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the differential part and, thirdly, the point of load is moving. The problem j
integral equation of the second kind, the kernel of which contains the gg
series. The kernel of the obtained integral equation is estimated and\i
of the equation has a weak singularity (under certain restrictions,on t
the statement that the loaded term in the equation is a weak i
addition, the limiting cases of the order of the fractional derivativgyare ¢
there is continuity in the order of the fractional derivative.

sidered. It is proved that
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ODUCTION

ed differential equations is explained both by the expanding
number of their applications, a that loaded equations constitute a special class of equations
with their own specific proble ost general definition of a loaded equation was first given
by Nakhushev [1=3]. Int 0 ph [1], the author gives concepts and a detailed classification
of various loaded equati ed differential, loaded integral, loaded integro-differential, loaded
functional equations, agd numerous applications to biology problems.

The study of t alized solvability of nonhomogeneous boundary value problems for loaded
differential equati ev s paces was carried out in [4, 5]. In addition, a review of loaded equations
is given in [4,,6]. onograph [7], boundary problems are studied for a loaded heat conduction

r unbounded domains when the order of the derivative in the loaded term is equal
rder of the differential part of the equation.

The constant interest in studyi

of the theory of fractional integration and differentiation, as well as applications of the apparatus of
fractional integration and differentiation in various fields of science [8—13]. Some authors[14, 15] studied
loaded differential equations that contain fractional derivatives of the traces of an unknown function
with respect to the time variable, but the order of the derivative in the loaded term is strictly less than
the corresponding order of the differential part of the equation and the load point is fixed, that is, is
motionless.
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1874 RAMAZANOV et al.

For practical applications, the definition of Caputo fractional derivative is significant. It differs from
the Riemann—Liouville definition in that the function, first, the function is differentiated with the smallest
integer order exceeding some non-integer order, and then the result is integrated with the order, which
is their difference. Of interest are the boundary value problems for the loaded heat equation when the

loaded term is represented in the form of a Caputo fractional derivative [16, 17]:

t

(n)

cDﬁtf() (nl—ﬂ)/(t;fq-)éil“dﬂ B, ae®R, n-1<p<n,
0

whena =0andn =1,s00 < 8 < 1, that is

and the load point moves at a variable velocity.

2. STATEMENT OF THE PROBLEM

We consider the problem in a domain Q = {(z,t) : 2 > 0,¢ > 0} é

ut—um—i-)\{ng xt —f

u (z, 0, 0< <
We introduce the notation
1 r ’U{ § t

u(t)={Dfu(@ )}, o

3. REDUCING THE PROBLEM TO AN INTEGRAL EQUATION

We invert the differential part of —(2)[18]
t oo
xt——)\/ @ d{dT+//Ga:£t—T)f(§, T) dédr,

where

(€ (2 +7
e () e (0T

t the ratio
—+o0

G(z,&,t—T)dE =erf (2\/:‘_7_)

we get the following representation of the solution to the problem (1)-(2)

u(x,t) = —)\/Oterf (2\/:‘—7) p(7r)dr + f1(z,t),

-]

0

where

G(z,&t—7)f(&7)dedr.

o\—é—
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ON A PROBLEM OF HEAT EQUATION 1875

Taking into account the notation (3), equality (4) can be rewritten in the form

w) =300 [ [err (0w Hao + 20, 6

T ofi(&T)
_ 1 o¢

We calculate the fractional derivative:

O/terf(Q\/:Ju(T)dT] =ra-

T

1 1
B \/WF(I—B)O/(x—g)ﬁ

where

Dy

» L

_ 1 / p(7)
_WF(l—ﬁ)O/\/t—T
We have

(6)

where
X

[ (z,t, ﬁ)— ! e - & d¢
T, = §)ﬁ Xp 4(75—7) .
From formula 3.478(3) [ 19 equahty follows
2 B 3-p x?
218
xtfﬁg T § ™)
where B (1 — £; % stituting (7) into equality (6), we obtain

D d

i /erf(M_T)W) ]
t
/ w(r 1 1. 2—-83-0 x2
\/7TF 28 \/t—72 Byl 90 g i T4 n)

0

When z = ) we have

D&x [/Ot erf (2\/;:_ T) p(7) dT] lo—yt) = _\/(7’:11(15()2)1__[;) ) \Z(i)T

9 _ 2
XQFQ 1, 6,3 IB, i t) dr.
277 2 2 4(t—7)
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1876 RAMAZANOV et al.

