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On a stability of a solution of the loaded heat equation

Steadily growing interest in study of loaded differential equations is explained by the range of their
applications and a circumstance that loaded equations make a special class of functional-differential equa-
tions with specific problems. These equations have applications in study of inverse problems of differential
equations with important applied interests. In this paper solvability questions of stabilization problems
with a boundary for the loaded heat equation are studied in the given bounded domain Q = (=7/2,7/2).
The task is to choose boundary conditions (controls), that the solution of the obtained mixed boundary
value problem tends to a given stationary solution with the prescribed speed exp(—oot) as t — co. At this
the control is required to be a feedback control, i.e. that it reacted to the unintended fluctuations of the
system, suppressing the results of their impact on the stabilized solution. Stabilization problems have a
direct connection with controllability problems. The paper proposes a mathematical formalization of the
concept of feedback, and with its help it solves the problem of stabilizability of a loaded heat equation by
dint of feedback control given on the part of the boundary is solved.

Keywords: stability, feedback control, loaded heat equation, boundary value problem, inverse problem,
Green function, eigenvalue, eigenfunction.

Introduction. In recent years, an increasing interest in studying loaded differential equations is manifested.
In this both the steadily extending field of their applications and the fact, that the loaded equations are a special
class of equations with specific problems, played a role.

In this paper, the statement of the inverse problem on the stabilization of solutions for the loaded heat
conduction equation using the boundary /conditionsis given. The theorem on the solvability of the inverse
problem is proved and an algorithm for approximate constructing boundary controls in the form of synthesis
is developed. The numerical calculations have been carried out, that show the effectiveness of the proposed
algorithm (Fig. 1-3).

Figure 1. Graphic of uq (¢) Figure 2. Graphic of usy(t)
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Figure 3. Graphics of 1 — ||y(z, 1) 1, (—r/2,7/2)
2 — Cy - exp{—oot}, where Cy = 2,6808 - \/m; « = 5, 09 =4,5

Statement of the boundary value problem. Search for such boundary controls ui(¥), us(t) € Lo(0,00), that
the solution y(x,t) of the boundary value problem

yt(mvt) - yxx(xvt) +ta- y(()?t) = Ov {I’t} S Q; (1)

y(=m/2,t) = wi(t), y(m/2,t) = wa(t), y(2,0) = yo(w), (2)

as t — oo approach zero as follows:

y(@, )| La(eaj2.m72) S Coe™ 7, (3)

where Q = {z,t] 5F <x < 7§, t >0}, a € C, g is the given positive number, yo(x) € L2(5*, §) is the given
function.

Equation (1) is called the loaded equation [1-3|. We note that the vast literature is devoted to the inverse
problems of the differential equations. Among them, we want to acknowledge the recently published textbook
for university students [4], which is@pparently the first textbook dedicated to the inverse and ill-posed problems,
and in which there is fairly detailed overview of statements current problems and unsolved problems.

On the solvability of the boundary wvalue problem (1)-(2). We write the problem (1)—(2) in the operator
form:

Ly = {yO’ U, U'?}’

where
L: LQ(Q) —F= LQ(*W/Q,’/T/Q) X LQ(0,00) X LQ(0,00),

and we give the definition of a strong solution.
Definition 1. The function y(z,t) € L2(Q) is called a strong solution of the boundary value problem (1)—(2),
if there exists'a sequence

{ys(e, )} € G (@) N C(Q),

such that
ys(z,t) = y(z,t) in La(Q), Lys — {yo,u1,uz} in E at s — oo.

The following theorem holds
Theorem. For any given controls uy(t),us(t) € L2(0,00) and any initial function yo(x) € Lo(=",5) of
boundary value problem (1)-(2) has the unique strong solution y(z,t) € L2(Q), and y(z,t) € W(0,00), where

W(0,00) = {v|v € Ly(0,00; Wy (—7/2,7/2)),v; € La(0, 00; Wy * (—7/2,7/2))}.
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Proof. We transform boundary value problem (1)—(2) to the following loaded integral equation

/2 t /2
vty = [ w©6ende—a [y0.0) [ cloge-nasars
—m/2 0 —7/2
t ¢
+ [ ui(r)Hy(x, t — 7)dT — | ua(7)Ho(x,t — 7)dT, (4)
/ /

where the Green function G has the form

G(z,&,t) Zsmn x +7/2)sinn(€ + 7/2) exp{—n’t},

n=1

and the functions H; and Hy are expressed in terms the Green function by the formulas:

Hl(xat) = G(w7€7t)|§:77r/27 H2(:E7t) = G(m>£7t)|§:ﬂ'/2‘

9 9
¢ 9¢
In turn, from (4) for the unknown function u(t) = y(0,¢) we obtain the following integral equation

t

w(t) + a/K(t —71)u(r)dr = F(t), t >0, (5)
0

where the kernel of the integral operator has the form
n 1

% Z 2n " el (20— 1)%1), (6)

the right-hand side of the equation represents .the sum F(t) = Fy(t) + Fi(t) + Fa(t),

where
/2

0= 23wt @n =170 [ wl@sintan - 16+ /26 (7)
- —m/2
t
Fy(t) = [ At~ ryusryar, j=1.2, ®)
0
the kernel A(t) is determined by the formula:
_ % Z 12 — 1) exp{—(2n — 1)%}. )

