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On Boundary Value Problems for a Mixed Type Fractional
Differential Equation with Caputo Operator

This article is devoted to study the boundary value problems of the first and second kind with respect
to the spatial variable for a mixed inhomogeneous differential equation of parabolic-hyperbolic type with
a fractional Caputo operator in a rectangular domain. In the study of such boundary value problems, we
abandoned the boundary value condition with respect to the first argument and instead it is used additional
gluing condition. In this case, in the justification of the unique solvability of the problems, the conditions
on the boundary domain are removed. This allowed us to weaken the criterion for the unique solvability of
boundary value problems under consideration. The solution is constructed in the form of Fourier series with
eigenfunctions corresponding to homogeneous spectral problems. Estimates for the convergence of Fourier
series are obtained as a regular solution of this mixed equation.

Keywords: Mixed differential equation, fractional order, Caputo operator, non model equation, Fourier
series, gluing conditions, unique solvability.

Introduction

The theory of boundary value problems for differential equations of mixed parabolic-hyperbolic and elliptic-
hyperbolic types, by virtue of its applied and theoretical significance, in recent years has become one of the most
important branches of the theory of partial differential equations. In 1940, F. I. Frankl discovered applications
of the Tricomi problem for the Chaplygin equation in transonic gas dynamics. Later the new applications of
mixed-type equations have been found in the theory of Laval nozzles, in plasma theory, and in other branches
of physics and mechanics.

Mathematicians began to study more often by the method of Fourier series the unique solvability and
stability of the solution of the Dirichlet and Tricomi problems for a mixed type model differential equations of
the second order

0_{ Up — Upy +02u, t >0,
T Ut —Uge +b%u, t <0

in rectangle domain Q = {(¢, z): —p < t < ¢, 0 < x < {}. We note that in [1-3] for this kind of equations in
the rectangular domain with two gluing conditions and with a condition over the entire boundary domain were
studied. In studying the unique solvability of Dirichlet and Tricomi problems for this kind of mixed equations
there is a condition to the measure of the boundary domain. Our approach interfered with the global solvability of
the considering problem in an arbitrary rectangle. The method of Fourier series is also widely used in the works of
other authors in the study of local and nonlocal boundary value problems for differential and integro-differential
equations (see, for example, works [4-9]). The problem of the correct choice of boundary value conditions for a
wide class of singular partial differential equations are solved in [10]. The aggregated theorems of existence and
uniqueness of classical solutions can be proved with continuously depending of experimental definite function.
In [11] a nonlocal problem for the fourth order system of loaded partial differential equations is considered
and the questions of a existence unique solution of the considered problem and ways of its construction are
investigated.

The fractional differential and integral operators have applications in many fields of mathematical physics,
engineering, neurobiology, economics, control theory and combustion science [12, 13|. Therefore, this kind of
differential and integral operators plays an important role in the theory of linear and nonlinear analysis. It is also
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known that in control theory is obtained a dynamic system, describing by the aid of fractional order differential
equations [14]. There are classical methods of solving some kind of fractional differential equations with Riemann-
Liouville operator, with the Caputo operator, or with the Erdeli-Kober operator. The Cauchy problems for
the diffusion-wave equation with fractional differentiation operators in the sense of Riemann-Liouville and
Caputo were investigated in [15-19]. Such kind of problems are of great importance in the construction of
mathematical models of diffusion processes. Interesting results were obtained in works [20-22] for the fractional
partial differential equations.

In this paper in the rectangular domain the unique solvability of the problem with boundary conditions first
and second kind with respect to the spatial variable is established for an inhomogeneous parabolic-hyperbolic
equation with fractional Caputo operator. In studying this boundary value problem application of three gluing
conditions allowed us to solve the problem in arbitrary rectangular domain. This work is a further development
of work [23] for the case of an inhomogencous equation.