In view of (8), equation (5) can be rewritten in the form

¢
042 [ Kstnndr= 20, (9)
0
where

(et 1 1 2-83-8 ()
Kg(t = F: 1; ; (10)

3(77—) \/WF(Q—,B)\/t—TQ 2 27 ) 2 ) 9 ) 7_
Here 9 Fy (a1, a2;b1,b2;2) =Y o0, ((ablgﬁggj))” fj , where (a), = F(Ifg)“) is the Pohammer symbo ere-

fore (1),, = «!. Then in (10) we have
2-8 3-8 7 (1) S (2), \
2F2 (2 ) ; ) = Z

2 2 ,.;:o< ) 36 t—

4. LIMIT CASES g

41.8=0
Then from [9] we have D, f (x) = f (x) . Problem (1)— W\Aw form

Up — Ugy + Au (77 (2) 1) = , (11)

+oo
/Ot/f(E,T)G(w,ﬁ,t—T)dﬁdT- (13)
0

Tt —r)de =erf (Mx_T) (14)

equality (13) will
t
0 (2, 1) A/# Terf (2\/:_T)d7+f1(w,t), (15)
0

wh

t +oo
O/O/f G (z, ¢t — 1) dédr.

By virtue of the notation p (t) = w (7 (¢) , t) from the equality (15) when 2 = ~ (¢) we get an integral
equation for an unknown function p ()

p(0)+ /terf(wt(t) )i =),
0
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ON A PROBLEM OF HEAT EQUATION 1877
where fo (t) = f1 (7 (t),t). On the other hand, in equality (6) we take the limit when 5 — 0 4 0:

B t R 1 ()
s Pog L/erf (2\/7f—7') (t)dT] 521030{\/7rr(15)0/\/t71(x’t’7’ﬁ)d7}’

where
Y 2
[(z,t,7,8) = / (@ _15),3 exp (_4(5_ T)) dg.

0

The function under the limit sign is a definite and continuous for 5 = 0. Therefore we gan taithe
limit under the sign of the integral:

lim DP
53010 0

O/erf (2\/:_7_) w(7) dT] = \}W/\Z(i)T exp {
\/W/\/tTQ\/tTQ dz

erf 2\/75 - 7'
Finally, when z = ~y (t) we get

= ,d
Hz 2\/t—7' = 2\/t—7'

Ky (t,7) = ﬁhm D0 - [ erf 2\/t 0 erf (2\%(2&_) 7_) w(7)dr.
Then equation (9) when ﬂ — 0+ J) t) takes the form
T p(r)dr = fo(t), (16)
where Ko (t,7) =ter f 2}@ = fi(v(t);t).
Remark 1. £ can be obtained by taking the limit of (10) when 8 — 0+ 0:

v (1)’ 1. 2-83-8 (v(t)?
% AL P mr(Q—ﬁ)\/t—T?FQ(z’l’ 2 7 2 ’_4(t—7-)>}
v (t) 1.3 (@)
\/ﬂ' t—T)2F2 (2’1’1’2’_4(15—7'))'

Because from formula 5.2.8(8) [20]

L3 Y =Gl KT (k+3) T(E) (-2
FQ(z’ ’1’2’_'2)_;::0(;)2 k! =2 r(;) I(k+3) K

k=
> ! —zk > (=1)F 2F 1 & 1 7))kl 1 7
Zki S 1S (D e _\/z\/gerf(\/z)7

k=0 ’ k=0
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then for z = 4(1( ))) we have

oyt Vr2t—r v\ _ v (1)
KO(t,T)_\/W(t—T) 2 (1) erf(Q\/t—T)_erf(Q\/t—T)'

Then equation (9) will take the form (16) when 5 — 0+ 0.

