ISSN 15630277, eISSN 2617-4871 JMMCS. Ne3(119). 2023 https://bm.kaznu kz

IRSTI 30.19.33 DOI: https://doi.org/10.26577 /IMMCS2023v119i3a7

O. Khabidolda'* ", S.K. Akhmediyev? ~, N.I. Vatin® "~ ,

L. Abeuova? =, A. Nurgoziyeva?
Karaganda University named after Academician E.A. Buketov, Kazakhstan, Karaganda
2 Abylkas Saginov Karaganda Technical University, Kazakhstan, Karaganda
3Peter the Great St.Petersburg Polytechnic University, Russia, St.Petersburg
*e-mail: oka-kargtu@mail.ru

STUDYING DYNAMICS OF A CANTILEVER BAR WITH VARIABLE
BENDING STIFFNESS

In this paper, there are studied the dynamic processes (free and forced oscillations)iof isotropic
cantilever plates in the form of an isosceles (wedge-shaped) triangle. In'the study, the finite
difference method has been applied using a regular one-dimensionalglinear) grid. The finite-
difference equations developed by the authors for point-distributed/masses along the length of
the wedge are presented, taking into account the linearly variable Bending stiffness. On this basis,
the results of studies in the form of amplitude-frequency, characteristics (frequencies, dynamic
forces and deflections) in the resonant and near-resonant regions have been obtained. The content
of theoretical provisions and applied results can be widelypusedyin the scientific and engineering
fields and in the field of mechanics of structures.

Key words:triangular plate, numerical method, grid method, dynamic deflections and forces,
variable bending stiffness, bar analogy, frequency spectrum;’amplitude-frequency characteristics.
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B nannoii pabore ucciemyoTes JMHAMAIECKUe IIPOIecchl (CBOGOIHBIE U BBIHY XK JI€HHbIE KOJIeOaHus)
M30TPOIHBIX KOHCOJBHBIX IJIACTHH B (OpME PABHOOEJAPEHHOro (KIMHOBHUHOIO) TPEyTOJIbHUKA.
st mccieIoBaHWsl MPUMEHEH METOJi KOHEYHBIX Ppa3HOCTEl C UCIIOJIb30BAHUEM PEryJIspPHOI
omaoMepHOi  (yimHeitnoit) cerku. Ilpusesennbl paspaboTaHHbIE ABTOPAMH KOHEYHO-DA3HOCTHBIE
ypaBHEHUS JJIsT TOUYETHO-PACIIPEIETECHHBIX MacC 0 JJINHE KJINHA C YIeTOM JUHEHHO-TIepeMeHHO
n3rubHoit kectrkocTH. Ha mMX OCHOBE MOJIyYeHBI PE3yIbTATHI MCCJIEIOBAHNN B BUIAE aMILIMTYIHO-
YACTOTHBIX XapaKTePUCTUK (YacTOTHI, JMHAMHUYECKHE YCHJIMS M IIPOrMObI) B DPE30HAHCHOH U
-OK0JIO pe30HaHCHOi1 obstacTsx. Cojep:kaHne TEOPEeTUIECKUX IMOJIOKEHU U IIPUKJIAIHBIX PE3YIib-
TaTOB HAWJIET IUPOKOE IPUMEHEHNEe B HAYYHON M WHXKEHEepHO! cdepax m B 0b/iacTu MeXaHUKHI
KOHCTPYKIMNA U COOPY2KEHUNA.

Kirouessie cioBa: TpeyroJibHad IIJIaCTUHA, YUCJIEHHbIN METO/, MeTO/ CeTOK, JIMHaMUIeCKLIe
HpOFI/I6bI n ycujius, IepeMeHHast N3ruOHAs 2KEeCTKOCTb, CTEpKHeBasdd aHaJIOTusd, CHEKTP TacCTOT,
AMILIUTYTHO-9aCTOTHBIE XapPaKTEePUCTUKUA.

1 Introduction

Thin triangular plates (two-dimensional mechanical systems)tare/widely used in various
branches of technology in the form of load-bearing eléments of various designs.

The theory of calculations of triangular plates wag préviously widely studied by scientists
[1-3]. At the same time, the calculation of cantileveritriangular plates still creates some
technical problems due to the presence of edges, free from fastening, as well as due to the
fact that a zone of zero bending stiffness4s formed at the apex of the triangle, which leads
to mathematical uncertainties.