We note that expressions (6) and (9) are called the Dirichlet series with real exponents [5; 111].
We show, that the function K(t) € L1(0,00), and the functions Fj(¢), j = 0,1,2, belong to the space
L3(0,00). Indeed, we have

4 [ [exp{—(dn—3)%)  exp{—(4n — 1)} N
/ t)|dt = WZ:O/{ dt <+

(4n —3) (4n —1)

according to the formula 0.234.4 from [6; 9]: > (—=1)""'/(2n — 1)3 = 73 /32.

n=1
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We use the Cauchy inequality [7; 28]:

o0 2 o0 o)
(zanbn> Yy
n=1

n=1 n=1
where
/2
an = / yo(€) sin(2n — 1)(€ +7/2) €, by = exp{—(2n — 1)21},
—7/2

&)
and also the equality 0.234.2 from [6; 9]: > 1/(2n — 1) = 7%/8,
n=1

/ Fo(t)Pdt < C2 - Z / expl_2(2n — 11}t < ||yz||o oo
0 =
where
0o w/2 2
Ci=2 / yo(€)sin(2n — 1)(€ +7/2)dé | <lyollo
n=1
—m/2

Further, the functions Fy, F» are square-summable on the positive semiaxis, if the absolute value of functional
series (9) is integrable. To prove the latter we rewrite series (9) @s the sum of the differences:

At EZ 4dn — 3) exp{—(4n — 3)%t} —(4n 1) exp{—(4n — 1)*t}] .

>1

We note that each of these differences

(4n — 3) exp{—(4n — 3)*t} — (4n— 1) exp{—(4n — 1)*t} (10)
represents a alternating function of the variable ¢, which changes sign once from negative to positive at the point

tn = [8(2n —1)]7!In (4n — 1)/(4n — 3), and it is evident that t; > to > ... > t, > ..., t, = 0+ at n — oo.
So, the integral of the absolute value of each difference (10) on the semiaxis is equal to:

/ [(4n =3)exp{—(4n — 3)*t} — (4n — 1) exp{—(4n — 1)*t}| dt =

=2 [4n1_ 2 exp{—(4n — 3)*t,} — — exp{—(4n — 1)%}] - [4n1_ 3 4n1_ J ) (11)

Note that, by simple analysis to the maximum, we have that the following equality holds:

exp{ (4n —1)%*t,} =

exp{—(4n — 3)? n}—

1
in — 3

exp{—(4n — 3)*t} —

= _1\2
RS [4n -3 7 exp{—(4n —1) t} :

We take the sum of the right hand side of (11) from 1 to co and multiply the result by 2/7 (see formula
(9). As a result, taking into account the well-known equality

Z an—1

n=1
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we have -
13 (! .
AB)dt < =S L exp{—(2n — 1)%,)} — =,
[1atars 3G el on 1%} —
) -

where for all odd n : t, = t,,11 = t,. The series on the right side of the last inequality converges by Leibnitz
Theorem for alternating series [8; 302]. A positivity of the right side follows from relation (7).

Now it remains to use the convolution property (8) to obtain the desired properties of functions
F](t) € LQ(0,00) [97 9]

The existence and uniqueness of strong solution. Assume that functions yo(x), u;(t), j = 1,2, satisfy the
conditions of Theorem. And assume that problem (1)—(2) has two distinct solutions y;(z,t) and ya(z,t). Then
the difference g(x,t) = y1(x,t) — y2(z,t) is the solution of the following homogeneous boundary value problem:

{ @t(fﬂat)—ﬂm(x,t)‘Faﬂ(Oaﬂ :Ov ZL’ﬂfGQ; ( 2)
1
’g(.’IJ, 0) = 07 :Ij(—ﬂ'/2,t) = :l](’]'('/2,t) =0.
By taking a inner product of (12) with §(z,t) in Lo(—7n/2,7/2), we have
1d, . - - .
5 7 19@ BIIE + 192(z, O < lalVrl5(0. )] - [z, llo- (13)
Here and further we denote by || - ||o and (-, )¢ the norm and the inner produet in La(—7 /2, 7/2), respectively.

Then, using the Friedrichs’, Holder’s, Cauchy inequalities to the right side of (13), we have

d . . _ -
%Ily(zyt)llg + 1192 (2, )3 < lalPr?|g(a, )3
Hence, by Gronwall inequality [10], we have
- o1
Y(z,t) =0 € Loo((0, 00); La(—7/2, 7/2)) L2 ((0, 00); Wy (—7/2,7/2)),

i.e., the boundary value problem (1)—(2) has no more than one solution.

