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The advancement of laser technology is causing the research field of optics to become more active, and with 

the help of advancement of technology, more detailed information can be obtained. The primary goal of this work 

is to calculate differential cross section by using a mathematical model in presence of coulomb potential and 

elliptically polarized beam with single photon absorption. The developed model shows the differential cross 

section increases with wavelength and decreases with electron energy with elliptically polarized beam. The 

differential cross section become maximum at 1.56 radian polarized angle and minimum at -1.56 radian polarized 

angle. The observation is based on 1.5eV laser photon energy, laser field intensity 1014Wcm−2, polarized angle 

1.56 radian angle, and electron energy 0 to 600eV. Using the born first approximation and the Volkov wave 

function, the developed equation is obtained. The numerically obtained differential cross section in this work is 

approximately 10−19𝑚2to 10−20𝑚2, which is less than the differential cross section obtained by Flegel et al. 

(2013), which is approximately 10−17𝑚2. 
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Introduction 

These days, the study of electron-atom collisions in the presence of a laser beam has gotten a lot 

of interest. This is due to various application in disciplines of science (such as plasma heating or driven 

fusion) as well as in nuclear collision field. Observation of multiphoton events has become possible 

due to the development of powerful and adjustable lasers with relatively low light field intensities. 

When compared to the problems associated with field-free electron-atom scattering, the theoretical 

analysis of electron-atom collisions in the presence of a laser field becomes extremely complex. The 

study of collision in laser field introduces certain new parameters, such as laser frequency, intensity, 

polarization, and influence collision interactions. In interaction laser field (Photons) act as a “third 

body” in the universe. The existence of photons acts as a "third body" in the collision, "dressing" the 

atomic states [1]. For simplicity, to study the differential cross section in presence of laser field, the 

energy of the target atom is neglected because it does not change states during phenomena of collision 

but the potential is not neglected because potential replicate the electron-atom collision interaction. 

The simple reaction with laser-assisted elastic electron-atom scattering is given by equation (1) as, 

 

𝑒𝑞𝑖
+ 𝐴𝑖 → 𝑒𝑞𝑓

+ 𝑙ℏ𝜔 + 𝐴𝑖,      (1) 

 

where A is target atom remains in its ground state during the collision while the electron exchanges 𝑙 quanta 

with photon field (𝑙 < 0 for absorption and 𝑙 > 0 for emission) to change momenta from𝑞𝑖 to 𝑞𝑓 = 𝑞𝑖 + ℏ𝜔. 

The scattering equation represented in equation (1) also known as a free-free transition. The Kroll-Watson 

theorem [2] is one of the oldest and most reliable theoretical results in multiphoton physics. This theorem 

also described scattering of an electron by a potential in the presence of a low frequency linearly polarized 

laser field. The majority of theoretical studies of electron scattering by atoms in an intense radiation field are 

based on perturbation theory [3]. Kroll and Wastonon's also contribute to perturbation theory using the soft 

photon approximation and numbers of researchers have recently working on laser-assisted scattering more 

detail [4, 5]. 
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Instead of number of difficult to observe laser-assisted electron impact atomic excitation in the presence 

of a strong field some of researcher is active to develop a simple model to understand the laser-assisted 

collision [7, 8]. The electron-target system in laser-assisted collisions, known as simultaneous electron-

photon excitation (SEPE), can absorb or emit one or more photons from the laser field, causing the atom to 

be excited. In laser-assisted elastic and inelastic [9, 10] electron-atom collisions, the exchange of one or more 

photons between the electron-atom system and the laser field has been observed in several experiments. In 

the presence of a field, the collision can be treated in such a way that electron-field coupling is the dominant 

process. Mason and Newell in 1982 reported experimental evidence of atoms being excited by both electrons 

and photons at the same time. The majority of the experimental studies have been conducted with noble 

gases [11], with Abdelkader et al. [12] conducting a recent one with Nd: YAG laser. He-target and low-field 

laser field were tested in two states: (i) SEPE, electron energy below the excitation threshold of the 

metastable 2S3 state collide with ground state 1S1 and achieve excitation because laser supplies energy; and 