So, in rectangle domain Q = {(¢, ) : —p < t < ¢, 0 < = < I} we consider a differential equation of mixed
parabolic-hyperbolic type

{ DS U —Uyy +A2U = f(t,z), t>0, 1)
Uit —Uypu +N2U = f(t, ), t<O,

where A > 0,1 >0, p > 0, ¢ > 0 are known real numbers, f (¢, z) is known funetion'and Dy, is fractional
order operator in the sense of Caputo:
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I (1 — ) is Euler gamma function.
Note that the Caputo operator (2) can be represented as follows:

cDgt U (t’ I) = Ié;awv (3)
where ¢
12,90 ()= ﬁ / (t— 2 go(z) dz (4)

a

is fractional order Riemann-Liouville integral.
We introduce the notations: J= {(¢, 2) :t =0,0< 2z <}, Q=01 U Qs UJ,

Q=Qn{@E x):t>0,z>0}, Qo= N {(t, x): t <0, x <0}.

In the domain {2 we consider the following problem:
Problem 1. It is required to find a function U (¢, ) with the following properties:

U(t,®) eC(Q) NC QU J), t'ULt ), > *Up(t, z) € C(Q1 U J);

Utt€C<QQUJ>, Usa GC(QlUQg), CDgtUEC(QlUJ)

and satisfies the equation (1) in the domains Q; (j = 1,2); on the line J satisfies the gluing conditions

U (+Oa Jf) = U(_O7 l'), (Oa .73) € Ja (5)
. l—« T
tll)rilot Ut(t7 3:) - tglzl[) Ut(t7 l‘), (07 JJ) € Ja (6)
. 2—o T .
tgquot Utt(ta Jf) - tgrzloUtt (ta Jf), (07 J)) € ']a (7)

satisfies the following boundary value conditions
U(t,00=0, Ut 1)=0, —p<t=<gq (8)

So, we note that in studying this problem we use three gluing conditions (5)—(7).
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Solutions of the equation (1), satisfying zero boundary value conditions (8), are sought in the form of the

Fourier series -
n=1
where

l
Un (t) = U (tv x) U (:L') dz,
/

2
ﬂn(x)z\/;sinpna:, Pn = P2 + A2, ,un:ﬂl—n,nEN.

It is known that a system of functions {¢,, ()}~ form a complete system of orthonormal functions in the
space Ly [0,1]. We also expand the function f (¢, ) in a Fourier series by eigenvalue functions ? ,, (z):

fnl(t /lf (z) dx.
0

Uniqueness of the solution of the problem 1

where

Theorem 1. If there exists a solution of the problem 1, then'this selution is unique.
Proof. Let f (t, ) = 0 be in 2. We prove that a homogeneous problem U; has only a trivial solution. We

consider the function
!

0, (1) = /U(t, ) O (2) d . (11)
0

Then for the homogeneous equation (1) we obtain

!
2
D§yOm \/;/ [Dg, U, a:]smpmzdx\/7/ Ugyo(t, x) sin ppxda—
0

l
2
—\/;/)\QU(t, x) sin pp,xdr, 0<t<gq,
0L (1) =/> /Uttt x) smpmxdz—\/7/ Ugy.(t, ) sin pppxdz—
2 [2 .
-2 7 U(t, x)sin pp,xdr, —p<t<O.
0

Hence, integrating by parts two times over z and taking the conditions (5)-(7) into account, we obtain
DG Omt)+pr0m(t) =0, 0<t<g, (12)
07, () + prfm(t) =0, —p<t<0, (13)
Applying the gluing conditions (5)-(7) to (11), we obtain
l

0, (+0) =/U(+0, ) 0o (z) da =
0
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l
_ /U(—O, 2) 9 (@) da = 0,0(—0), (14)
0

1—ap/ . e’ —
t1_1>r_r|r10t 0., (t )—t1_1>r_r|r10/t Ui(t, 2) I pm(z)da =

l

— 3 _ /
— tim Uit 2) O m(@)do = lim 6,(0) (15)
0
lim ¢27°0 (t) = Jim / Uult, 2)dpm(z)de =
t—+0
l
— 3 _ : 1
—t1_1>r£10 Uult, x)ﬁm(x)dx—tl_lgloem(t). (16)
0

By virtue of (3) and (4), the countable systems of differential equations-(12) and (13), respectively, have
general solutions

Ount) = e Fx(—p22%, 1), 0<t&d, (17)
O (t) = am cOS Pt + by sin ppt; “=p.<t<0, (18)

where ap,, by, ¢, are arbitrary constants and F1 (z, 1) is the Mittag-Leffler function with the form:
E. s l > 0.
o(2) = = ; L(ai+ o) 7
Substituting (17) and (18) into (14)-(16) and taking inte account the property of the Mittag-Leffler function
Ei(z)=14zE1(z, a+1),

we obtain

e Nt K0, 3 —%cm, [(11“(_04(;) n 1] —Y

Hence, we find that ¢, =a,, = b, =0. Consequently,

1
0 (6) = [V (t.2) 0,0 (0) do =0, te[-p.q].
0

Therefore, by virtue of completeness of the systems of eigenfunctions {¢,, (z)},2, in the space Lo [0,1],
implies U (¢, ) = Oralmost everywhere on [0, [] for all ¢ € [—p, q].