Hence it follows that the integral equation (5) has mo“more than one solution. Otherwise, if the integral
equation (5) has more than one solution, the boundary value problem (1)—(2) according to relation (4) would
also have more than one solution, which is impessible, as we have just proved. This means that integral equation
(5) in the class Lo(0,00) can have only ene solution. The uniqueness is proved.

The foregoing proof of the uniqueness without changes holds for the homogeneous boundary value problem
adjoint to (12):

/2
—m/2
p(x;00) =0, p(=m/2,t) = p(m/2,t) = 0.

We transform the boundary value problem (14) to the following loaded integral equation

00 w/2
pat) = —a / GO0, 2,7 — 1) / B(E, t)de dr, (15)
t —m/2

where the Green function G has the form:
2 o0
G, z,t) = — E sinn (€ + 7 /2) sinn(z + 7/2) exp{—n?t}.
T
n=1

Implies that (15) integral equation the corresponding to the boundary-value problem (14) adjoint to the
equation (5)
/2

v(t) +E/K(T —tv(1)dr =0, t >0, where v(t) = / p(&,t)d¢ (16)

—m/2
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and the kernel of the integral operator (in accordance with formula (6) has the form

n 1

% Z T exp{—(2n - 1)%t}.

Since the uniqueness holds for the adjoint boundary value problem (14), then integral equation (16) in
L2(0,00) can have only the trivial solution.

So, according to the theory of integral equations, in L4(0,00) integral equation (5) has a unique solution
for all F(t) € La(0,00). Consequently, it follows the existence of a unique strong solution of boundary value
problem (1)—(2). It remains to show that under the conditions of Theorem 1 the solution of problem (1)=(2),
represented by formula (4) belongs to the class Lo(Q).

We write a detailed expression for solution (4):

o w/2

v ) =23 [ (e sinn(e + n/2)de -sinn(a + /2) exp{-n’e)

™
n:li’n_/2

= 2n—1 )

ey P DO [expi-(2n— 12 - gl dr+

—l—% Zn -sinn(x + 7/2) /exp{—nQ(t = 7)buy(7) d7+
n=1 0
Z )yl s1nn(x+7r/2)/exp{ n? (= 7) Yua (T dT_Zy] (z,1). (17)
n=1 0

Hence the required property of the solution follows. Indeed, the first summand is estimated as follows (using
Cauchy inequality):

o [ /2 /o 1/2
T W (z) (zbz> ,
Yis
n=1 n=1
where
/2 oo
au=y [Nanle) sinn(e + m/2)dg, 3 faul? < () < oo,
—m/2 n=1
7T3
ba(z,t) = sinn(z + 7/2) exp{—n>t}, Zl 1bn (2, 8)12,50) = n Z =
Thus, we obtain:
Hyl(xﬂt)”L*z(Q) < OO,i.e.yl((L'ﬂf) € LQ(Q)
For the second summand ys(z,t) we take:
in (2 1 2 /
0, = V@) /exp{—(Qn C1)2(t - 1)}y(0, ) dr.

0

Taking into account the recent notations and applying the Cauchy inequality as in the case of the first
summand, as a result of simple calculations, we obtain:

ly2 (2, t)|| 1y (Q) < 00, ie. ya(z,t) € La2(Q).
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We estimate the third summand. For this we rewrite it in the form:

t

ys(z,t) = % Z sinn(z + 77/2)/nexp{—n2(t —7)}uy (1) dr =
n=1 0
% Z sin 2ma - S1, (t Z cos (2m — 1)z - So. (1), (18)

where
Sim(t / 1)™2m exp{—4m?>(t — 7)}u, () dr,
0

Som(t) = /(—1)m_1(2m — 1) exp{—(2m — 1)*(t — 7)}uy (1) dr.

Further, for the first summand of the right part of (18) we have:

> Sim(t) = Z/ [—2(2n — 1) exp{—4(20 — 1)2(t 1)} +
m=1 n=17
+ dnexp{—16n°(t — 7)}] ui (1) dT = Z SV (t). (19)

We note that in the last representation each summand imthe form of the integrand function enclosed in square
brackets changes sign from positive to negative only ence, and the point of changing the sign is determined by
the formula:

1 2n
t, = 1 s t1 >t > ... >t, -0 at n — oo.
Adn—1) "on 10 1T ab oo

We estimate the norm of the first sum'in (18) taking into account (19):

oo

< \/EZ 1575 ()] 220,009 - (20)

L2(Q) n=1

(t)

We now estimate each:summand represented as a convolution S, (¢):

ool t
1% (D7, (0,00) < / / (2n — 1) exp{—4(2n — 1)*(t — 7)} +
0 10

2

+ dnexp{—16n°*(t — 1)} ui(7) dr| dt <

. 2
< Jur ()12, 0,00 - /|_2(2n— 1) exp{—4(2n — 1)*t} + 4nexp{—16n°t}| dt
0
Now we compute the second factor on the right hand side in the last inequality:
(o)