42p0=1
Then[9] D(l]wa () = f' (z) . Problem (1)—(2) will take the form
Up — Ugg + Mg (xat) |ac:'y(t) = f(xat)v 17)

u(z,0) =0, wu(0,t)=0.

We denote p (t) = ug (2,7 (t)) . We invert the differential part in problem (17), (18
t +oo t oo

ast——)\// w§t—7'd§d7'+//fET

In view of relation (14), the last equality can be rewritten in the form é
t
x
)= =\ t 19
u(ﬂf, ) /#(T)e?”f (2\/t ’@a )a ( )

0
where Q
t 400
z,t :/
0

\/77(?—7) P (_4(txj T)).

ng into account the designation p (t) = wuy (v (¢);t) from
al equation of the second kind:

Further, substituting = =
equality (19) we obtain the Volterrayi
Q +)\/K1 (t,7)p(m)dr = fa (1), (20)

where

- e (=, ) aO=n60.0.
\/7'( t— 7' 4 (t — 7')
On hand in equality (6) we cannot take the limit at 3 — 1 — 0, i.e. to find
t
Jé] T
50 Do [/erf (2\/15 - 7’) w() dT]
0

because when passing to the limit, we obtain the uncertainty of the form (0c0). Indeed, by virtue of the
formula 3.478(3) from [20] we have

ﬁll}lln_ [(z,t,7,5) = 0/93—§eXp(_4(t—T))d£
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ON A PROBLEM OF HEAT EQUATION 1879

= B(0,2) 22 Fy (1, 3;1, g;—wﬂ”i T)) =T (0) zexp (-Mi T)) :
Jim 11,7, 8) =T (0) wexp (—4(i T)) . (21)

Since lilg}rol“ (z) = oo, then taking into account (21) we get the uncertainty when taking the limit
z—

in equality (6). Therefore, equality (6) requires further transformation. To do this, we make the limit
transition in equality (10), which is an equivalent transformation to equality (6):

(@)1 F( R I 2
ViD=Vt —1° 27772 t—T

1 L1, )
>F2< g liT 4<t—r>> it

lim Kg(t \
oA fo () = 531“0{

VA 97 g eXp t—T
So,
lim Kpg(t,7)= ! (22)
B—=1-0 \/77 t—1) t -7
Obviously, the limit (22) coincides with the kernel of the mtegr (20) Thus, there is

continuity in order of the fractional derivative when 0 < 8 < 1‘

5. ESTIMATION OF THE KERNEL OF T

e form of representation (6) when z =~ (¢):
A ") §2
[ —ep o (Cain)
0

GRAL EQUATION

Kg(t, 1) =

vrl(1 t—

Wecacuateng (t,7)
t @ ) (1) ) e
O/Kﬁ(t,é I ﬁ Vit O/(V(t)—g)ﬁexp(_‘l(t—ﬂ)dg dr
’Y(t) [/\/ _Texp( ¢ T))dT] d€.

Vvl (1 4(t —
So,
t 1 0 1
O/Kﬁ (t,7) dr = mr(l—ﬂ)/o o (7 (23)
where

t
J(t7) = 0/ wl_ o (— \ (fi T)) dr.
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+o00
We will introduce a replacement: z = 2\/5—7' ThenJ (t,7)=¢ [ z12 e~2"dz. From the formula 3.461
2t
(5)[19]
T aedr 1
/ e O e rerfe(up), largu| <, u>0
2w 4
when = ¢ p=1 we get J(t,7)= 2\/t€_§j —5\/7rerfc( ¢ ) Substituting J (t,7) =
2\/t, ) 2\/t . I