Works [4, 5] study the bending of €lastic isotropic isosceles triangular plates with the
following boundary conditions: hinged or rigid edges; they were calculated using the finite
element method with the use ofsapproximating functions. As an example, a calculation is
given for the bending of a plate in the form of a right-angled triangle with hinged support
along the contour.

Studies [6, 7] considepth®static calculation of triangular plates with hinged edges by the
Ritz method for bendingy@ive the corresponding formulas for the analytical determining of
the coordinate funetions coefficients used to calculate the bending deflections, and perform
the calculation for bending under the action of a concentrated force.

The considered triangular plates of regular and irregular shape with different boundary
conditions are widely used in the form of elements of buildings and structures, machines
and meehénisms. In [8-10], several exact solutions are given for triangular plates with
homogeneousfboundary conditions (either hinged support along the entire contour, or rigid
pinching). In other cases, variational methods are used [11, 12|, such as the finite difference
method [13], as well as the finite element method [14]. Methods of solving dynamic problems
for triangular plates are presented in the reference manual [15]. In works [16, 17|, a method of
solving triangular plates in single trigonometric series is considered only in cases of continuous
support along the contour. Paper [18] outlines the theoretical foundations of an original
engineering method of solving problems of the technical theory of plates: the method of
interpolation by the shape factor. The method is based on the use of isoperimetric properties
and patterns of change in the shape factor of the area under geometric transformations, which
also allows calculating triangular plates. In [19, 20|, the possibility of applying the method of
interpolation by the shape factor to the calculation of triangular plates from an orthotropic
material is considered.
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In [21], a geometrically nonlinear problem of bending a cantilever bar is considered; an
analytical solution is applied for the case of the Cosserat-Timoshenko bar (taking into account
bending, shear, and tension rigidities), in contrast to the previously known Kirchhoff models.
The given results can be used in verification tests of various software systems.

In the other works, there are considered the problems of various structures dynamics, such
as plates, bar systems, including the problems of dynamic stability in eccentrically compressed
metal rods under the action of stationary and moving dynamic loads [22, 23|, compasite bars
[24], bar dynamics in case of longitudinal impact, taking into account the gurvature of the
bar and the eccentricity of the load.

2 Theoretical provisions and methods of calculation

Cantilever bars with bending stiffness that varies linearly (in the form of a triangle), the
so-called "wedge-shaped'"bars, are widely used in various branches of technology: mechanical
engineering, construction, aircraft shipbuilding, transport, enérgy, etc. In this regard, their
calculations for strength, stiffness, stability, especially umdes various dynamic effects, are of
current importance to this day. Here there is considered a cantilever bar with variable bending
stiffness under dynamic load P(t) (Fig. la)

a) Zf

g | /Oag’/'ng
{pomt
SIIER e i St e il e 4
g :
0.5
H=0.50tqa
s P(t)=Bsint

MY O O omem @ G @
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c) yf
©) @) (OO, (D

image 1: Towards the calculation of the cantilever bar of variable bending stiffness a) - given
pattern; b) - calculation pattern of the finite difference method; ¢) - linear grid pattern

0,015625(a’tga)hry 0,2344(a*tga)hy
Mo = Mg = ymyp =

9 g

= 15m0



80 Studying dynamics of a cantilever bar with variable ...

EJy = B4 = 0,0833ah?
EJs = B0BEL — 0 075E.J,
EJ, = (0,75+02,25)EJ0 —0,5E.J,

EJy = OBH0ED —  125E.],

In a particular case, the dynamic load P(x)can be vibrational, i.e. P(t) = P sint.

Here: Eis the modulus of elasticity of the material, h is the thickness (rod height); 7 is
the volumetric weight of the material; ¢ is acceleration of gravity; F, is the amplitude value
of the dynamic load, t is time factor, € is the circular frequency of the disturbingadynamic
force.

The aim of the study is to solve a dynamic problem: to detefmine ‘the frequency
spectrum and forms of natural (free) oscillations without taking inte ‘@€count deformation,
to identify amplitude-frequency characteristics, to determine the dymamic forces of inertia,
displacements, internal forces, to study resonance phenomena.