/ |—2(2n — 1) exp{—4(2n — 1)*(t — 7)} + 4n exp{—16n>(t — )} dt =
0
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= / [—2(2n — 1) exp{—4(2n — 1)*(t — 1)} + dnexp{—16n°(t — 7)}] dt+
0

oo

+/ [2(2n — 1) exp{—4(2n — 1)*(t — 7)} — dnexp{—16n>*(t — 7)}] dt =
exp{—4(2n — 1)%*t,,}  exp{—16n>t,} 1 1
:{ 2 — 1 - 2n }_{2(2n—1)_4n}>0’

since a simple research to maximum of the function shows

ult) = RGP - SV tta) = s fen0)

Taking into account the calculations for the right hand side of (20), we obtain:

VQ/WZHSM [1200,00) < V 2/ [[ur(t)]l25(0,00)

b

x{ i [exp{—4(2n —1)%t,} B exp{—16n?t,}

2n —1 2n

n=1

since the series on the right hand side converge (by the Leibnitz.theorem as alternating series).
Analogous calculations (carried out for the first summand of the right part of (18) are valid for the second
summand of the right part of (18). Thus, we obtain the‘desired estimate for the third summand in (17)

lys()lLa(@) < oo
Now we show, that y(z,t) in (17) belongs to L2(Q). We have:

ya(z,t) = % Z sinn(z + 7/2) - Sy, (t),

where
t

Sult) = / (21" exp{—n(t — 7)}ua(r) dr.
0

Hence we obtain the following estimate:

1ya(; )l Lo (@) < \/2/7TZ 15 (8] 2 0.00)-

To obtain‘an estimate for the convolution S, (t) we rewrite it in the form:
oo o0
PIEACEDPEH)
n=1 n=1

where

SOt / [(2n — 1) exp{—(2n — 1)*(t — 7)} — 2nexp{—4n’(t — 7)}] uz(7) dr.
0

By arguing as in the estimate of y3(x,t), we obtain the required estimate |ly4(t)||1,(q) < oo

Thus, the first assertion of Theorem is completely proved.

The next section is devoted to the proof of the second assertion of Theorem, that is to the establishment of
additional differential properties of the solution of problem (1)—(2).
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On additional smoothness of the solution. We note that according to the theorem on traces [11; 32-33,
265-269] for the given functions u;(t) € L2(0,00), j = 1,2, there exists a function w(z,t) € W(0, c0), where

W(0,00) = {v|v € Ly(0, 00; Wy (—=7/2,7/2)),v; € La(0, 00; Wy *(—7/2,7/2))},

such that
w(—m/2,t) = u1(t), w(m/2,t) = us(t).

The boundary value problem (1)—(2) takes the form:

{ (y - w)t(xat) - (y - w)m(z,t) + O‘(y - ’LU)(O,t) = fl(xvt)v {‘Tat} € Q; (21)
(y —w)(@,0) =yi(z), (y —w)(=7/2,1) = (y — w)(7/2,1) =0,
where
{ fr = —wi(@, 1) + wae (2, 1) — aw(0,1) € La(0, 00, Wy ' (=7/2,7/2)); (22)
y1 = yo(z) —w(x,0) € La(—7/2,7/2).

Earlier, in [12] on the basis of a priori estimates established there and the application of Galerkin method it
was proven that boundary value problem (21) for any given functions fi(x,t) and y; (x); satisfying the conditions
(22), has a solution (y —w)(x,t) € W(0, 00), namely corresponding to (21) boundary value problem (1)—(2) has
a solution y(x,t) € W(0, c0).

Hence the second assertion of Theorem follows. Thus, the proof of Theorem is completed.

However, relation (3) requires the choice of boundary controls that would provide the decrease of Lo-average
values of the solution not slower than some exponent by time..Fourier method provides this requirement by
choice of those exponents {exp{—Ait}, k € Z} in the representation of selution through a series, where numbers
Ak, are defined by positive eigenvalues of the corresponding spectral problem, and which are not less than the
exponent of decrease in the exponent of condition (3).

Thus inverse problem (1)—(2) will be solved, if we find a way of constructing the controls u;(¢), j = 1,2,
that provides the existence only the exponents of the form {exp{—Ait}, k € Z} (where A\ > o in (3)), in the
presentation for the solution in the form of a series.

The following section of work is devoted to constructing and justifying the algorithm of choice of the desired
boundary control functions wu;(t), j = 1,2/ in the problem (1)—(2) and its numerical realization.

