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Solution of inhomogeneous systems for differential
equations in private derivatives of the third order

The possibilities of constructing inhomogeneous system solutions for partial differential equations of the
third order have been studied. The construction of general and particular solutions corresponding to
homogeneous system comprehensively investigated by using Frobenius-Latysheva method. Type of solutions
near the special curves are established. The number of linearly independent partial solutions is determined.
A theorem on the representation a general solution of inhomogeneous system is proved, and the application
of uncertain coefficients method for such systems is revealed. On a concrete example, it is shown that the
particular solutions of the inhomogeneous system constructed in this way are solutions of one inhomogeneous
third-order equation obtained by adding the two equations of the considered example. One of particular
solutions corresponding to homogeneous system relates to degenerate generalized hypergeometric series of
Clausen type with two variables. Properties of generalized hypergeometric series are still poorly understood.

Keywords: inhomogeneous system, regular solution, singularity, method of undetermined coefficients, system,
equations, theorem.

Introduction

Systems consisting of two partial differential equations of the second and third orders with a
common unknown have long attracted the attention of mathematicians. The American mathematician
E.J. Wilczynski used the system of second order to substantiate projective differential geometry [1].
Further research of such systems is associated with the study of generalized hypergeometric functions of
two variables, in particular the four Appell hypergeometric functions F1−F4 [2; 155-169], [3; 210-231].

J. Horn studied the convergence of all 34 hypergeometric series in two variables and established
systems of partial differential equations of second order which they satisfy [4; 218-233].

In a number of works Zh.N. Tasmambetov [5, 6] proved that almost all Horn’s systems are special
cases of a regular joint system of second-order partial differential equations that consist of two equations

x2g(0)Zxx + xyg(1)Zxy + y2g(2)Zyy + xg(3)Zx + yg(4)Zy + g(5)Z = 0 ,

y2q(0)Zyy + xyq(1)Zxy + x2q(2)Zxx + xq(3)Zx + yq(4)Zy + q(5)Z = 0, (1.1)

with coefficients in the form of polynomials

g(i)(x, y) = a
(i)
00 + a

(i)
10x

k,

q(i)(x, y) = b
(i)
00 + b

(i)
01y

k.(i = 0, 5; k − integer).

The classification of their singular curves, the construction of solutions near singular curves and the
existence of logarithmic solutions, etc. were considered.

For different values of k from (1.1) we get a number of interesting systems.
1. When k = 0 from (1.1) we obtain a system of Euler type [6; 242-249].
2. When k = 1, a

(5)
10 = 0, b

(5)
01 = 0, then we obtain a hypergeometric type system, since the solutions

of such systems are the hypergeometric functions of two variables [5; 316-319].
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3. Transformation
xk = u, yk = υ. (1.2)

leads the system to the previous view.
4. When k ≥ 2 from system (1.1) as a special case, the systems are obtained whose solutions are the

orthogonal polynomials of two variables. They are expressed through the functions of Appell. Specific
examples of the application are shown in the works [2; 155-169], [7; 655-661].

5. The general condition for the compatibility of such systems is established [1]. In addition, the
integrability condition must be satisfied

1− g(1)

g(0)
· q

(1)

q(0)
6= 0. (1.3)

6. Under these important conditions, system (1.1) has four linearly independent particular solutions
[1]. The overall solution is represented as the sum of these four solutions

Z(x, y) =
4∑
i=1

CiZi(x, y). (1.4)

If condition (1.4) is not satisfied, then the system has at most three linearly independent particular
solutions. Until now, inhomogeneous systems of the form

P (0)Zxx + P (1)Zxy + P (2)Zx + P (3)Zy + P (4)Z = P (5)(x, y),

Q(0)Zyy +Q(1)Zxy +Q(2)Zx +Q(3)Zy +Q(4)Z = Q(5)(x, y), (1.5)

still insufficiently investigated, where P (i) = P (i)(x, y), Q(i) = Q(i)(x, y) analytic functions of two
variables. Although the works of Zh.N. Tasmambetov and M.Zh. Talipova [8, 9] are studied the
possibilities of constructing solutions for inhomogeneous systems of the form (1.5) and some special
cases of it. As in the ordinary case [10; 146], the rightness of assertion is proved [8].

Theorem 1.1. The general solution of the inhomogeneous system (1.5) is represented as the sum of
the total solution (1.4):

Z =

4∑
j=1

CjZj(x, y), (j = 1, 2, 3, 4)

corresponding homogeneous system and particular solution Z0(x, y) of inhomogeneous system (1.5):

Z(x, y) = Z(x, y) + Z0(x, y) =

4∑
j=1

CjZj(x, y) + Z0(x, y).