(ii) SEPE, electron energy above the excitation threshold of the metastable 2S3 state collide with ground state 

11S and achieve excitation because laser supplies energy. (ii) SEPE has also been observed from higher 

excited states [13]. Shinha et al. [4] investigated the free-free transition for an electron-hydrogen atom 

system in the ground state in the presence of an external homogeneous, monochromatic, and linearly 

polarized laser field at very low incident energies. The incident electron is thought to be non-perturbatively 

dressed by the laser field by selecting Volkov solutions in both the initial and final channels. For single-

photon absorption or emission in the soft photon limit, the laser intensity is much lower than the atomic field 

intensity, and the laser-assisted differential and total elastic cross-sections are calculated. 

The hydrogen atom is one of the most basic atoms to work with and can be used to collect interesting 

aspects of the problem. The free-free process can be studied theoretically on several levels. The goal of this 

paper is to investigate the impact of various collision and laser parameters on the collision process in an 

elliptically polarized laser-assisted elastic electron-hydrogen atom collision. The authors attempt to develop a 

detailed calculation of differential cross section for laser-assisted electron-hydrogen collisions in this paper. 

The Volkov wave [14] is used to treat the interaction between the field and the projectile as non-perturbation. 

The authors focused on the elliptical polarization laser field for polarized potential. To begin, consider a 

collision event in which an incoming electron with momentum ki interacts with a hydrogen atom that is 

initially in the state I in the presence of a single-mode laser beam and moves to the excited state j through the 

exchange of l photons between the electron and the laser field. 

1 Theory and Method of calculation  

1.1 Volkov- wave function 

Consider an elastic collision at the ground state between a fast (non-relativistic) electron of mass (m) 

and charge (-e) with hydrogen as the target atom. The collision takes place in the presence of a laser field, 

which is assumed to be a monochromatic, single-mode, and homogeneous electromagnetic field. Therefore, 

the vector potential of a field propagating along the Z-axis in the Coulomb gauge is obtained as, 

𝐴(𝑡) = 𝐴0 {𝑥 cos(𝜔𝑡) + 𝑦̂ sin(𝜔𝑡) tan (
𝜂

2
)},                          (2) 

where 𝐴0 =
𝐶𝐸0

𝜔
, 𝐸0  is the electric field and 𝜔 is frequency, 𝜂 is measured the degrees of ellipticity of the 

field. 𝜂 determine the  nature of laser field as, for linear polarization (𝜂 = 0), for circular polarization(𝜂 =
𝜋

2
) 

and for elliptical polarization (−
𝜋

2
≤  𝜂 ≤

𝜋

2
). The wave function of the projectile embedded in the field is 

given by the non-relativistic Volkov wave function 

𝜒V(𝑟, 𝑡) = (2𝜋)−3/2exp (𝑖𝑘⃗⃗. 𝑟 −
𝑖

ℏ
∫ (

𝑃2

2𝑚
+

𝑒

𝑚𝑐
𝐴. 𝑃⃗⃗)

𝑡

−∞
𝑑𝑡)   (3) 

On solving integration of equation (3),  

𝜒𝑉(𝑟, 𝑡) = (2𝜋)
−3

2 exp (𝑖𝑘⃗⃗. 𝑟 −
𝑖𝐸𝑘𝑡

ℏ
−

𝑖𝑒

𝑚𝜔𝑐
𝐴0(𝑡) [(𝑥. 𝑘⃗⃗)sin𝜔𝑡 −  (𝑦̂. 𝑘⃗⃗) tan (

𝜂

2
) cos𝜔𝑡]) (4) 