Solving the problem of stabilization by extension of domain for independent variables. We consider in the
domain @ = {z,t| — 7 <2 <, t >0} the additional problem

20 (2,6) — Zue (7, t) + - 2(0,t) =0, {z,t} € Qu; (23)

z(—m,t) =z(m,t), z.(—m,t) = zx(m, 1), 2(x,t)|t=0 = 20(x), (24)

where zo(z) is a function that must be defined.
We will seek a solution of problem (23)—(24) in the form

2@ty = Y Zult)ou(a). (25)
keZ

where {pr(x); k'€ Z} is the basis of the space Lo(—m,7) and Z = {0, £1,+2,...}.
For this, we consider the spectral problem corresponding to problem (23)—(24):
—¢"(x) + - 9(0) = Ap(x); (26)

(=) = p(n), ¢'(-m) = ¢'(m). (27)

We introduce the following notation Z’ = Z\{0}. For problem (26)—(27) we consider the following two cases.
19, The case when there is no such k € Z, that o = k?. The general solution of spectral problem (26)—(27)
has the form:

gpk(x) = Akei Ak + Dy, (28)
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and substituting (28) into (26) we find Dy, = O‘A’“ , here we take Ay = 1. Then it is necessary to take A\, = k2,

to satisfy conditions (27). Hence we can write the ﬁnal form of the solution of equation (26)
ikx a /
= — keZ.
(@) =T+ Ak —

For k = 0: po(z) = const, A\g = «; that is for the eigenvalue Ay = « it is possible to take the eigenfunction

wo(x) = 1.
Thus, we have the following system of eigenfunctions and eigenvalues

{op(x), \p; k€ Z} = {1, Ao =a; P 4 a " Mo =k% ke Z’}. (29)

k2 —

We note that the obtained system of eigenfunctions (29) is complete in the space Lo(—m,m), constitutes
a basis, but it is not orthogonal. Completeness of the system of eigenfunctions (29) follows from the known
theorem of Paley-Wiener [7; 224-227|. For (29) we will find a biorthogonal sequence in the'following form

{r(x), k€ Z} = {fo(x), e**, ke Z'},

where fo(x) is unknown function.
Using basis (29) we will seek the unknown function fo(z) in the form:

S )

nez’

from orthogonality conditions:
; e
(1, fo(z)) =1; (ezkz + PR fo(x)) =0, keZ.

From these conditions, we have:

(1, fole)) = /00+ZC (e n;ﬁg)]dx:

nez’
Hence it follows Cp = 5= — Y, 5 Cp - =5°—. Further

ikx «a inx o _ /.
<e + CO+ZC( n_a>>_o,kez,

nez’

(e%

neZ’

1
G =2 e+ Ot @ (—Co>:0,kez’.
k2 —« 2

Here we find C, : Cp = — k € Z'. Using the values C}, we rewrite Cy :

2
«@
1 .
3 (o) ]
Further, using the value Cy we write the desired function fy:

nez’
1 « . 1 « .
= — . |1 - LetnT | — T, = einT
fol@) 2m l Z n2—_a © ] 2m Z n2—_a ©

neZ’ neZz

27 k2a’

Co=—
0 2T

Therefore, for basis (29) a biorthogonal sequence is the following sequence:

(@), ke Z) = {;ﬁ > e o ke z’}, (30)

o
neZ

which defines in the space Lo(—m,7) a biorthogonal basis.
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20, The case when there exists such number k € Z, that o = k*. Let us ko be such number, namely o = k2.
The general solution of spectral problem (26)—(27) has the form:

r(z) = Ape™ T 4 Dy, (31)

and substituting (31) into (26) we find Dy, = A fere we take Ay = 1. Then it is necessary to take A\, = k2,

)\k-*a
to satisfy conditions (27). Hence we write the final form of the solution of equation (26)

or(x) = ™ 4 k€ Z'\{xko}.

(e
)\k—Oé7

For ko : ¢k, (z) = const, A\, = o = kZ; that is for the eigenvalue Ay, = o = k2 it is possible to take the
eigenfunction ¢y, (x) = 1. Further, the system of eigenfunctions and eigenvalues are complete, if we find the
associated functions that satisfy the following conditions

— Py (@) + @ 2y, (0) = kg, () = i (32)
B (=) = B (1), Bl (=) = P (7). (33)

The general solution of spectral problem (32)—(33) has the form
ako (l’) =C+ Aleikoz + A2e—ik0x. (34)

Substituting the general solution (34) into (32) we find a(A; + As) = &, here we take A; + Az = 1. The
associated functions are {e*iko},
Thus, we have the eigenvalues and the corresponding eigenfunctions

{pr(x), Ag; k € Z\{£ko}} =

N {1’ Ao = kg; ™"+ k2 &b’

e =k, k€ Z’\{iko}} (35)
and the associated functions _
{@1ko(x), Mo} = {eilkox, Ao = k% = oz} . (36)

Here, the constant is an eigenfunction ¢ortesponding to the eigenvalue \g = kZ = a. Furthermore, we note
that zero is not an eigenvalue. In this case, the system of eigenfunctions is not complete and not orthogonal in
the space Lo(—m, ).