Disseminate previous results obtained from second-order system case to the case with system
consisting of two third-order equations. Determine the number of solutions corresponding to homoge-
neous system, near singular curves. Carry out classification of singular curves and establish the type
of inhomogeneous system solutions. Develop specific examples.

Main results

2. Construction of homogeneous system solutions consisting two equations of third order
Problem statement. A nonhomogeneous regular system consisting two third-order partial differential

equations near the singularity is considered.

x3g(0)Zxxx + x2yg(1)Zxxy + x2g(2)Zxx + xyg(3)Zxy + xg(4)Zx + yg(5)Zy + g(6)Z = g7(x, y),
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y3q(0)Zyyy + xy2q(1)Zxyy + y2q(2)Zyy + xyq(3)Zxy + xq(4)Zx + yq(5)Zy + q(6)Z = q7(x, y), (2.1)

where Z = Z(x, y) total unknown, coefficient

g(i) = g(i)(x, y) = a
(i)
00 + a

(i)
10x

k,

q(i) = q(i)(x, y) = b
(i)
00 + b

(i)
01y

k, (i = 0, 6) (2.2)

and the right parts g(7)(x, y), q(7)(x, y) analytic functions or polynomials of two variables. Required to
construct a general solution of inhomogeneous system (2.1) with coefficients in type (2.2) and show
that it is represented as the sum of total solution Z0(x, y) corresponding to homogeneous system and
particular solution of inhomogeneous system (2.1).

2.1. Construction of regular solutions corresponding to homogeneous system
Construction features of regular solutions corresponding to homogeneous system

x3g(0)Zxxx + x2yg(1)Zxxy + x2g(2)Zxx + xyg(3)Zxy + xg(4)Zx + yg(5)Zy + g(6)Z = 0,

y3q(0)Zyyy + xy2q(1)Zxyy + y2q(2)Zyy + xyq(3)Zxy + xq(4)Zx + yq(5)Zy + q(6)Z = 0, (2.3)

where Z = Z(x, y) total unknown, not studied enough.
This system requires the establishment of a general method for constructing solutions near regular

singularities (0, 0) and (∞,∞), determining the number of linearly independent solutions, as well as the
classification of regular and irregular singularities, compatibility conditions and integrality. Systems
(1.1) and (2.3) differ only in orders. Therefore, to construct a third-order system solution (2.3), it
is advisable to use the Frobenius-Latysheva method [6], which has proved itself well in studying the
second-order system (1.1).

The use of this method involves the fulfillment a number of conditions:
1. Suppose that system (2.3) is joint and the integrality condition is also represented in type (1.3).

However, these concepts need further clarification.
2. Special curves at k = 1 determine by equating the coefficients at higher derivatives to zero Zxxx

and Zyyy: (0, 0), (0,−b(0)
00 /b

(0)
01 ), (−a(0)

00 /a
(0)
01 , 0), (−a(0)

00 /a
(0)
01 ), (−b(0)

00 /b
(0)
01 ), (0,∞), (∞, 0), (∞,−b(0)

00 /b
(0)
01 ),

(−a(0)
00 /a

(0)
01 ,∞). As before, single out two pairs of features (0, 0) and (∞,∞) at building a solution.

3. In case under consideration, the coefficient (2.2) is reduced to the form of the previous case,
using the transformation (1.2).

4. The solution near the feature (0, 0) is represented as

Z(x, y) = xρyσ
∞∑

m,n=0

Am,nx
myn, A0,0 6= 0 (2.4)

a near the feature (∞,∞) in form

Z(x, y) = xρyσ
∞∑

m,n=0

Bm,nx
−my−n, B0,0 6= 0 (2.5)

where ρ, σ,Am,n, Bm,n(m,n = 0, 1, 2, 3, ...) unknown constants.
The application of the Frobenius-Latysheva method assumes [6] compilation characteristic functions

system and determination systems of defining equations for the singularity (0, 0):

f
(1)
00 (ρ, σ) = a

(0)
00 ρ(ρ− 1)(ρ− 2) + a

(1)
00 ρ(ρ− 1)σ + a

(2)
00 ρ(ρ− 1) + a

(3)
00 ρσ + a

(4)
00 ρ+ a

(5)
00 σ + a

(6)
00 = 0,

f
(2)
00 (ρ, σ) = b

(0)
00 σ(σ− 1)(σ− 2) + b

(1)
00 σ(σ− 1)ρ+ b

(2)
00 σ(σ− 1) + b

(3)
00 ρσ+ b

(4)
00 ρ+ b

(5)
00 σ+ b

(6)
00 = 0, (2.6)
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and concerning feature (∞,∞) :