Assuming, 𝑥. 𝑘⃗⃗ = 𝑅cos𝛾𝑘, (𝑦̂. 𝑘⃗⃗) tan (
𝜂

2
) = 𝑅sin𝛾𝑘as 𝑅 =

𝑖𝑒

𝑚𝜔𝑐
𝐴0(𝑡) then equation (4) becomes 

𝜒𝑉(𝑟, 𝑡) = (2𝜋)
−3

2 exp (𝑖𝑘⃗⃗. 𝑟 −
𝑖𝐸𝑘𝑡

ℏ
− 𝑅sin(𝜔𝑡 − 𝛾𝑘)   (5) 
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Equation (5) is the required form of the Volkov wave function with 𝑅 = 𝛼0𝐷0𝑘, 𝐷0 = [cos2𝜃 +

sin2𝜃 tan2 𝜂

2
]

1/2
,tan 𝛾𝑘 =

𝑘⃗⃗.𝑦̂

𝑘⃗⃗.𝑥̂
tan (

𝜂

2
) and 𝛼0 =  

𝑒𝐸0

𝑚𝜔2. 

1.2 Calculation of S-matrix element 

The general S-matrix theory is used to study multi-photon ionization and also define T-matrix in terms 

of S-matrix matrix elements, i.e. transition amplitude is the S-matrix matrix elements. Kroll and Watson in 

1973 developed the S-matrix formulation for a low-frequency response. This formulation was developed in 

the search for a non-perturbative approach hand suitable not only for free-free scattering but also for 

ionization, recombination, and excitation. Unlike other methods, this method does not suffer from energy 

loss or gain. As a result, in the case of multi-photon ionization, this method is more applicable for calculating 

total transition rate and differential cross-section, because total transition rate divided by incident flux gives 

the differential cross-section, which is proportional to the square of the transition matrix. The S-matrix 

element is given by 

S =
−i

ℏ
< χ

k⃗⃗⃗f
Vχ

k⃗⃗⃗i
>     (6) 

Equation (6) related transition amplitude from the momentum state 𝑘⃗⃗𝑖to𝑘⃗⃗𝑓as 

Skfki
=

−i

ℏ
∬ χ

k⃗⃗⃗f

∗ Vχ
k⃗⃗⃗i

d3rdt
t

−∞

                                                           (7) 

Where k⃗⃗i the initial is wave vector of the particle and k⃗⃗f is the final wave vector of the scattered 

particle. Substituting the value of for χ
k⃗⃗⃗i

 and χ
k⃗⃗⃗f

from (5) in (7) and on solving, 

Skfki
=

−i

ℏ

1

(2π)3
∬ exp[−i(k⃗⃗f − k⃗⃗i). r⃗]exp [

(Ekf
− Eki

)t

ℏ
] V(r⃗)

t

−∞

exp[i(k⃗⃗f − k⃗⃗i)α0A0sin(ω

− γk)]d3rdt                                                                                                                                          (8) 

Let us assume ∆ = k⃗⃗f − k⃗⃗i be the momentum transfer then equation (8) become  

Skfki
=

−i

ℏ
V̂(Δ) ∫ ei(Δ.α⃗⃗⃗0)A0 sin(ωt−γk))e

i(Ekf
−Eki

)
t

ℏdt
t

−∞

                        (9) 

where, V̂(Δ) =
1

(2π)3 ∫ e−iΔ.r⃗⃗ V(r⃗)d3r and V(r⃗) is independent of time (t) and authors considering space 

integration. So that V̂(Δ) can be taken outside the time integration. On using the generating function of the 

Bessel Polynomial is [15], 

eix sin ϕ = ∑ Jn(x)

∞

−∞

eniϕ                                                                    (11) 

where, x = Δ. α0D0 and ϕ = ωt equation (11) becomes 

eiΔ.αοA0 sin ωt = ∑ J𝑙(Δ. D0α0)

∞

𝑙=−∞

ei𝑙ωt                                               (12) 

On substituting the value from equation (12) in equation (9) the S-matrix element becomes 

 

Skfki
=

−i

ℏ
∫ Tkfki

𝑙 ei(Ekf
− Eki

+ 𝑙ℏω)
t

ℏdt
t

−∞

                                          (13) 

here Tkfki

𝑙 = V̂(Δ) ∑ J𝑙(Δ. D0α0)𝑙 ei𝑙γkis the transition matrix from the momentum state ki to kf, and time-

independent. Therefore equation (13) becomes 

Skfki
=

−i

ℏ
Tkfki

𝑙 ∫ ei(Ekf
−Eki

+ 𝑙ℏω)
t

ℏdt
t

−∞

                                           (14) 