Combining (35) and (36), we obtain the complete system [7; 224-227]:

(Pk(]f), Akv kel}= 17 AO = k2, €iik0z, )\0 = k2 = qQ;
0 0

eibe 4 2 ~ e =k ke Z’\{iko}}. (37)

2 _
For (37) the biorthogonal/'sequence is
{r(z); k€ Z} ={fo(x), €™, keZ'},

where it is‘necessary to find unknown function fo(z) by the following way:

fo(z) = Co + Z Chn <6im+ 2a

> + Ckoezkoa: + C_koefzkoa:’
n® —ao
n€Z’'\{xko}

from orthogonality conditions
; !
(L, fo(x)) = 1; (6”” + vao(m)) =0, keZ\{*ko};
=0.

(e, fo())
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From these conditions we find:

(1, fo(z)) =27 -

(67

neZ'\{tko}
Co= 4 Y G e
"7 o " n2—a
neZ'\{xko}

Further

ikx o ikx o inx o
<€k +M,f0($)><€k +m, C0+ Z Cn<6 +n2—a>>:0;

neZ\{+ko}

ke Z'\{%xko}.
Hence it follows

[e% - 1 o '
Coa—tOtm—- (%_C()) =0, ke Z{Ek}-
Here we find Cj:

1 o
=—— —— ke Z'\{Fko}.
Cr o _a 'S Mtko}

Using the values C} we rewrite Cy:

neZ\{xko}

Next, using the values Cy we write the desired function fy:

1 o inx
fo(f):—%Zm'e :

nez

So for (37) the biorthogonal system is

2r n? —aq
nez

{Yr(x), kEZ}:{ ! Zi-eimﬁ, et keZ’}. (38)

This system also defines a bierthogonal basis in the space Lo(—m, ).
To determine the Fourier coefficients of expansion (25) we have Cauchy problem:

Z(t) + M Zi(t) = 0, Zg(0) = 2ok, k € Z, (39)

where zoj, are the expansion coefficients of the function zo(z) on system {py(x)}.

The solution of Cauchy problem (39) has the form: Z(t) = zope !, k € Z.

We will further assume that in the space La(—m, 7) we have:

— basis {yx(x), k € Z}, composed of the system of eigenfunctions (29) or of the system of eigenfunctions
and associated functions (37);

— and the corresponding biorthogonal basis {¢(x), k € Z}, (30) or (38).

Then the solution of original initial-boundary value problem (23)—(24) can be written in form (25):

2
2(x,t) = zo0e” “Fipo(x) + Z zore " Lop(z), (40)
keZz’

where
T

20k = /wk(x)zo(x)dm, keZ,

—T
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are Fourier coefficients zo(z), where ¥y (z), k € Z, are defined by the formulas (30) and (38). From (39) and
(40) it follows directly that if
zon =0 at k% < og (41)

and
200 #0 at Rea > 0g; 290 =0 at Rea < oy, (42)

then solution (40) of problem (23)-(24) will satisfy the inequality
[2(z, )] Ly (—m,my < Ce™ 70"

We denote by Zg (Zo C Z) the set of indices k that satisfy conditions (41) and (42).
Now, with the restriction operator (_r,, and (/o we find the desired controls

ui(t) = Capafz(z, D)}, ua(t) = Gryofz(z, 1)}

It remains to construct an extension operator of the function yo(x) up to the function Zy(x), defined on the
interval (—m, ),
E: LQ(_W/zvﬂ-/2) — LQ(_T“ 7T), Le. (4(—7r/2,7r/2)EZ/0)(33) = yO(x)a (43)

so that the Fourier coefficients zgx of function zyp = Fyg (43) would satisfy conditions (41) and (42). Here we
use the notation ((_r /2 x/2) for the restriction operator {(_ /2, r/2) : Lo(—7, %) = Lo(—7/2,7/2).

By arguing as in the lemma of [13] we obtain the following lemma.

Lemma. For each oy > 0 there exists a continuous extension' operator E in (43), that for all yo(x) €
€ Ly(—m/2,7/2) equality holds

/wk(:z:)(Eyo)(x)dx =0, Vk € Zo: |k|.< oo (44)

Proof. We define the operator E (43) by the formula

yo(x), T E(=7/2,7/2);
Eyo(z) =

z(x), e (—m, =7/2) U (n/2,7),

where the function z1(x) to be determined. By wvirtue (44) z1 (x) must satisfy the system of equations:

On®) - Sh(x)de = — / Dn(@) - vo(x)de = —Go(k), k € Zo. (45)

(=7, —7/2)U(m/2,7) (—=7/2,m/2)

We seek the function 2 () in the form:

z(z) =Y 2(i);(). (46)

J€Zo

Substituting (46) into (45), we obtain a system of equations to determine z3 (j):

> anzi(G) = —To(k), k € Zo, (47)
J€Zo

where yo(k)'is defined in (45), and the coefficients ax; are determined by relations:

w= [ R ke (48)
(=7, —7/2)U(7/2,7)

The matrix A = ||ay;]| is positive. Indeed, if

U = {qZk, k€ Zy} and Y = Z Un “Yr(T),

keZyg
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then by virtue of (48)

A0, 0) = 3 ay by b= ) [ v B b0 -
k.j€Zo k’jGZO(—ﬂ',—Tr/2)U(7r/2,7T)
S B W RS Sern
(—m,—7/2)U(r/2,m) IEZ0 k€Zo
_ / @) - (w)de = / b (2) 2 > 0. (19)
(=m,—7/2)U(7/2,7) (=7, —7/2)U(r/2,7)

If for some ¥ in (49) the equality holds, then

Y(x) = Z szdzk(x) = 0 and hence @Zk =0, Vk € Zy.

k€Zo

Hence det ||ay;|| # 0 and therefore system (47) and formula (46) uniquely determine operator (43), satisfying
all the conditions of Lemma.