f
(1)
10 (ρ, σ) = a

(0)
10 ρ(ρ− 1)(ρ− 2) + a

(1)
10 ρ(ρ− 1)σ + a

(2)
10 ρ(ρ− 1) + a

(3)
10 ρσ + a

(4)
10 ρ+ a

(5)
10 σ + a

(6)
10 = 0,

f
(2)
01 (ρ, σ) = b

(0)
01 σ(σ− 1)(σ− 2) + b

(1)
01 σ(σ− 1)ρ+ b

(2)
01 σ(σ− 1) + b

(3)
01 ρσ+ b

(4)
01 ρ+ b

(5)
01 σ+ b

(6)
01 = 0. (2.7)

From (2.6) have been determined indicators of the series (2.4), and from (2.7) row indicators (2.5) as
pairs (ρt, σt). It is important to determine the index t, since the number of such pairs allows determining
the number of linearly independent particular solutions of system (2.3) near the singularities (0, 0) and
(∞,∞).

Theorem 2.1. If the system (2.3) with coefficient type (2.2), where coefficient a
(0)
00 6= 0,

b
(0)
00 6= 6= 0, h = 1 meet compatibility conditions. Then the system (2.3) near the singularity (0,0)
has nine linearly independent regular particular solutions in type (2.4), where row indicators (ρt, σt),
(t = 1, 9) are determined from the system of defining equations (2.6), and unknown coefficients
A

(t)
m,n(m,n = 0, 1, ...; t = 1, 9) series (2.4) determined from recurrent sequence systems

∞∑
m,n=0

A
(t)
µ−m,ν−nf

(j)
m,n(ρ+ µ−m,σ + ν − n) = 0, (2.8)

(µ, ν = 0, 1, 2, ..., ; j = 1, 2; t = 1, 9) obtained by substituting a series (2.4) to the original system (2.3)
with coefficients of the form (2.2).

Proof. In general, to establish compatibility conditions is very difficult. If the system is hypergeo-
metric type, then compatibility conditions are determined by the Kampe de Feriet method [2; 155-159].
The method for hypergeometric type of equations is shown in [11; 21]. Determine how many roots have
the system of defining equations (2.6) and (2.7). To this end, write down system (2.6) in expanded
form, using (2.5). From the second equation f (2)

00 (ρ, σ) = 0 we have discovered

ρ =
b
(0)
00 σ(σ − 1)(σ − 2) + b

(2)
00 σ(σ − 1) + b

(5)
00 σ + b

(6)
00

b
(1)
00 σ(σ − 1) + b

(3)
00 σ + b

(4)
00

and substituting in the first equation f (1)
00 (ρ, σ) = 0 systems (2.6), after exclusion σ get the ninth degree

equation for ρ. In the case when only simple roots exist, it is possible to determine the nine roots of the
resulting equation. In the same way, we define nine simple roots σt, (t = 1, 9 and make of them nine pairs
of roots (ρt, σt), (t = 1, 9). These indicators correspond to nine linearly-independent particular solutions
of the system (2.1) and (2.2), after determining unknown coefficient A(t)

m,n, (m,n = 0, 1, 2, ...; t = 1, 9)
from the system of recurrent sequences (2.8). Similarly, we can verify that system (2.1) and (2.2) also
has nine linearly independent particular solutions near the singularity (∞,∞).

Theorem 2.2. If systems (2.1) and (2.2), where coefficient a(0)
10 6= 0, b

(0)
01 6= 0, h = 1 conditions of

compatibility and integrability are satisfied (1.3). When systems (2.1) near the singularities (∞,∞)
have nine linearly independent regular partial solutions in type (2.5), where a number of indicators
ρt, σt(t = 1, 9) determined from the system of defining equations (2.7), and unknown coefficients
B

(t)
m,n(m,n = 0, 1, 2, ...; t = 1, 9) series (2.4) determined from recurrent sequence systems

µ,ν∑
m,n=0

B
(t)
µ−m,ν−nf

(j)
m,n(ρ− µ+m,σ − ν + n) = 0,

(µ, ν = 0, 1, 2, ..., ; j = 1, 2;µ−m ≥ 0, ν −n ≥ 0, t = 1, 9) obtained by substituting series (2.4) into the
original system (2.1), (2.2).
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In Theorems 2.1 and 2.2, the conditions a(0)
00 6= 0, b

(0)
00 6= 0 and a(0)

10 6= 0, b
(0)
01 6= 0 essential since the

ninth degree equations are relatively ρ and σ turns out only when they are non-zero. This shows that
near regular singular curves (0, 0) and (∞,∞) there are nine regular linearly independent particular
solutions Zt(x, y), (t = 1, 9).