Sinee, by virtue of the first condition of the problem 1, the function U (, x) is continuous in €. Therefore,
the solution of the problem 1 is unique. The Theorem 1 was proved.

Justification of the existence of a solution of the problem 1

Substituting the expansions (9) and (10) into equation (1), we obtain

Z’gn (@) D§un (t) = an (t) Vn (2) _anun () In (2), (& 2) € Qn,
n=1 n=1 n=1
Zulvlz (t) Vn (x) = an (t) In (z) — Zpiun (t) In (z), (t, ) € Q2
n=1 n=1 n=1
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Hence, taking into account the fact that the system of eigenvalue functions {¢,, (z)}.2, form a complete
system of orthonormal functions in the space Lo [0,1], we arrive at countable systems of differential equations

DGy [un ()] + phun (t) = fu (1), 0<t <q, (19)
u” (t) 4+ p2un(t) = fult), —p<t <0, n€N. (20)
By virtue of (3), the equation (19) takes the form
Loy (&) + ppn () = fa (1), 0t <q. (21)
Applying the operator I§; [-] to both sides of equation (21) and taking
I8 Ioruy (t) = Ity () = un (t) —un (0)

into account we bring this equation to the Volterra integral equation of the second kind.with respect to the
unknown function u,, (¢):

t
Unp (t—7)"" un(r)dr =

e

1 t
=u, (0)+ (t—7)" fn (1) dT, 0 <tL g (22)
r (a)o/
Taking
ﬁ/tHEa,a(M“) (2= ) =27 B 5 (A2,
F}o) wore ()= Eai(z)) 00, B>0

into account we obtain the solution of the equation (22) in the form

upt) =cnE1 (—pit®, 1)+

—l—/(t—T)a_lE (—p2 (r—1t)",a) fn(r)dr, 0<t<q, (23)
0

where ¢, is arbitrary constant.
Solving the equation(20) by the Lagrange method, we obtain the representation

1
Uy (E)= apcos ppt+by, Sinpnt—l——/fn(T) sin p, (1 —t)dr, —p <t <0, (24)
Pn

where a,,, b, are arbitrary constants.
Applying the gluing conditions (14)-(16) for m = n to representations (23) and (24), we derive unknown
coefficients a4, by, cn:
fn (0)
Cp =y = 5 bn =0. (25)

n

Substituting (25) into (23) and into (24), we obtain the following representations

uy (1) = In Q(O)EL(—pita, 1)+

t
b [G=n" By (0 (=0, 0) fa () dr 0 <1 <0 26)
0
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0
1
Uy (t) = fzz(o) cos ppt+ p—/fn (1) sin pp (1 —t)dr, —p <t <0. (27)
n n f

Substituting (26) and (27) into the Fourier series (9), we formally represent the solution of the problem 1
in the form of the following Fourier series

Ult,z)=Y Vn (z) [fZQ(O)E}I(pi t, 1)+
+/(7:—7)°“—1Eé (<p2(t—7) % a) fn (1) dr|, (t,2) e, (28)
0
= 0 7
Ut, z) = Zﬁn(x) f;g ) cos pnt+ p—/fn (7) sin pp (r—t)d7 |, (t, 2)€s. (29)
n=1 n n f

Theorem 2. Let the functions f (t, z), fz(t, %), feox(t, z), fi(t, ) be continuous in'Q and fi.(t, x) €
€ Lo(Q), f(t,0)= f(t, 1) =0, —p <t < q. Then a regular solution of the problem 1 exists and is defined in
the form of series (28) and (29).