An algorithm for solving the inverse problem. The results of the preceding sections allow us to implement
the following algorithms of approximate constructing the boundary control functions (and even in the form
of synthesis, processing their random perturbations), providing moenotonic decrease in time, not slower than
the given exponent according to formula (4) in La(—7/2,7/2)-norm of the solution. The latter is achieved by
fulfillment of requirements (41) and (42).

Step 1. According to original boundary value problem (1)~(2) at half-strip of the width 7 with non-
homogeneous Dirichlet boundary conditions and initial condition on the interval (—m/2,7/2), given by the
function yo(x), auxiliary boundary value problem (23)—(24) is posed on the extended half-strip of the width
which is equal to 27, with periodicity conditions (instéad of the-Dirichlet conditions) and the initial function
zo(x) on the interval (—m, 7). The function zo(z) will be defined as the continuation of the given function yo(z).

Thus, in auxiliary boundary problem (23)—(24)"it. is necessary to complete the definition of function zo(z)
on the interval (—m, 7), so that for the solutions z(x,t) of problem (23)—(24) requirement (4) would be fulfilled.
In this case, condition (4) holds for its restriction y(z,t) and the required boundary controls ui(t) and us(t)
will be determined as traces of the function z(z,t) when x = +7/2.

Step 2. Constructing the complete biorthogonal systems of functions on the interval (—m, ) by solving the
corresponding spectral problems.

Step 3. We find the coefficients of the expansion of the required function zo(x) on the interval (—m, ) by
complete biorthogonal system that constructed in the preceding step, so that conditions (41) and (42) were hold.
We note that conditions (41),and (42) provide the fulfillment of requirement (4) to solve auxiliary boundary
value problem (23)—(24).

Step 4. According to.solution z(x,t) that is obtined of auxiliary boundary value problem (23)—-(24) we find
the solution y(z,t) lof original boundary value problem (1)—(2), satisfying required condition (4). We find the
boundary controls uy(t) and us(t) as traces of the solution z(z,t), that is

ur(t) = 2(x,t)|g=—r/2,  u2(t) = 2(2,1)|p=r/2-

The main step of the algorithm is the third. The constructive realizability of step 3 is mathematically
justified by Lemma.

Conclusion. In this paper the statement of the inverse problem to stabilize the solution of the loaded heat
conduction equation using boundary conditions is given. Theorem on solvability of the stated inverse problem
is proved. An algorithm of approximate construction of boundary controls in the form of synthesis is developed.
Numerical calculations were carried out, that showed the effectiveness of the proposed algorithm. We note that
within this work the load is determined at the point x = 0. This unessential condition, the results can be easily
extended to the case of an arbitrary point in the interval (—m/2,7/2).
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M.T. ?Kuenoyiues, M.M. Amanranmena, K.B. maunbepaues, M.J. Pamazanos

2KyKTeJIreH KbLTYOTKI3TINITIK TEeHAeyi IeImTiMiHiH
CTaOMJIN3AMUACHI TYPaJIbl

ZKykrenren nuddepeHumaanbK TeHIeyIep/ii 3epTTeyre YHEeMI apThIl Kejle KATKAH KbI3bIFYIIbLIBIK YKYK-
TeJITeH TEH/IeYJIEPp HAKThI €CENTepre KATHICTHI (DYHKIIHOHAJIBI-Tu(dMEPEHITNAIBIK, TEHIEYIEP/IiH apHalbl
KJIACHIH KAJIBIITACTBIPYBI CHIHIBI KOCHIMITIAJIApPBl MEH KarmasTTapblHa OaillaHbICTBI TYCiHAipizemi. By
TeHIeyIep MaHBI3Ibl KOJIIaHOAbI TAPTHIMIBLILIFEL 6ap aAuddepeHnraIabK TeHIeyAePIiH Kepi ecenrepin
3epTTeyle apHaJFaH KocbiMmnasgapra ne. Makanaga ) = (—m/2,7/2) mexresared o0JIbICHIHIA KYKTEIIeH
KBITYOTKI3TITIK TeH eyl YITiH meKapa apKbLIbl CTAOMIN3AIUsIay eCeNTEPIHIH MenIeTiHIir Moceterepi
3eprresren. Mocese mekapanblk mapTrapis! (6acKapyabl) Tangay KesiHie aJblHFaH apasac METTIK eCenTiH
menimi ¢ — 0o 6osrana GepinreH exp(—oot) KbULJAMIBIKIIEH Ge/Irill cTanoHap NIeniMre yMThULY BIHA.
Combiven karap 6ackapy Kepi 6ailylaHbICTBI GOJIYBI TAJIAll eTijiell, SFHu OJ1 KyHeHiH KyTijiMereH iyk-
TyalMsIapbIiHa >Kayal 0epe OTBIPHII, OJIAP/IbIH, IIENIMHIH CTAOMTU3AIUICHIHA 9CEp €Tyl HOTUXKeJIepiH Oa-
cybl Kepek. Crabunusanust ecentepi 6acKapbIMIBLIBIK, MOCEIEIEPIMEH TiKe el baitTaHbICTBI. ABTOPIap Kepi
GallyTaHbIC YFBIMBIH MATEMATUKAJIBIK (DOPMATM3AIAIAYIbl YCHIHALI KOHE JIe OHBIH KOMETiMeH YKYKTEe/TeH
KBLTyOTKIZMIITIK TeH eyl mekapa afiMarbiHga OepijireH Kepi OailjilaHbICThI 0ACKAPY apPKbLIbI IIEIiIe]T].