Theorem 2.3. Common solution of joint system (2.1), (2.2) in case of the integrability condition
(1.3) is satisfied, is represented as the sum

Z(x, y) =

9∑
i=1

CiZi(x, y), (t = 1, 9) (2.9)

where Ci(t = 1, 9) arbitrary constant.
Remark 2.1. Theorems 2.1 and 2.2 have been formulated for the case h = 1. This is due to the

classification of singular curves. They are true and generally, where k ≥ 2. Then particular solutions
are expressed through Z = Z(xk, yk), (k ≥ 2).

Remark 2.2. Theorem 2.3 is also valid when the coefficients of system (2.1) are analytic functions
or polynomials of two variables.

2.2. Construction of inhomogeneous system solutions.
A theorem on the construction a general solution is formulated analogously to Theorem 1.1.
Theorem 2.4. The general solution of inhomogeneous system (2.1) is represented as the sum of

total solution Z(x, y) corresponding to homogeneous system (2.3) and a particular solution Z0(x, y) of
inhomogeneous system (2.1):

Z(x, y) = Z(x, y) + Z0(x, y) =
9∑
t=1

CtZt(x, y) + Z0(x, y). (2.10)

The form of the general solution (2.9) is established by Theorem 2.3. To construct a particular
solution near the singularity (0, 0), we apply the method of undetermined coefficients generalized
for the case of two variables series. To this end, a series of the form (2.4) representing a particular
solution Z(x, y) substitute into the inhomogeneous system (2.1) and obtain the system of Frobenius
characteristic functions

xρyσ{C0,0f
(j)
0,0 (ρ, σ) + [C1,0f

(j)
0,0 (ρ+ 1, σ) + C0,0f

(j)
1,0 (ρ, σ)]x+ [C0,1f

(j)
0,0 (ρ, σ + 1) + C0,0f

(j)
0,1 (ρ, σ)]y+

+[C1,1f
(j)
0,0 (ρ+ 1, σ + 1) + C1,0f

(j)
0,1 (ρ+ 1, σ) + C0,1f

(j)
1,0 (ρ, σ + 1) + C0,0f

(j)
1,1 (ρ, σ)]xy + ...} ≡ fj(x, y)

where f1(x, y) = g7(x, y), f2(x, y) = q7(x, y) and f (j)
0,0 (ρ, σ), (j = 1, 2) determines the system of defining

equations for the singularity (0, 0) of the form (2.6).
Further reasoning depends on form of right side representation fj(x, y), (j = 1, 2). Let them be

represented as generalized power series of two variables in increasing degrees of independent variables
x and y :

f1(x, y) = g(7)(x, y) = xαyβ
∞∑

m,n=0

am,nx
myn, (a0,0 6= 0)

f2(x, y) = q(7)(x, y) = xγyδ
∞∑

m,n=0

bm,nx
myn, (b0,0 6= 0) (2.11)

Then a series of form (2.4) representing a particular solution

Z0(x, y) = xρyσ
∞∑

m,n=0

Cm,nx
myn, (C0,0 6= 0) (2.12)
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will be a formal particular solution only when uncertain coefficients Cm,n(m,n = 0, 1, 2, ...) satisfy the
following recurrent system

C0,0f
(j)
00 (ρ, σ) = α

(j)
0,0

C1,0f
(j)
00 (ρ+ 1, σ) + C0,0f

(j)
10 (ρ, σ) = α

(j)
1,0

C0,1f
(j)
00 (ρ, σ + 1) + C0,0f

(j)
01 (ρ, σ) = α

(j)
0,1

C1,1f
(j)
00 (ρ+ 1, σ + 1) + C1,0f

(j)
01 (ρ+ 1, σ) + C0,1f

(j)
10 (ρ, σ + 1) + C0,0f

(j)
11 (ρ, σ) = α

(j)
1,1

C2,0f
(j)
00 (ρ+ 2, σ) + C1,0f

(j)
10 (ρ+ 1, σ) + C0,0f

(j)
20 (ρ, σ) = α

(j)
2,0

C0,2f
(j)
00 (ρ, σ + 2) + C0,1f

(j)
01 (ρ, σ + 1) + C0,0f

(j)
02 (ρ, σ) = α

(j)
0,2

.......................................................................................................................... (2.13)