Proof. In proving the convergence of the series (28) and (29) with the properties of the problem 1, an
important role are played the applications of the Cauchy-Schwartz inequality and Bessel inequality. First,
estimate the following functions

1 1 1 IN? 1 ™m
5 = <—==|=- 55 Pn = 9 sz n = "7 ENv
pr MR AT R (W) n2 G QA R

C . C (t—7)"C
C=n)* T pR(t—7)" " pi(t-7)

J— 2 J— @
By (=1 0) | < s

t—7)" " M
<M<—20, Mo > (t—71)"*C, 0 < C = const;

<
t e ¢ o |T=t o
/(t—r)“—l g = /(t—T)“—ld(t—T) :’( L

a e
0 0

Then applying the Cauchy-Schwartz inequality and Bessel inequality to the series (28), we obtain the

following estimate
2 (0 N
IU(t,x)|<\[lZHf ()‘.‘Ei(—pit [+
n=1

P2

max | f, (t)] | ¢
§\/?_'n+ 2 _— /(th)afldTg
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2
< 2\/;M0M1M2M3 ax |11 (6 2) | 1, g < 00, () € 21, (30)

o N2 /1\*
Mlzmax{q;l};MzzmaX{<> ,<) };MSZ
« Vs ™

Similarly to estimate (30), for series (29) we obtain the estimate

max | f. (1)]
U (2 |<\lefn ep> arp e

=1 Pn

2 = 1 | 2 |1 |
<\/; Z/-LT Z|fn(0)|2+p I 272 max ‘fn(t)|2
n=1"" n=1

- —p<t<0
n=1 Hn n=1 P='=

where

<

2
< 2 \/;NONl N2 _II}%%)S(O || f(t7 m) ||L2[0;l] < 00, (ta .13) € Q27 (31)

I I 2 o) 1
No = D1} Ny = T G B I Sy
o =max{p; 1}; N; max{w, <7r) }, 2 2 3

By virtue of the estimates (30) and (31), we conclude that the series (28) and (29) absolutely and uniformly
converge.

Similarly to the case of series (28) and (29), it is easy to check, that the series

where

t2 aUttt JU ZtQ “u ( )7 (tv Z‘) te’

Ui i(t, o) Zu” ), (¢, ) € Qs.
are convergent.

Now we prove the convergence of the following series

200 @) |22 (o2 e 1

|
M
y

L6 F T B (- ) fa () dr| () 9, (32

fn (0)

n

0
1

Cospnt—I—p—/fn(T) sin pp (r—t)d7 |, (¢, z)€ Q. (33)
"

Integrating twice in parts the integral f, (t) = [ f (¢, ) ¥, () de with respect to z, we obtain

o o

Falt) = —py2 F1(t), where 2 (¢) ffmtx 9 (2) da.

Then for the series (32) and (33), rcspcctwcly, we derive the following estimates
2 — fn (0
U.L‘L tv < r 2 -
[Usa( I)I_\/an_lpn{
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+O/(t_7)a_l‘E; (_pi(t_T)a’a)"Lfn (r)|dr| <

"

. o I
S0 M qmax | fa .
S\/ZE ‘72()|70+§ Moq—% /(t—T) 1d7- <
0

2
1 Pn Pn el p
2
<2 \/?MoMleM?, max. [ foa(t @) 1,0, <00 (& 2) € Q, (34)
- - o
2|1 (0)] o /n
wa t, < Z sn A/ 0 M —_— <
Use (t, 2) \[Z S E Y My
2
<2 7NON1N2 _max [ faa( @) 1,0, <00, (@) € Q. (35)

By virtue of the estimates (34) and (35), we conclude that the series (32) and (33) absolutely and uniformly
converge. It follows that the series (28) and (29) satisfy all the properties of the problem ls Theorem 2 is proved.

Using the same method, we can establish a unique solvability of the following problem.