Kiam cosdep: crabunmsanus, XKYKTEITEH KbLIYOTKIZMIITIK TeHAeyl, MEHIIIKTI MOH, MEHITIKTI (OyHKITHAS.
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M.T. JIxxenanues, M.M. Amanranuesa, K.B. Uman6epaues, M./. Pamazanos

O CTa.GI/IJII/IBaHI/II/I permieHnsa Harpy>keHHOI'o
YpaBHEeHHN:d TellJIOIIPOBOAHOCTHA

IlocrosauO pacTymmuit MHTEpeC K M3yYE€HUIO HATPYKEHHBIX AuddEePEHNNATbHBIX YPABHEHN 00bsICHSIET-
Csl UX IPUJIOXKEHNEM UM TeM OOCTOSTEJIbCTBOM, YTO HArPYKEHHBbIE ypaBHEHHs OOpa3yIOT OCOOBIi KJjacc
dyukmonaabHO- UMD GEPEHINAIBHBIX YPABHEHUN ¢ KOHKPETHBIMY 33/1a9aMi. DTH yPABHEHUS NMEIOT IIPH-
JIOXKEHUA JJTst U3ydeHnss OOPATHBIX 337a49 JuddepeHnnaabHbIX YPABHEHUH ¢ BayKHBIMU TPUKJIATHBIME WH=
TepecaMu. B cTaTbe ncciie10BaHbI BOIIPOCH! PAa3PENINMOCTH 33/1a49 CTAOMJIN3aIUHU C TPAHUIE /111 Harpy >KeH-
HOI'O yPaBHEHUs TEILUIOIPOBOIAHOCTU B 33JaHHOI orpaHnveHHoi obiacru ) = (—m/2,7/2). Sanaga 3akimo-
9aeTCsl B BBIOOPE TPAHUYHBIX YCJIOBUH (YUpPABJICHHMIR); PEIICHHE IOy I€HHON CMEIIAHHON KpaeBoi 3a1aum
CTPEMUTCSI K 33JIaHHOMY CTAIlMOHAPHOMY DPEIIEeHHIO C 3aJaHHON CKOpPOCTbIO exp(—oot) npu t — oo. Ilpn
9TOM TpebyeTcs:, ITOObI yIpaBJeHHe ObLIO C 0OpATHON CBA3BIO, T.€. YTOOBI OHO PEAarupoBaji0 HA HEIIPEIy-
CMOTPEHHbBIE (DIIYKTYAINI CUCTEMBI, TIOJABJISIS PE3YAbTATH UX BO3IEHCTBUS HA CTAOUIN3UPYEMOE DEITIeHHE.
SBajaun crabuiMsanyuy UMEIOT HEIIOCPEJCTBEHHYIO CBsA3b C IpobijemMaMu yrpasisemocru: B pabore npes-
JIO’KEHa, MaTeMaTudecKas: (popMasIi3aliisl HOHITHS 0OPATHON CBSI3H, U C €ro IOMOINBIO PEIIAeTCs 3aatda O
CTabUIN3UPYEMOCTHA HATPYKEHHOTO YPABHEHHS TEILIOMPOBOIHOCTU MOCPEICTBOM yIDABIIEHUsI C OOpATHOMN
CBSI3bI0, 33/IAHHOTO HA YACTHU I'DAHUIIBL.

Karoueswie caosa: crabunmsanys, ypasieHue ¢ 0OpaTHO CBSI3bI0, HAIPY?KEHHOE yPAaBHEHNE TEILJIONPOBO/I-
HOCTH, KpaeBas 3ajia4a, obpaTHas 3a7a4a, dpyuknus ['puna, cobcTBEHHOE 3HAUEeHHE, COOCTBEHHAS (DYHKITHS.
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