The recurrent system determines the coefficients Cm,n(m,n = 0, 1, 2, ...) of series (2.12). When
j = 1 and j = 2 it breaks down into two systems. When j = 1 in the right part (2.13) α(1)

m,n = am,n

at j = 2 coefficients α(2)
m,n determines over bm,n(m,n = 0, 1, ...), where am,n and bm,n coefficients of

generalized power series g(7)(x, y) and q(7)(x, y). Coefficient Cm,n(m,n = 0, 1, 2, ...) determined at
j = 1 and j = 2 of the two sequences of recurrent systems must be identical. From the recurrent
system (2.13) they are determined only under the condition (α+ k1, β+ k1) and (γ+ k2, δ+ k2) where
kj(j = 1, 2) any natural numbers, are not indicators of homogeneous system (2.3) solution. Series
convergence fj(x, y)(j = 1, 2) involves the convergence of right-hand side series (2.12). When fulfilling
the above conditions, particular solution Z0(x, y) the inhomogeneous system (2.1) with coefficients of
the form (2.2), when the singularity (0, 0) can be constructed regularly.

Remark 2.3. If (α + k1, β + k1) and (γ + k2, δ + k2), where kj(j = 1, 2) any positive integers are
indices of homogeneous system solution, then we obtain a more complicated «resonance» case. This
case requires additional investigation.

Remark 2.4. If in coefficients (2.2) constant k = 1, then in the recurrent sequence starting from
f

(j)
1,1 (ρ, σ) all expressions f (j)

2,0 (ρ, σ),f (j)
0,2 (ρ, σ),f (j)

3,0 (ρ, σ), ... will be zero.
Remark 2.5. The transformation (1.2) of the considered case will lead to a simpler form k = 1.
Thus, based on the above reasoning, we can conclude that the statement is true.
Lemma 2.1. Let inhomogeneous system consisting of two third-order equations (2.1) with coefficients

in type (2.2), where the right-hand sides g(7)(x, y) and q(7)(x, y) analytic functions of two variables
regular near the singularity (x = 0, y = 0). Then system’s particular solution (2.1) has the form of the
right-hand side (2.11), if (α+k1, β+k1) and (γ+k2, δ+k2) does not coincide with any pair of solution
indicators corresponding to the homogeneous system (2.3) for any natural kj(j = 1, 2).

2.3. Construction and study properties of specific system solutions
J. Kampe de Feriet [2; 155-162] provides a method for constructing systems of third and fourth

orders consisting of two equations, using the system

j+k=ω+1∑
j+k=0

(ρj,k − αj,kx)xjykpj,k = 0,

j+k=ω+1∑
j+k=0

(σj,k − βj,ky)xjykpj,k = 0. (2.14)

This technique ensures the compatibility of two equations systems hypergeometric type (2.3). The
solutions of such systems are generalized by hypergeometric functions of two variables. Consider a
particular special case [2; 159] of such system and we will study the properties of its solutions.
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Theorem 2.5. The system of partial differential equations consisting two equations of third order

x2Zxxx + xyZxxy + (γ + δ + 1)xZxx + δyZxy + γδZx − Z = 0,

y2Zyyy + xyZxyy + (γ + δ
′
+ 1)yZyy + δ

′
xZxy + γδ

′
Zy − Z = 0, (2.15)