2
2V/te” B &/merfe <2\§/t) into (23), we obtain

t

S ; & \
= e_it — Terfc
O/Kﬁ (t,7)dr = /T (1 B) 0/ O — ) [2\/15 Ev/mer f
or K
t
(24)

2/t 1
(1) ) vg ¢ ¢
52
= T at d et d .
5 (t,8) O/Mt)_g)ﬂe A t §)Berfc(m) ¢
We calculate the integrals Jp (¢, 5) and Js (¢, 8). Forc a Jy (t,B), we apply the formula 3.478
3)[19]atn=2,u=~(t),v=1Lpu=1-p

Then

Ji(t,8)=B(1-51) (2 (0!6 o Fy
2
ﬁ@()
t

For calculation Js (¢, 8), @* heTormula 2.8.2(3) [21].
We obtain ‘

_ _ 2
JN% ; (t>)3“’B(3,1—ﬂ)3F3(2,2,;;425,525,2;_@5?))
- 1\ _ ra=p@@)”™ (1, 4-85-8_(v(1)
t B(2’4)__F(4—ﬁ) vt 2F2<2’2’ 2 7 2 T 4 )
r-p) _
Tra_g O 7. (26)

The expressions (25) and (26) for J; (¢, 8) and J; (¢, 8) we substitute in (24):

/ %/t TA-p) B 3 3-8 4-5 ()
/Kﬁ(taT)dT_\/71_1—\(1_,8)1—\(2_18) (V(t))l /BZFZ (1727 9 9 y At )
0

L TA=-8 0>’ . (1 , 4= 8 5—@_@@))2) o1
242 F(

Tru—/TUE—8) at 9% 9 0 g Ty 3-3)
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S O0) e CRAI F( O (”(’5”2)

V7l (2 = B) 9t 9 0 9 At
1 - 1, 4-85-5_ (v(t)? 1 )
+F(4—5)¢m(”(t>>3BQFQ(z’Q’ 2 7 2 T a4 )—F(g_m(v(t))”

V > (3),. (= .
:wrrg@t ) 162(3 ﬁ) Z“zﬁ) et O

><¢ 52(4 B) (Elné>1)n IO L -

2 : B
\ 2
Considering formula I1.2[22], we have \\

(1), =#l  (2), = (k+ 1)L (1)522—%(2%)‘ (3)52_%( 2

(3;5)5 (4;5)52% = (3= B)a (tﬂ)n (526@\%"

Then equality (27) can be rewritten in the form

L 4
t
RO 125 = 2722 + DN(—1)" on
0/ Ky (trydr= , 200 o 0) @)
2K K
D= B) Vit (v ()" 622 W O = g gy O
Considering formula [1.2 [22], we have
<35%"1§:3 (8= )y (3= B+2r)
3-75
—B)
Then last equality can be rewri 1 m
2Vt (26)! (26 + 1) (—=1)" 2h+1-8
\/ﬂ Kli@ﬁ VT (2 6) 5 (3~ B, )
'k+1)( 2k+3—0
6‘ g it @ 20— 0
(2r)! (=1)" K1
ri-g Z\/WF(Q— B) 45 (3 — B)y, ! (v ()7

k+1 B 1 2-8
- (2(2K+1Wt+ (2—5)(3—B+2m)¢t72(t)) INGCENE) @)=

So,

= (DT ()
/Kﬁ (t,7)dr = \/771“ 24’%' 3-8),. Vi

k+1 1 _
x (2(25+1)t+ (2_6)(3_“2&)72(15)) “raop) (v (£)*°. (28)
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We will take  (¢) ~ t“ when ¢t — 0. From equality (28) we have
¢

_ 1 S (2r)H(=1)" w(2k+1-B)—1
O/Kﬁ G7)dr = ro— ) ;::o 15R1 (3 B),."

K+ 1 Qw) A

-5 G-pim’ ) TG-p) (29)

x (2(2/<;+1)t+

For the convergence of %in% fg K3 (t, 7) dr the following conditions must be met:
%

w2k+1-p)—35>0, £=0,1,2,..
2w >0, L 2
w(2-p3)>0.

