1));
k=1 k=1

a,(x, k) = —f f(z +1)(c() ~ 1, drdy;

-1-1

a,(x,\)= _ji j((c(t) -A)a,, (t,1)dtdy, (k= 2»700),

-1-1

Gk =~ | [ ()~

-1-1

x )y .
b (6 1) = =] [ () = 2)b (8,1, dtdy, (k =2,%0)
-1-1
and for the second problem the solution could be find as [20, 21]:
9, (x,A,) =1(x)+ h,J(x),

where

1(x) =x+iak(x), J(x) =1+ibk(x);

al(x)——th(cz(z) \,)dtdy, a, (x)=- j j ((es(t)—23)a, (2,2, )dtdy;

-1-1

b (x)= j j (cy (t) =1, )dtdy, b (x) == j j (¢, (1) = 2,)b,_, (t)dtdy.

—1=1

Let's introduce the generalized Fourier transformations for the functions g, (x)elL, [—1,0] and
g,(x)el, [0,1] :
0 1
&) = [ gi09,(x.1)dx, ,(h,) = [ g, ()9, (x,1,)dx.
-1 0

For A, =X, and A, =X,, according to the system of the eigenfunctions of the problems (8) and (9) we have
the following Fourier coefficients for the functions g,(x) and g,(x)

O —
gy =&(,) = [ 2,(0)9,(x,),)dx, (n=1,0)
-1
and
1 —
2, =& () = [ 2,(0)9, (x4, )dx, (n=1,00).
0

For the full orthogonal system of functions 9,(x,A,,) and 9,(x,%,,) in L,[-1,0] and L,[-1,0] the closure

1n

conditions, namely Parseval's identity, is fulfilled [1]

[ 2 S gl( ln i .
jl g/ (x)dx = ; B5 (e k)P j A)dp, (hy);
[eeoae=3—2202)___ [ a2,)dp, ),
2 TP, (x50, )P ’

where integrals in the right hand side are considered as Stieltjes integrals, and the spectral functions p, (X))
and p,(A,) are defined by [1]

1
)= Y el — )
p1( 1) = PSl(x,Xln)Pz ( 1 ln)
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sz\q) = z

1
——¢(\, =\, );
o PY, (x, 1, P’ O =han)

0 1
P, (x4, )P = [ 97 (3,1, )dx, P9, (x,h,,)P* = [ 93(x, 1y, )dlx,
-1 0

where &(A, —2,,) and &(k, —1,,) are Heaviside functions. The symbols 2x <X, and 2x <X, denote

the sum over n, when A,, <X, and A,, <A, [1].
Thus, the spectral functions p,(%,) and p,(A,) hold the information about eigenvalues A, A, ,, and
also about the normalizing coefficients P9,(x,A,, )P and P3Y,(x,A,,)P [16].

Notice, that for finite intervals [—1,0] and [0,1] there is also so called Weyls limited points case, where
the only unique spectral functions p,(A,) and p,(A,) of the problems (8) and (9) exist [17].
Now, if we use the generalized Fourier transformations for the equations (1) in the domains €2, and Q,
- 0
i, (\f) = Lu(x,t)Sl (x,h, )dx (14)
and
o 1
ii,(A1) = jo u(x,)9, (x, %, )drx, (15)
then, by finding the functions #,(X,,¢) and i, (A,,t) from the equalities (1(1)) we obtain the equations (10)
and (11), where o, (¢,A)) =1u,(A,,1),0,(t,A,) =i, (A,,t), and initial conditions (6) and (7) turn these condition

- - 0
©,(0,1) =, (1,00 = £, (1) = [ @), (¥, ebx; (16)
1i£{10m;(t,7»1) = 1i£n017:1 (A,t)=v(A) = jflv(x)Sl(x, A )dx; (17)
- » 1
®,(0,1,)=u,(1,,0)=7,(X,) = IO T(x)9, (x, 1, )dx. (18)
By using the initial conditions (16) and (17) we find ¢, and c,, and for the functions o, (¢,A,) =, (¢,A,,) we
have
o, N, =u,(t,N,) =V ) (A, ,m)+T(\, ), (A, ,m). (19)
By solving the problem (11) + (18), we find ¢, and obtain
_ . )\‘ ntl—a
(.0, )= iy (1,),) = Tz()‘zn)exl{_ 12_ o } (20)