has nine linearly independent particular solutions

Z1(x, y) = F (·; δ, δ′ , γ;x, y) =

∞∑
m,n=0

1

(δ)m(δ′)n(γ)m+n
· x

m

m!
· y

n

n!
,

Z2(x, y) = y1−δ′{1 +
x

δ(γ + 1− δ′)
+

y

(2− δ)(γ + 1− δ′)
+

xy

δ(2− δ′)(γ + 1− δ′)(γ + 2− δ′)
+ ...},

Z3(x, y) = x1−δ{1 +
x

(2− δ)(γ + 1− δ)
+

y

δ(γ + 1− δ)
+

xy

δ′(2− δ)(γ + 1− δ)(γ + 2− δ)
+ ...},

Z4(x, y) = y1−γ{1 +
x

δ
+

y

(2− γ)(δ′ + 1− γ)
+

xy

2δ(2− γ)(δ′ + 1− γ)
+

x2

22δ(δ + 1)
+ ...},

Z5(x, y) = x1−δy1−δ′{1 +
x

(2− δ)(γ + 2− δ − δ′)
+

y

(2− δ′)(γ + 2− δ − δ′)
+

+
xy

(2− δ)(2− δ′)(γ + 2− δ − δ′)(γ + 3− δ − δ′)
+ ...},

Z6(x, y) = x1−δy1−γ{1 +
x

(2− δ)2
+

y

(2− δ)(δ′ + 1− γ)
+

xy

(2− δ)2(3− δ)(2− γ)(1 + γ − δ′)
+ ...},

Z7(x, y) = x1−γ{1 +
x

(2− γ)(δ + 1− γ)
+
y

δ′
+

xy

2δ′(2− γ)(1 + δ − γ)
+ ...},

Z8(x, y) = x1−γy1−δ′{1 +
x

(2− γ)(2− δ′)(δ + 1− γ)
+

y

(2− δ′)2
+

+
xy

(2− δ′)2(2− γ)(δ + 1− γ)(3− δ′)
+ ...},

Z9(x, y) = x1−γy1−γ{1 +
x

(2− γ)2(1 + δ − γ)
+

y

(2− γ)2(1 + δ − γ)
+

+
xy

(2− γ)3(3− γ)(1 + δ − γ)(1 + δ′ − γ)
+ ...}. (2.16)

Proof. The system is consistent in construction system (2.14). We will construct solutions using the
Frobenius-Latvian method, based on the results of clause 2.1. The system of defining equations for the
singularity (0, 0):

f
(1)
00 (ρ, σ) = ρ(ρ− 1)(ρ− 2) + ρ(ρ− 1)σ + (γ + δ + 1)ρ(ρ− 1) + δρσ + γδ = 0,

f
(1)
00 (ρ, σ) = σ(σ − 1)(σ − 2) + ρσ(σ − 1) + (γ + δ

′
+ 1)σ(σ − 1) + δ

′
ρσ + γδ

′
= 0 (2.17)

has nine pairs of roots:

1.(ρ1 = 0, σ1 = 0); 2.(ρ1 = 0, σ2 = 1− δ′); 3.(ρ2 = 1− δ, σ1 = 0);

4.(ρ1 = 0, σ3 = 1− γ); 5.(ρ2 = 1− δ, σ2 = 1− δ′); 6.(ρ2 = 1− δ, σ3 = 1− γ);

7.(ρ3 = 1− γ, σ1 = 0); 8.(ρ3 = 1− γ, σ2 = 1− δ′); 9.(ρ3 = 1− γ, σ3 = 1− γ).
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Using the system of recurrent sequences (2.8), we determine the unknown coefficients of the series
(2.4) sequentially substituting the values of the roots pairs (ρt, σt)(t = 1, 9) of system defining equations
(2.17).

In this way, we obtain nine linearly independent particular solutions (2.16). The theorem is proved.
Now we proceed to construct a particular solution of an inhomogeneous system

x2Zxxx + xyZxxy + (γ + δ + 1)xZxx + δyZxy + γδZx − Z = g(7)(x, y),

y2Zyyy + xyZxyy + (γ + δ
′
+ 1)yZyy + δ

′
xZxy + γδ

′
Zy − Z = q(7)(x, y), (2.18)

where the right side has the type

g(7)(x, y) = γ2δδ
′
+

1

γδ
x+

1

γδ′
y,

q(7)(x, y) = γ2δδ
′
+

1

γδ
x+

1

γδ′
y. (2.19)

Theorem 2.6. The general solution of the inhomogeneous system (2.18) with the right part (2.19)
is represented as the sum (2.10) of the total solution Z(x, y) the corresponding homogeneous system
(2.15) and a particular solution Z0(x, y) heterogeneous system (2.18).

Indeed, by virtue of Theorem 2.3, the general solution of the corresponding homogeneous system
(2.15) is represented as the sum of nine linearly independent particular solutions Zj(x, y), (j = 1, 9)
(2.16):

Z(x, y) =
∞∑

m,n=0

CjZj(x, y), (j = 1, 9).

