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Boundary value problem for the heat equation with a load®as the
Riemann-Liouville fractional derivative

A boundary value problem for a fractionally loaded heat equation is considered in theffirst guadrant. The
loaded term has the form of the Riemann-Liouville’s fractional derivative with respeet togfhe time variable,
and the order of the derivative in the loaded term is less than the order of the diffetential paetdThe study is
based on reducing the boundary value problem to a Volterra integral equationsIhe'kernel of the obtained
integral equation contains a special function, namely, the Wright function. The kernel iSjestimated, and the
conditions for the unique solvability of the integral equation are obtained.

Keywords: loaded equation, fractional derivative, Volterra iategral equation, Wright function, unique
solvability.

Introduction

The study of fractional differential equationsas been the subject of intense research attention [1-7]. This
is due both to the development of the fractional infegration and differentiation theory, and to the use of the
apparatus of fractional integration and differentiationtin various fields of science. Considerable interest in the
study of fractional differential equations, amodg other things, is also fueled by various applications in physics,
mechanics, and simulation [8-14]. Of particular note are some recent applications of the fractional diffusion
equation to economics and financial modelifigy(see e.g., [15]). Monographs [16-18] contain vast bibliographies
concerning the issue. Also, an imporgant<§ection in the theory of differential equations is the class of loaded
equations. The study of loaded partial differéntial equations has a long history and occupies an important place
in the modern theory of differential equations. In [19], on numerous examples A.M. Nakhushev showed the
practical and theoretical impessanceofstudies on loaded equations. In [20-23|, the theory of loaded equations
was further developed. In [22, 28] loaded differential equations are considered as weak or strong perturbations
of differential equationsglepending on the derivative order of the loaded summand.

In the works [24827], BVPsWith a loaded heat equation are investigated, when the loaded term is represented
in the form of a fractional*dérivative. In [24,25], the load moves with a constant velocity. The loaded term is
the trace of the fraegionalorder derivative on the line « = ¢. It is represented as a Riemann-Liouville fractional
derivative. THeyobtained Volterra singular integral equation has a nonempty spectrum for certain values of the
fractignal derivative@rder. Volterra integral equations of the second kind with singularities in the kernel arising
frorhithe study were considered in [26,27] In the papers [28,29], the loaded term is represented in the form of
the Caputo fragtional derivative with respect to the time variable and the spatial variable, and the derivative
order of thedoaded term is less than the order of the differential part.

In this paper, a BVP is considered in the open right upper quadrant. The problem is reduced to an integral
equation that, in some cases, belongs to the pseudo-Volterra type, and its solvability depends on the order of
differentiation in the loaded term and the behavior of the load line in a neighborhood of the origin. The BVP
is reduced to a Volterra integral equation of the second kind with a kernel containing a special function. The
solvability of the integral equation in the class of continuous functions is established depending on the nature
of the load for small values of time.
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The article has 4 sections. Section 1 contains notations some previously known concepts and several auxiliary
assertions. In Section 2, we formulate the problem we are going to solve. In Section 3, the problem is reduced
to an integral equation. In Section 4, we study the resulting integral equation by evaluating its kernel and
formulate the corresponding results on the solvability of the problem.

1 Preliminaries

Let us first recall some previously known concepts and results. The first one is the definition of the Riemann-
Liouville fractional derivative.

Definition 1 ([1]). Let f(t) € Li[a,b]. Then, the Riemann-Liouville derivative of the order 3 is defined by
the following formula

6 o LAt [t f(r) B
rDg o f(t) = T(n-5) dt"/a (t—T)[#”HdT’ B,a€R,n 1<6<£. (1)
From formula (1) it follows that \
WDYF(8) = f(t), DI f(t)=f"(), neN. 2)

ive in the loaded term of
ctional derivative.
ed term is represented in
the form of a fractional derivative. The considered problem is reduced to i al equation by inverting the
differential part.
In the domain @ = {(z,t) | > 0,
conduction

In [30], when considering the limiting cases of the order of the fractiona
the equation, formula (2) is used to investigate the continuity in the order

value problem ([31]; 57) of heat

is described by the formula

where @ )
G(,@St @=9° M) } |
2
1 z?
H(z t) = ——exp [ ——— ).
% (9 o mats2 P ( 4at>
The Gree@n (x,&,t — 7) satisfies the relation

/OOOG(m7§,t) dfzerf(%), (4)

orf () = % /0 T €. 5)

Fractional calculus can be considered as a “laboratory” for special functions.

We get a reduced integral equation with a kernel containing the Wright function. Accordingly, we determine
the conditions for the solvability of this equation using the kernel estimate from the works [32, 33].

¢ is the Wright function:

where

¢ (a,b; z) = kzzom (a>-1). (6)
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The differentiation formula is valid:

(&) é(@sio)=blaa+nsz)nen. @

For all « €]0,1[, 8 € R,z > 0,y > 0 the following inequality holds
771 (—a, B; —wy ™) | < Ca~fyPHadt, (8)
where
,(=B) € NU{0}.