Next, we apply the reverse generalized Fourier transformation to (14) and (15) and have the representation of
the solution of the problem (1)—(7) by means of it's generalized Fourier transformation according to the
system of eigenfunctions of the problems (8) and (9)

[ (.09, (x.2,)dp, (1), ~1<x<0,1>0;
u(x,t)=| "
[ ity (1,.6)9,(x.1,)dp, (1), 0< x <1, >0,

where u,(7,,y) and i,(A,,y) are defined by (19) and (20).

The latter is possible, because the conditions (2) fulfilled for function u(x,#) make the generalized
Fourier transformation applicable [22]. Uniqueness of the solution of the problem (1)—(7) follows from the
uniqueness of the spectral functions p,(%,) and p,(A,). From the conditions (2) it follows

1-a

[ 90D m[IO,0,) + T (0,1,)]dp, (2,) = jf;%z(xz)exp{— };” }dpz(m. @1

—a
Thereby we proved the following theorem.
Theorem 1. If ¢,(x)=0, for xe [—1,0], and c,(x)>0 for xe [0,1], and the equality (21) fulfills then
the problem is unique solvable.
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T.K.Ennec6aii, ©.b. Tynratapos, M.Y.TypcbinOekoBa
Typi e3repertin runep0oaaabIK-napadoaiabIK TeHey
YLIiH apaJjiac ecen TypaJjbl

Makasaia >xoFaphbl )KapThDKOJIAKTa THIEepO0IabIK-I1apabosIaiblK TCH/CY YIIiH IIeKapaiblK )KoHe 0acTarKbl
mrapTTapbl 06ap ecenm KapacThIpbUinbl. Dypbe JKaNNbLUIaHFAH TYPJICHIIPYIH KOJIAHA OTHIPBIN, KOHWBUIFaH
apaJiac ecernTiH IIeniMi 0ap >KoHe KaJIFbI3 eKEeHIT] 1oeIICHIeH.

T.K.Ennec6aii, A.b.Tynrarapos, M.Y.Typcein6exoBa
O cmemanHoii 3a1a4e /151 BBIPOKIAOIIEr0Cs
runepo0J0-napadoIn4ecKoro ypaBHeHust

B cratse B BCpXHCﬁ TIOJTYTIOJIOCE PaCCMOTPEHO FI/IH€p60.IIO-Hapa6OIH/I‘{CCKOC YpaBHCHUE C 3aJlaHHBIMU T'pa-
HUYHBIMU U HAYaJIbHBIMU YCJIOBUSIMU. C nomouipio Meroia 0000IIIEHHOTO r[peo6pa303a1—mﬂ CDprC JI0Ka3aHbI
CYHICCTBOBAHNEC U €IUHCTBECHHOCTH ITOCTaBJICHHOW CMEIIAaHHOW 3aa49H.
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On the second boundary value problem for the equation of heat conduction
in an unbounded plane angle

In_the article, the second homogeneous boundary value problem is considered in an infinite angular domain.
Solution of the problem is reduced to solving the singular Volterra integral equations of the second kind with
kernel whose norm is equal to unity. By the method of Carleman-Vekua, solving the integral equation is re-
duced to solving the inhomogeneous equation of Abel. The theorem on the existence of a non-trivial solution
of the second homogeneous boundary value problem in a non-cylindrical domain is proved. The solution of
the given problem is obtained in an explicit form.

Key words: singular Volterra integral equation, Abel equation, non-cylindrical domain, non-trivial solution.

The need to study boundary value problems of heat conduction (diffusion) in the domain with moving
boundaries is dictated by numerous practical applications in modeling the processes of electrocontact appa-
ratuses in a related field of designing the plasma torches, the creation of new technologies, production of
crystals, laser technology and other industries. Mathematical modeling these processes allows to carry out
the optimal choice of parameters and operating modes of technological equipment and maximize economic
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