Since 0 < B < 1, then the last system of inequalities will be equivalent to the ine % 2(11_ﬁ . So,

hmeB (t,7)dr =0, il

t—=07g
y(t)~tY t—0, w> (30)

Whenw = ; (29) takes the form

t

Kgs(t,7)dr =
0/ V7l (2

(2 (26 + 1) +

(2%28) 3 - 6+2,<;)) r@s-p6)

Hence it is obvious that

11m/:(\g> 0<pB<1, ~(t)~Vt t—0. (31)
t—0
Letw = 5 (1 . e@an be rewritten in the form

t

Kﬁ (t, 7') dr = \/71'1—‘ Z 4’% t1f/3
0
£+1 1—1 1 22115
X (2(2/<c+1)t+ (2_5)(3_5+2H)t B) _F(3—ﬁ)t (1-p). (32)

Hence we have

. - B 1 w
llfgr(l)/Kﬁ(t,T)dT—O, w_Q(l—ﬁ)’ v (t) ~t, t—0.

t
Thus, from (30), (31) and (32) we obtain when0 < f < 1, w > 2(11_@ orw=3; %in%fKB (t,7)dr =0,
%0
if v (t) ~ t“. Consider the limiting cases 5.
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I. 8 = 0. From formula 1.5.1(8)[21] we have K (t,7) = erf (2:;? T) ;

t

[otryire [ (310 o -

0 7’2_36rf e = Lers (;&2) . végﬂw . (_724?)) A Derfe (;(“) .

/KO (t,7)dr = erf (2&2) + 7;3;/’5 exp (—724?)) - 41172 (t)erfe (‘é%ﬁ)

Let v (¢) ~ ¢ when ¢ — 0. Then from (33) we have 6
hm/KO tT)dT—hm{ erf( o2 K

@,

T oyt 422 T 48

1 1
19t o) _Loug . 34
Toynt TP ( 4 4 (34)
Since
I L)
2
150 erf 2
Then
ot
hm t“’+2 exp = lim ’ =0 Vw.

By virtue of decomposmon e x all z [23] when w >0 hm t*erfc <1t“_5) = 0, because
%nn t?* =0 and erfc the"bounded function. Then from (34) taking into account the limit
relations, we obta > o) ~ t“ when t — 0, then hmeo (t,7)dr = 0.

00

Forw = fro have

1 1 1 1 1
=1 t— t = .
dr 1m{ erf + 2\/7”31 4 erfc (2)} 2erf2

Soatw>2,1ffy Nt‘“whent—>0thenhme0 (t,7)dT =0

I.g=1 K (t,1)= \/Tr(lt_T) exp (— 4%:9)) . Then, taking into account formula 3.461(1) from[19],

t t
O/Kl(t,T)dTZO/\/ﬂ_(i_T)eXp( Z()T)) .
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- 2@ I T ORI ()
_HZ_2\/15—T’\/t T= 2z,d7’— 13 dz

S A R WA RS )

(1)
Y (STO) B (1)

2Vt
Thenif v () ~ ¢t when t — 0, at w > 0 we obtain
¢
\/ 1 2w—1 1 w 1 w—1
11n(1) K (t, T)dT—%gI(l){\/ﬂeXp(— t )—2t erfc(zt 2)}%\
0
Summarizing, we obtain if v (¢) ~ ¢ when ¢t — 0 at w > 0: llmeﬁ (t,7)dr, d& 5 and 0 <

5§10ratw>éandﬂ:0.

6. MAIN RESULT
Theorem. Integral equation (9) with kernel of the for and 0<B<1orat

1
w > 5 and 8 =0and -~y (t) ~ t* whent — 0 uniqu abl the class of continuous functions

for any continuous right-hand side.

This study was financially supported by ommittee of Science of the Ministry of Education and
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