1.3 Calculation of transition matrix and differential cross section 

The relation for the differential cross section of an electron with the transfer of 𝑙 photon is 
dσ

dΩ
=

m2

(2π)2ℏ4

kf

ki
|Tkfki

𝑙 |
2
     (15) 
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On substituting the value of Tkfki

𝑙 and V̂(Δ) from above in (15) we get a differential cross section for 𝑙 =

0 (no photon transfer during scattering) as, 

dσ

dΩ
=

m2

(2π)2ℏ4
∑ J𝑙

2(Δ. D0α0)

𝑙

|V̂(Δ)|
2

                                                          (16) 

Moreover, equation (16) can be represented as  

(
dσ

dΩ
)

free−free

= (
dσ

dΩ
)

field−free

∑ J𝑙
2(Δ. D0α0)

𝑙

                                                              (17) 

Using sum rule ∑ J𝑙
2(Δ. D0α0)𝑙 = 1 equation (17) becomes,  

(
dσ

dΩ
)

free−free

= (
dσ

dΩ
)

field−free

                                                             (18) 

Thus, in this limit free-free differential cross section is equal to the diffrential cross section in the 

absence of the laser field. As we have  

|Tkfki

𝑙 |
2

= ∑ J𝑙
2(Δ. D0α0)

𝑙

|V̂(Δ)|2                                                (19) 

 

For spherically symmetric potential,  V(r⃗) = V(r) therefore we have, 

V̂(Δ) = −
1

2π2
∫

sin(∆r)

∆
V(r)dr

∞

0

                                                      (20) 

If we choose V(r) as coulomb potential, 

V(r) = −
ZZ′e2

r
      (21) 

The Fourier transform of the coulomb potential of equation (21) is given by 

V̂(Δ) =
e2

2π2∆2      (22) 

On substituting the value of equation (22) in equation (19),  

|V̂(Δ)|2 = |
e2

2π2∆2|
2

=
e4

4π4∆4    (23) 

The higher-order terms can be neglected for small momentum transfer. To calculate ∑ J𝑙(∆. D0. α0)𝑙  all 

we have to do is to replace x by ∆. D0. αο  in the expression of Bessel function under 𝑙 = 1 that corresponds 

to stimulated Bremsstrahlung (one photon emission) at low frequency [16], 

J𝑙(Δ. D0α0) =
ΔD0α0

2
     (24) 

Also at low frequency  

|Tkfki

𝑙 |
2

= ∑ J𝑙
2(Δ. D0α0)

𝑙

|V̂(Δ)|
2

=
Δ2D0

2α0
2

4
(

e4

4π4∆4)                                       (25) 

On substituting the value of equation (25) in equation (19), 

dσ

dΩ
=

m2D0
2α0

2e4

64π6ℏ4

kf

ki

1

∆2
                                                                        (26)   

Substituting for Δ2=ki
2 [(1 −

𝑙ℏω

Eki

) − 2 (1 −
𝑙ℏω

Eki

)

1

2
cos θ + 1] in equation (26) and solving the case of 

inverse Bremsstrahlung (𝑙 = −1), 

dσ

dΩ
= C (cos2θ + sin2θ tan2η

2
)

1

2 Iλ4

Eki

(1 +
ℏω

Eki

)

1

2

[(1 +
ℏω

Eki

) − 2 (1 +
ℏω

Eki

)

1

2

cos θ + 1]

−1

(27) 

Here,  C is 
m2α0

2e4

64π6ℏ4 =
1

256π9 in a.u., D0is(cos2θ + sin2θ(tanη

2
)

2
)