Problem 2. Find a solution U (¢, z) of equation (1) that is regular in/the/domain € and satisfies all the
conditions of problem 1 except (8), which is replaced by the following condition

U,(t,00=0, U,(t, 0 =0, —p<t<g.
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T.K. Omaames, B.11. Ucaomos, V.I11. Voaiixyiaes

KamyTo oneparopnl 6ap apaJjiac Tunti 6eJinek anddepeHnaaabIk,

TeHJieyre apHaJIFaH MIETTIK ecelTep TYpPaJibl

MakaJragia. TIKOYPBIITEHI aiiMakTarb! OeJiiek KaryTo onepaTopsl 6ap napadboJiasiblK, rurnepbosIablK, TUIITEC
GipTekTi eMec apasiac auddepeHInaIIbIK TeHIey VIIMiH KeHICTIKTIK affHbIMaJIbIFa KATBICTBI OIpiHII YKoHE
eKlIHII TUiITeri merTiK ecenrep 3eprrendi. MyHmail meTTik ecenTepmi 3epTTey KeziHmae GipiHini aprymenT
OOUBIHIIA IIIeKapaJIbIK MIapT KOIoJaH 6ac TapThLIJAbI »KOHE OHBIH OPHBIHA KOCBIMINA Y31JIicCi3iK mapThbl
KOJIZIAHBUIIBI. BysT perTe GipKaKThI MIEITTYiH HEri3Jey VINH IIeKapaJiblK OOJIBICKA apHAJFaH MapTTap
aJIBIHBIN TAacTaJ 3 bl. Byl Makaja aBTOp/iapbl KApacThIPFaH IIETTIK ecenTep/IiH 61p»KaKThI eIy KpUTe-
puitin oiiciperyre Mmymkingik 6epesi. [llemtim OipTekTi cieKTpJIiK ecenrepre cofikec KeJieTiH 03 (DYHKIIHSI-
smapel 6ap @ypbe KaTapaapsl TypiHje kacaaasl. Pypbe KaTapapblHBIH KOHBEPTrEeHIIUSICHI OChI apaJjiac TEeH-
JEeyIiH TYPAKTHI IIENMi PeTiH/ie aJIbIH/IbI.

Kiam coesdep: apanac nuddepeHImaIbK, TeH ey, bemek peri, KamyTo omeparopbl, MOAEIbIIK €MEC TEH-
ney, Dypbe Karapsl, y3ijgiccizaik maprrapsl, 6ip»KakThI MIEIIiy.
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CMeIlIaHHOro Tuna ¢ oneparopom KamyTto

B crarbe nccnenoBanbr KpaeBble 3a/1a41 IEPBOrO ¥ BTOPOI'O POJOB OTHOCHUTEJIHLHO IIPOCTPAHCTBEHHOI'O IIepe-
MEHHOTO JjIsi CMEITAHHOTO HEOTHOPOIHOTO IuddEpPEHINATBHOTO YPABHEHUS Mapab0/IO-TUIIEPOOTTIECKOTO
THUIIA C APOOHBIM ortepaTopoM KaryTo B mpssMmoyroJibHO# obJtactu. Ilpu uccieioBannu TaKUX KPaeBbIX 3a0a4
aBTOPBI OTKA3AJIUCH OT 38JIaHKsI IPAHUYHOTO YCJIOBHUSI IO IEPBOMY apTyMEHTY M UCIIOJIb30BaJIU BMECTO STOTO
JOTIOJTHUTE/ILHOE YCJIOBUE CKyIenBaHus. [Ipu 9TOM B 0G0CHOBAHMHN OHO3HAYHON Pa3pEITMMOCTH CHUMAKOTCS
yCJIOBUS HA TPAHUYIHYIO 00JIACTH. DTO MO3BOJIUIIO ABTOPAM CTaTbhy OCJIabUTh KPUTEPUl OJJHO3ZHAYHON pasdpe-
IMIAMOCTH PACCMATPUBAEMBIX KPAEBBIX 3aJ1a4. PeleHne mocTpoeHo B Buie psiaoB Pypbe ¢ cOOCTBEHHBIMU
GYHKIUSIMA, COOTBETCTBYIOIAMA OJHOPOIHBIM CIIEKTPAJIHHBIM 3amadaM. [lo/rydeHbl OEHKHU CXOIUMOCTH
panoB Oypbe Kak peryJisipHOe PEIIeHHe STOr0 CMEIIaHHOIO YPaBHEHMSI.

Kmouesvie caosa: cmermantoe auddepeHnnaabHoe ypaBHeHNe, poOHBIN MOPsiIoK, omeparop KamyTto, He-
MOJIeJIbHOE ypaBHeHUE, s Pypbe, YCJIOBUsI CKJIEMBAHUS, OMHO3HAYHAS Pa3PEIINMOCThb.
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