2 Statement of the fractionally loaded BV P of heat conduction
L 2

In the domain @ = {(,t) : > 0,t > 0} we consider a BVP

Up — Ugy + A {rDég’tu (x,t)} |w:7(t) = f(x,t),

u(z,0) =0, u(0,t)=0

) (9)
) & (10)
where A is a complex parameter, TDg’ s u(z, t) is the Riemann-Liouville deri@ of an order 5,0 < 8 < 1,

~(t) is a continuous increasing function, (0) = 0.
The problem is studied in the class of continuous functions.’

Let us introduce the notation \
g(
Dgrg (t) = 0.

When v =0 D%g(t) = g (t) then

D¥g(t)=~—D neN.

a=0n=1Lrv=0=

(11)
or
(12)
The derivative in thé loaded term of equation (9) is determined by the formula (12).
cing the boundary value problem to an integral equation
Accordin the'formula (3) a solution to BVP (9)—(10) can be represented as
t o]
w@)= A [ [T Gwet—nutn) deir+ fi o). (13)
0 Jo
where
u(t) = {- Do (@.6)} o= (14)
t “+o00
fien= [ [ Gge-n s dern (15)
0 Jo
According to the formula (4) and
6_62 = \/7_T¢ (_%7 %7 _2§> ’ (16)
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where -
o (a,b, z) Z T cm—l—b a>-1, beC (17)
is the Wright function (6), we have [34]
# 11 1
erf(z):2/ ¢<——,—,—2§> d€:1—¢<——,1,—2z>. (18)
o 22 2
Indeed, since
™
F(A-2)-T@) = sinmz

Kk 1 ™ T
F —— 4+ = = = ;
2 2 k 1\ . /mk @ Kk 1 TE &
T 5—1—5 sin —+§ I — 4+ = | cos —

2 2 2 2
0, if k=2n+1,

R { (=", if k=2n.

0, if k=2n+1,

where n = 0;1;2; ...,

We obtain formula (16).
From (5) we have:

erf (z) =

We ula (18).
Then, taking into account formulas (16) and (18), representation (13) can be rewritten as:
u(z,t) —)\/ < )M(T)d7+f1 (x,t), (19)
where
(i) o)

and p(t) and f1(t) are defined by formulas (14) and (15), respectively.
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For formula (19) we implement the fractional differentiation formula of order § (0 < § < 1) in the sense of
Riemann-Liouville.

Denote K < R g (z,1).

. 2_\/¥ B
/ﬂ(ﬁ)“““% g (.t = 1) p(r)dr = (g (2, 1) < (1)) (1),
and
G = (%) 0+l n o).

then by formulas (11), (7) and (20) we have

(] i) 2 ) )=+
| | \\~

t=0
As
Dgt (1) = K
then when 0 < 8 < 1
Djt 451‘
From here
Df, (—%,1;—m.t—2) = Dy, (t7%) =
s Lot T(gl (-%) _
=l D (-3 +1)T (-5 +1- n!-T(-2+1-5)
=t (—— (22)
g(z,t ) <1 qs( Ly x)) (23)
sthli=0 =\l-0|-5L-——
t=0 2 \/E t=0

Since in the given problem (9 e line along which the load is moving has the form x = 7 (¢), and

v (t) increases and ~y (0) = ere are different cases of behavior for % | s=r(ty When t — 0.
Let 0 < 2 = ~(¢) ~ t O.Then%—>+oowhent—>0,ifw<%.

Cases w > % a = we consider later.

From [12, p. Gjw asymptotic expansion for z — 4o0:
1 22 m . .
3 1; —z) =e T ZAj 2T T O (22 P ] .
j=0
Then 1 r formula (23) we get when t — 0

g(z,) = <1—¢<—%,1;—%>) Sl (24)

So, applying to (19) the fractional differentiation of the order 8 by formula (11) taking into account the
formula (21)—(24), when x = ~y (¢), where 7 (t)) ~ ¥ when t — 0, w < %, we get when \ # —1

A

u(t)Jr—AJrl

/0 K () () dr = f3 (1), (25)

where
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A

= 17 P0 (i ()

f3(t) ; (26)

z=y(t)

_ 1 o ()
K“J%_Fﬂ—ﬁﬂt—ﬂﬁ (t—7)° ¢( !0 t—T)' 27

4 Integral equation research. Main result
Let us estimate kernel (27) of integral equation (25). The Wright function for Voo € (0;1), b€ R, 2 >0,y >0
satisfies the inequality (8) [16]

¢

where 6 > 0, when —b ¢ N | {0}.
Then
1 1 v (t) e

(t—7)° '¢(_5’1_5;_ t—T>

<CH) - M*(
At 0 = 0 we obtain:
SR\~

K (t,7) < —+1>- t—7)",
K< (g +1) -7
when 0 < 8 < 1. ¢
From here we get that the kernel of the integral equation has in le singularity if v (¢)) ~ ¢ when

1
t—0, —. \
w<2

Thus, the following theorem has been proved.
Theorem. Integral equation (25) with kernel (27) for
t = 0 is uniquely solvable in the class of continu
1
by formula (26), if 0 < w < 3
This result coincided with the result obtaified in [30].