1/2
, m is mass of the electron, ki is 

initial momentum vector of the electron, Eki
 is the initial kinetic energy of the incident electron, ℏ𝜔 is photon 

energy of the laser, 𝑙 is no. of the photon transfer during the interaction, θ is scattering angle, Δ is momentum 

transfer, α0 is 
eE0

mω2 , E0 is the amplitude of the electric field of the laser, E0 is 
8πI

c
η is elliptically polarized 

angle and I is the intensity of the laser. 
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3 Results and Discussion 

The authors investigate the elastic scattering of an electron-atom interaction with photon absorption in 

the presence of an elliptically polarized laser field in this paper. Equation (27), the new resultant equation, is 

used to investigate the differential cross section. The differential cross section is determined by, the 

wavelength of the assisting laser field, and the electron's kinetic energy. Figure 1 depicts the differential 

cross section with the electron beams energy. The representation is based on visible energy photon=1.5eV, 

high intensity laser field 1014Wcm−2(frequency =1014Hz) Sprangle and Hafizi [17], θ = 0.209 radian, η =
1.56 radian angle and energy of electron 0 to 600eV. The SI unit for differential cross section is m2. Because 

the intensity of a laser is directly proportional to its differential cross section, and the differential cross 

section studied in this work is for visible photons at high intensities, As a result, for high intensity laser 

radiation, we consider the existence of the laser that Saprangle and Hafizi used in their work.    

 
Fig.1. Variation of 𝐝𝛔/𝐝𝛀 with K.E. of the incident electron at 𝛈 = 𝟏. 𝟓𝟔 radian and 𝛉 = 𝟐. 𝟎𝟗 radian 

 
At 25eV, the differential cross section is high, and the differential cross section is not observed below 

25eV. This is due to the fact that the interaction of low-energy electrons with atoms does not require atom 

(probability of interaction-free and bounded electron is zero). The differential cross section decreases as the 

energy of the electron increases because the interaction between the incidence electron and the atom 

increases (probability of interaction of free and bounded electron is high). When the incidence electron's 

energy is greater than 500eV, the differential cross section is minimum and constant (probability of 

interaction-free and bounded electron very low). Figure 2 shows the variation of a differential cross section 

with an elliptical polarization angle of 𝜃 = 2.09 radian and energy of 10eV. The differential cross section 

assistant by the elliptically polarized angle is minimum at -1.56 radian and maximum at +1.5 radian. The 

differential cross section between -1.5 radian and +1.56 radian angle is nearly constant and decreases sharply 

at -1.56 radian and +1.56 radian. This sharp increase and decrease are due to the elliptical polarized potential 

and the non-uniform interaction between free and bounded electrons (probability of interaction is either high 

or low). 

 
 

Fig.2. Variation of 
𝒅𝝈

𝒅𝜴
with polarizing angle (η). Fig.3. Variation of 

𝑑𝜎

𝑑Ω
 with assisting laser photon 

wavelength 
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As shown in Figure 3, the differential cross section increases with the wavelength of the laser photon at 

𝜂 = +1.56 radian, electron energy 10eV. Because the energy of the laser photon assisting the electron 

decreases as the wavelength increases, the differential cross section increases. The reduction in photon 

energy benefits electrons by reducing the interaction of free electrons with bound electrons. Because the free 

electron was diverted away from the reference target, the differential cross section increased. The larger the 

differential cross section value, the less accurate the information about the target. The ellipticity of the laser 

field affects the angular distribution of scattered electrons in the simplest geometry. This is due to the fact 

that it destroys the axial symmetry of the angular distribution that exists for 𝜂 = 0 to the direction of the 

polarization vector. 

Conclusion  

The developed equation (27) depicts the differential cross section for an elliptically polarized potential 

with single-photon absorption. The differential cross section is determined by the polarization angle, electron 

energy, laser intensity, and photon energy. The observed differential cross section is large at 25eV (electron 

energy), but not below 25eV. The differential cross section is minimum and constant at high energies greater 

than 500eV. The differential cross section increases as the wavelength of the laser photon assisting the 

electron increases. Furthermore, the ellipticity of the laser field influences the angular distribution of 

scattered electrons by destroying axial symmetry. The nature differential cross section is based on existence 

numerical data from Sprangle and Hafizi 2014 research work. 
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