The research method is the numerical method of finite differénces (FDM) using a regular
"linear"grid [25-27]. To illustrate the main theoreticalyprevisions and applied results, a small
“density” of the grid (n = 2 ) was adopted (Fig. 1b). If ifis necessary to increase the accuracy
of the final results obtained, in the future, the reséarehertean increase the “density” of the
grid and apply the appropriate electronic computeritechnology.

The initial differential equation of dynamic proeesses of bars with variable bending
stiffness has the form [28]:

[BJ(x)y"(2)] — wm(z)y(e) 2ty (1)

where y = y(z) is the transverse (bending) movement of the beam axis; ¢(t) is the given
dynamic force (load); w is the, cirewdar frequency of the beam free oscillations; m(x) is the
value-variable mass along/the beain length.

The considered systemg(beam) dynamics will be studied in two stages: 1) free oscillations;
2) forced oscillations.

3 Free oscillations,(without taking into account damping)

In this'eagé theright part of equation (1) transforms into zero, since ¢(t) = 0.

To apply the FDM, there is used a “linear” grid that divides the length of the beam “H”
into two equal parts (n =2 ), with a grid step A = 0,5H.

Then equation (1) for the i-th grid node (Fig. 1c) in finite differences (taking into account
the bar variable bending stiffness) will take the form (for free oscillations):

drys — 2(dy + di)yx + (di + 4d; + do — Xi)yi — 2(d; + do)ye + doye = 0, (2)
where d; = Ji/JO,d: = JZ/JO, dy = JZ/JO, Jo = 0,083at? is the linear (initial) value of the

beam inertia moment (at node “5”;

m; mow?
X0 =
m[), EJO

Xi = Xo A (3)



0. Khabidolda et al. 81

is the frequency parameter for free oscillations.

There is obtained finite-difference equation (2) for the analysis nodes of the grid (i =
1,2) (Fig. 1b), and a result a system of linear algebraic equations (SLAE) of the 2"¢ order.
By solving it, there are determined the y; and y, values. Then, from formula (3) there is
calculated the w;value:

o= Y [BD TG [EL S [ )

When writing equation (2), the deflections of the contour nodes of the "inear"grid will
also be "captured nodes (3, 4, 6); their values will be excluded from the(boufidary conditions
at the ends of the bar (at nodes 5, 2):

Yo = Y15 Ys =2y2 — Y15 Ya = 4y2 — 2y1. (5)

Taking into account expressions (5), there is obtainedycorrésponding resolving equations
of the FDM:
) node 1 (d5 J5/J() = 0 375J0, d1 Jl/J() = O, 5; d2 = JQ/JO = O, 125J0, X1 = 15X0);

(0,375)y1 + (1 +4-0,54 0,125 — 15xohgr — 200, 5 + 0, 125¢) y2 + 0,125 (2y2 — y1) = 0;

(3,375 — 15x0) y1 — y2 = 0. (6)

b) node 2 (dl = 0,5;d2 :O, 125,d3 — 0,0;XQ :Xo);
—2(0,5+0,125) 41 40, 5% 4 - 0,125 + 0,0 — xo) yo — 2+ 0,125 (2y5 — y1) = 0;

—O, 75y1 + (0, I Xo) Yo = 0. (7)
Two eguations (6)and (7) are brought into a single SLAE:
(3, 37— 15X0) Y1 — Y2 = 0; (8)
—O, 75y1 + (O, o — Xo) Yo = 0.
According to (8), there is made a characteristic equation to determine the spectrum of

free oscillations frequencies (in the form of the 2"¢ order determinant):

(3,375 — 156x0)  —1,0

D:‘ 0,75 (0,5 o)

—0. 9)

By opening determinant (9) there are determined x¢1; Xo2 :

Xo,1 = 0,606; xo02 =0,119. (10)
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Based on (10) and according to formula (4), there are calculated:

1,38 [EJ, 3,114 [EJ, (1)
— Wy = —
€2 mo ’ 2 €2 myo

In work [28] there is given the result w} = %M% (the deflection from th€ authors’

result makes 12.7%). This error can be reduced by increasing the grid démsitym(by taking
n > 2).

According to (10) and system of equations (8), there are determinedstheéyratios between
the amplitude displacements with the principal forms of the free oscillations:
a) the 1° principal form o1 = 0,606

w1 =

5,715 — pgy = 0: pog = 222 = _5,715.