It remains to build a particular solution Z0(x, y) of heterogeneous system (2.18) with the right part
(2.19) using the method of uncertain coefficients described in clause 2.2 based on the right part of task
g(7)(x, y) and q(7)(x, y) in view of

Z0(x, y) = C0,0 + C1,0x+ C0,1y. (2.20)

Substituting (2.20) into (2.15) we determine the unknown coefficients: C0,0 = −(γ2δδ
′
+1), C1,0 = − 1

γδ ,

C0,1 = − 1
γδ′

obtain a particular solution of the inhomogeneous system (2.18) with the right side

g(7)(x, y) and q(7)(x, y) in view of

Z0(x, y) = −(γ2δδ
′
+ 1)− x

γδ
− y

γδ′
. (2.21)

Therefore, the general solution of inhomogeneous system (2.18) with the right-hand side (2.19) is
represented as

Z(x, y) = Z(x, y) + Z0(x, y) =
9∑
j=1

CjZj(x, y)− (γ2δδ
′
+ 1)− x

γδ
− y

γδ′
, (2.22)

where Zj(x, y), (j = 1, 9) particular solutions corresponding to homogeneous system (2.16).
It is easy to verify that the sum of two equations (2.18) also satisfy the particular solution of the

inhomogeneous system (2.21).
Theorem 2.7. A particular solution of the inhomogeneous system (2.21) is also a solution of a

third-order partial differential equation

x2Zxxx + xyZxxy + y2Zyyy + xyZxyy + (γ + δ + 1)xZxx + (γ + δ
′
+ 1)yZyy+
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+(δy + δ
′
x)Zxy + γδZx + γδ

′
Zy − 2Z = 2(γ2δδ

′
+

x

γδ
+

y

γδ′
) (2.23)

obtained by adding the two equations of the inhomogeneous system (2.18).
Theorem 2.8. The general solution of the inhomogeneous system (2.22) is a solution of a third-order

partial differential equation (2.23) obtained by adding two equations of the inhomogeneous system
(2.18).

Conclusions: Thus, in this paper we have been studied the possibility of constructing solutions
uncharted inhomogeneous system of differential equations in partial derivatives, consisting of two third-
order equations.

1. To solve the corresponding homogeneous system (2.3) was applied the Frobenius-Latyshev
method. Theorems 2.1 and 2.2 on the number of linearly independent solutions of the homogeneous
system (2.3) have been proved. The main stages of building solutions by the Frobenius-Latyshev method
are given. It was found that when the roots of the defining systems (2.6) and (2.7) with respect
to characteristics (0, 0) and (∞,∞) simple, the homogeneous system has nine linearly independent
particular solutions of species (2.4) or (2.5) near the singularities of (0, 0) and (∞,∞).

2. A theorem on the construction a general solution of the inhomogeneous system (2.1) with
coefficients in type (2.2) is formulated. To this end, for such systems, for the first time the method
of uncertain coefficients is used. Yu.I. Sikorskiy extended method of Frobenius-Latysheva to linear
ordinary inhomogeneous differential equations [12, 13]. It has been shown that for solving various
problems of thermoelasticity, the method of undetermined coefficients has an advantage over the
method of arbitrary constant [14]. For example, when solving the inhomogeneous Bessel equation,
particular solution is a linear combination of Lommel functions [15]. It should be noted that in this
monograph thoroughly studied the possibility of constructing the solutions known classical ordinary
differential equations with the right-hand side, the decisions of which are special functions and ortho-
gonal polynomials in one variable. In the case of the studied systems, the research has not reached
such a level.

3. A specific example is considered, where a homogeneous system is constructed by the method
of J. Kampe de Feriet [2; 155-169]. Nine linearly independent solutions (2.16) obtained by the Frobenius-
Latysheva. To build a general solution of system (2.18) with the right-hand side (2.19), the undetermined
coefficients method is applied.

4. It is also shown that application of uncertain coefficients method allows to obtain solutions of
one inhomogeneous partial differential equation of the third order (2.23) associated with the studied
specific system (2.18).

5. The first particular solution of homogeneous system (2.15) relates to degenerate generalized
hypergeometric series of two variables Clausen type

F (·; δ, δ′ , γ;x, y) = 1 +
1

δγ
x+

1

δ′γ
y +

xy

δδ′γ(γ + 1)
+

1

δ(δ + 1)γ(γ + 1)
· x

2

2!
+

+
1

δ′(δ′ + 1)γ(γ + 1)
· y

2

2!
+ ... (2.24)

The properties of this series remain understood. Consider the differential properties of the series (2.24).
Theorem 2.9. First m and n the of the series (2.24) are represented as:

1.
∂

∂x
F (·; δ, δ′ , γ;x, y) =

1

δγ
F (·; δ + 1, δ

′
, γ + 1;x, y),

2.
∂

∂y
F (·; δ, δ′ , γ;x, y) =

1

δ′γ
F (·; δ, δ′ + 1, γ + 1;x, y),

3.
∂2F (·; δ, δ′ , γ;x, y)

∂x2
=
F (·; δ + 2, δ

′
, γ + 2;x, y)