1 and with ~y(¢) ~ t* in the neighborhood of
for’any continuous right-hand side f5(¢) defined

onclusions

According to the theorem,the i quation (25) has a kernel with a weak singularity. Therefore, to
find a unique solution to the equatio n the class of continuous functions, we can apply the method of
successive approximations. A i e solution p (7) to equation (25), the solution to the original boundary
value problem is found uni ula (13). For the boundary value problem, the loaded term is a weak

perturbation.
In other cases @fyvalues of thefparameters 8 and w, the method of successive approximations is not applicable
for solving the inte jon (25). It is possible that the corresponding homogeneous equation will have
or e values of the parameter ), i.e. the spectrum of the problem will appear. Then

ted as a strong perturbation. The existence and uniqueness of solutions to the integral
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! Koadanbarw, mam
PFA Kabapda

2.
2 Axademux E.A. Boxemo %

3 Kapae
Puman-Jlnys MIeK TYBIHJABICHI TYPiHAEr »KyKTeMeMeH
Oepingen Ki3rimiTik TeHaeyi YIIiH IeKapaJblK, ecernn

OHCOHE ABMOMATMIMAHIVDY UHCTUMYMDL,

LABLMU 0pMavlev,, Haavuuk, Pecet;

azv. Kapaeandu ynusepcumemi, Kapazanow, Kazaxcman;
vk yrusepcumemi, Kapaezandw, Kasaxcman

Bipiumi kB Y3MIKCI3 DYHKIUAATAP KJIACHIHA OOJIIIEKTi->KYKTereH >KbIIYOTKI3IIITIK TeH eyl
YIIIH IIexapa. e KapacThIpbliFad. 2KYKTe/ITreH KOCHIIFBIII yaKbITINA AfHBIMAJIbBI 60bIHIIa PruMan-
i K TYBIHIBICHI TYPiHE 60IaIbI, aJT YKYKTEJITeH KOCBUIFBIIIITAFBI TYBIHIBI PeTi auddepen-
perinen a3 60s1a/1b1. 3epTTey meTTiK ecenti Bosbrepp nHTErpasAblK TeHIeyine Kearipyre
. AnpIHFaH WHTErpasiIbIK TEHJIEY/IH sIPOChIHIA apHAbl OyHKIUs 6ap, aran afiTkaumga Pait
br. l71po GarasaHbIN, MHTETPAJIIBIK, TEHACY/IIH OIpKeJIKI eIy MmapTTaphbl aJbIHIbL.

1Co3dep: KYKTEJINeH TeH ey, OeJIIIeK TYbIH b, Bosibrepp/in naTerpaiapk reqaeyi, Paitt dyukumscer,
OipMoOH/II HTenTiMITIK.
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A.B. Ilexy!, M.T. Kocmaxosa?, JI.M. Axmanosa?, JI.2K. Kacoimosa®, A.A. Aceros?

L Hnemumym npukaadnoti Mamemamuky U a8momamu3ayul,
Kabapouro-Banxapckut nayunwi yenmp PAH, Haavwur, Poccus;
2 Kapazanduncrutd yrnusepcumem umenu axademura E.A. Byxemosa, Kapaeanda, Kasaxcman;
3 Kapazandurckul mezrnuveckuti yrnusepcumem, Kapazanda, Kasaxcmar

I'pannunas 3ajiava Jisd ypaBHEHUS TEIJIOIPOBOIHOCTH
Cc Harpy3Koii B Bu/ie JApoOHOIT mpon3BoaHoii Pumana—JInyBusiiis

B mepBoMm kBagpaHTe paccMoTpeHa KpaeBas 3ajada sl IPOOHO-HAIDY?KEHHOI'O yPABHEHHUsI TEIJIONPOB
HOCTH B KJIacCe HempepbIBHBIX GyHKnmit. Harpykennoe ciaraemoe mmeer dpopMmy apoOHOIM

Pumana—JInyBuiiis mo BpeMeHHoOl iepeMeHHOMH, 1 TIOPsA/IOK TIPOU3BOJIHOM B HATPYKEHHOM €Jar: M
e mopsika nuddepeHnranbHoi dacTu. VcciiejoBanne 0OCHOBAHO Ha CBEICHUN KDPaeBOWM q
rpaJbHOMY ypaBHeHmnio Boibreppa. L 1po mosydeHHOro MHTErpaibHOTO YPABHEHUST COED CHEHUATBHYIO

byukimio, a nmenHo, dyukiuio Paiita. [Iponssenena onenka siapa, U I0IyIeHBI YCIOBHS O, adHOoit pas-
PELINMOCTHA UHTErPAJIbHOIO YPABHEHUSI.

Karoueswie caosa: HarpyKeHHOE ypaBHEHHUE, TPOOHAs IPOU3BOIHAS, HHTETPAJILHOE BHeHUe Bosbreppa,

byukusa Paiita, ogHo3HaYHAsS PA3PENTIUMOCTbD.
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