Y1
5) the 2"¢ principal form xg 2 = 0,119

1,59 — pas = 0: pop = 222 = 1, 50.

Y12

Fig. 2 shows the principal forms of the freeyeséillations in the form of “standing” waves.

The-2%fom: | o = ot ol | The-1fom | g = 2o [ |
Y &a & f £\ m,
. <”:;,0 N iy m,
PN T —
2) %
i_f/ + \\ O 5 MLJ\ Yoz
o, \ My | ™
Ju | o

<N w

image 2: Principal forms of free oscillations

4 Forced oscillations under the action of the harmonic vibration load

The differential equation of forced oscillations of bars with variable bending stiffness has form

(1), while it is necessary to take (w = #) (@ is the circular frequency of forced vibrations (see

[28]). The concentrated load P(t)can be written in terms of the equivalent load ¢(t) (Fig. 3).
According to Figure 3a,b there are the following:



O. Khabidolda et al. 83

P_
Cj) Mon*/D/ P(ZL)
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image 3: Substitution of load type

M?P = P(t)- ¢
op
Mgp = q0€2/6 } (12)
By equating the left and the rlght parts o , there is obtained: P(t){ = qo(?/6; from

here

Q=75 \ (13)

P(t) = Bysin (14)

the amplitude of external load.
Equatios s written down in the finite differences based on expression (2) with taking

al?
drys — 2(dy, + di)yx + (di, + 4d; + do — x3)yi — 2(d; + do)ye + doye = (q;)EJO ) ; (15)

where

m;0?\* G mow? A4 m;
Q= — = ; i = ;
EJO qo Xo EJO X Xo mo

Xi =
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6P

7; 0 = Buwi,

qo =

here 8 =0,5; 1,0; 1,5; 2,0 is the coefficient for studying the change of amplitude-frequency
characteristics.

1,38 [EJ
0=p 72 Foo; Xi = yimof = 0/wi; v =m;/mo;

1,9044~; 32
Tt

(16)

i

5 Results and discussion
According to Figure 1b: 73 = 15;9 = 1,0; a1 = 0,8q0mae = 0, 125¢0; (n = 2) is the grid
density.
According to (16), with n = 2:
xi = 0,11903v;8%,i = 2. (17)
There are obtained finite-difference ‘equations (15) (taking into account expression (17)
for the analysis nodes of the grid i ="g2(Fig. 1b):
a) node 1 (d5 = 0,375; dy =00,5% dy = 0,125; v =15; a3 =0,5);
0,375y + (1+4-0,5+0, 125~ 1, 78545 82)y; — 2(0, 540, 125)y2+0, 125(2y2 — 1) = 0, 5goA*

or

0, 5o\
(3, 35 T78545 - B2) + yo(—1,0) = o0 (18)
EJo
b) node @ (d; = 0,5; do = 0,125; dy =0,0; ~ =1,0; oy = 0,125)
—2(0,5+0,12551) + (0,5 +4- 0,125+ 0,0 — 0,11903 - 52)yo—
—20,125(0,5 + 0, 125)ys 2y — 1) = 212000
0, 125g\*
y1(—0,75) + 42(0,5 — 0,11903 - %) = E—Jq“ (19)
0

When bringing equations (18), (19) into a single SLAE and accepting \ = E/Q as a grid
step, there is obtained along the X axis:
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(3,375 — 1,78545 - %)y, — yp = BT (20)
—0,75y1 + (0,5 — 0,119035?) = 2200200

System (20) is solved with the values of (5 =10,5; 1,0; 1,5; 2,0):
Then there are presented the results of calculations for the option of 5 =0, 5.

0,03125¢p A%
(—2’ - _+y2 o T 4 (21)
0,75y1 + 0,47y = %
- 0,69 [EJ,
0, = ; By
1 = 0, 5w 5 .

a) there are determined displacements from the solution“ef equation (21):

©0,036g0f*  0,074qyl*
v = EJ(] y Y2 = EJO .

b) there are calculated inertia forces @ccording to [29]:
Jr =Y (0, =0,50). (22)
fome?
According to formula (20} there are the following:

T — Y11 » 0,0036
U1 5my (Tjpw)? 0,4761 - 15

Y21 0, 0074 4 1, 38 EJ()
I = - = 155,43 - 10%q,w; = o0 | =22,
2 = (0, 501)2 _ 0,4761- 1 ’ A=\ T