δ(δ + 1)γ(γ + 1))
,
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4.
∂2F (·; δ, δ′ , γ;x, y)

∂y2
=
F (·; δ, δ′ + 2, γ + 2;x, y)

δ′(δ′ + 1)γ(γ + 1))
,

5.
∂2F (·; δ, δ′ , γ;x, y)

∂x∂y
=
F (·; δ + 1, δ

′
+ 1, γ + 2;x, y)

δδ′γ(γ + 1)
,

6.
∂m1F (·; δ, δ′ , γ;x, y)

∂xm1
=

F (·; δ +m1, δ
′
, γ +m1;x, y)

δ(δ + 1)...(δ +m1)γ(γ + 1)...(γ + 2)
,

7.
∂m2F (·; δ, δ′ + 1, γ +m2;x, y)

∂ym2
=

F (·; δ, δ′ +m2, γ +m2;x, y)

δ′(δ′ + 1)...(δ′ +m2)γ(γ + 1)...(γ +m2)
,

8.
∂m1+m2F (·; δ, δ′ , γ;x, y)

∂xm1∂ym2
=

F (·; δ +m1, δ
′
+m2, γ +m1 +m2;x, y)

δ(δ + 1)...(δ +m1)δ′(δ′ + 1)...(δ′ +m2)γ(γ + 1)...(γ +m1 +m2)
.

Confine ourselves with building a single solution corresponding to the indicator (ρ1 = 0, σ1 = 0).
Similarly, the differential properties of the remaining series in (2.16) can be derived. The output of
these differential properties further facilitates the proof of theorem addition and multiplication, while
others recurrence relations associated with degenerate generalized hypergeometric series.
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Ж.Н. Тасмамбетов, Ж.К. Убаева

Дербес туындылы үшiншi реттi
дифференциалдық бiртектiемес жүйелер шешiмi

Үшiншi реттi дербес туындылы бiртектiемес дифференциалдық теңдеулер жүйесiнiң шешiмдерiн құ-
ру мүмкiндiктерi зерттелген. Фробениус-Латышева әдiсiмен сәйкес бiртектi жүйенiң жалпы және
дербес шешiмдерiн құру жан-жақты қарастырылған. Сызықты-тәуелсiз дербес шешiмдер саны анық-
талған. Мұндай жүйелерге анықталмаған коэффициенттер әдiсiн қолдану ерекешелiктерi айқын-
далған және бiртектi емес жүйенiң жалпы шешiмi туралы теорема дәлелденген. Нақты мысалда,
осындай жолмен құрылған бiртектi емес жүйенiң дербес шешiмi, қарастырылған мысалдағы теңдеу-
лер жүйесiнiң екi теңдеуiн қосындылаудан алынған үшiншi реттi, бiртектi емес бiр теңдеудiң де ше-
шiмi болатындығы көрсетiлген. Сәйкес бiртектi жүйенiң дербес шешiмдерiнiң бiрi екi айнымалының
Клаузен тектi туындалған жалпыланған гипергеометриялық қатар түрiне жатады. Мұндай жалпы-
ланған гипергеометриялық қатарлардың қасиеттерi әзiрше аз зерттелген.

Кiлт сөздер: бiртектi емес жүйе, регулярлы шешiм, ерекше нүктелер, белгiсiз коэффициенттер әдiсi,
жүйе, теңдеулер, теорема.

Ж.Н. Тасмамбетов, Ж.К. Убаева

Решение неоднородных систем дифференциальных
уравнений в частных производных третьего порядка

Изучены возможности построения решений неоднородной системы дифференциальных уравнений
в частных производных третьего порядка. Методом Фробениуса-Латышевой всесторонне исследова-
но построение общего и частных решений соответствующей однородной системы. Установлены ви-
ды решения вблизи особых кривых. Определено количество линейно-независимых частных решений.
Доказана теорема о представлении общего решения неоднородной системы и раскрыты особенности
применения метода неопределенных коэффициентов для таких систем. На конкретном примере пока-
зано, что построенные таким образом частные решения неоднородной системы являются решениями
и одного неоднородного уравнения третьего порядка, полученного путем сложения двух уравнений
рассмотренного примера. Одно из частных решений соответствующей однородной системы относит-
ся к виду вырожденного обобщенного гипергеометрического ряда типа Клаузена двух переменных.
Свойства таких обобщенных гипергеометрических рядов остаются мало изученными.

Ключевые слова: неоднородная система, регулярное решение, особенность, метод неопределенных
коэффициентов, система, уравнения, теорема.
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