There are calculated the ordinates of the dynamic moment curve (Af,) by the finite
difference method (according to [26]):

=5-10%;

d? — 2y,
T_Ykm ity EJ,. (23)

ST \2

M, = EJ;
dx;

According to (23):
M = 0 (the cantilever end);

My = ql*(y; — 241)0,5 = 2¢¢*(0,074 — 2 - 0,036) = (40 - 10~*)q/*;
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a)
m? m2
(=) .51 W 0.5/ =
5)
\—0,038 y=0,074
prs 155,43

¥
”  Snnunill
—rrTT 1 |
d) I
e)
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image 4: Towards calculating a cantilever trianguldr bar“a) — calculation pattern; b), c¢) —

. EJo . . Ji*-l()4
deflection curve |(y; - ot and inertia forces )

d) — static bending moment curve

104

(M -10%*(ql?)); e) — dynamic moment curve (Md o

Ms = q£*40, 375(2y1) =(0, 108)q¢>.

According to Fig. 3: Mipax= Ms = 720 - 10~%q¢? = 720 - 10~* - 6pol = 0, 432po /!

Table 1 showsythe results of calculating amplitude-frequency characteristics of the
considered structwe (Fig. 1la) with changing the 8 = 0/w;ratios.

Table 1 — Resultgyof calculations depending on the § parameter changes

B0, by |G Dynamic Inertia forces Dynamic
displacements moments
(7 Yo Ji Js M, M;
0,69 /EJ o4 s
0,5 02/ ER 10,0364 | 0,044 |05 155 40 .| 1080 -
10~%q 10~%q 10~%qf? | 10~ 4q¢?
1,0 138 JEh |0 13645 | —0,24845 | —47,6 - | —1302 - | 480 - | —4080 -
mo 0 0
10~%q 10~%q 10~%q0? | 10~4qe?
1,5 200 JEL | —0,0106% | —0,01414-| —1,65 - | 32,9 700 - | —318
10~%q 10~%q 107%qf? | 10~ 4q¢?
2,0 200 /B —0,0140795] —0,01695-| —1,22 - | —22 112 —421
10~%q 10~%q 10~%q0? | 10~4qe?

According to the data of the Table, there are built graphic dependences: y; = f(5), (i =

1,2) (Fig. 5); M; = £(8), (i = 1,5) (Fig. 6).
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image 5: Deflection at the beam nodes depend n ¢hanging disturbing force 6;

AN

-0.25

image 6: Dynamic moment M; dependence on changing frequency 6;

According to the Table, it can be seen that in the case of resonance, dynamic displacements
and bending moments approach their maxima.

Thus, the use of a bar analogy (a cantilever bar of variable bending stiffness allowed
applying the finite difference method based on a linear grid, which greatly simplified studying
a cantilever triangular plate bypassing the problem of free edges and the presence of an acute
angle at the end of the cantilever; at the same time, the results obtained meet the requirements
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engineering precision.

6 Conclusions

1.

In this work, dynamic processes (free and forced vibrations) of a cantilever beam with
variable bending stiffness (wedge-shaped cantilever beam) have been studied.

. As a research method, the finite difference method (FDM) has been selected using a

regular linear grid; this method makes it possible to obtain the necessary results in the
final form (in numerical values of a discrete type).

. To illustrate the above theoretical provisions and the method of numerical calculation,

a grid with low density has been used (the number of divisiofig, alongthe length of the
rod has been n = 2); in this case, in order to obtain more @ccurate results in the future,
a grid with a large density can be used, i.e. n > 2, fellowed by the use of electronic
computers. The following results have been obtained: the frequency spectrum of natural
vibrations of the beam and their main forms with®wo @enditional concentrated masses
mims; dynamic displacements, inertial forces @fid, ordinates of the dynamic diagram of
moments at the frequency of the disturbing force @, = 0,5w; (w; is the fundamental
tone of natural oscillations).

. The following research work has been carried out: there have been obtained analytical

and graphical dependences of dyfiamic displacements, inertial forces, ordinates of the
dynamic diagram of momentsadepending on the frequency ratios (5 = 0;/w),i =
0,5;1,0;1,5;2,0); at this,gtheycorresponding resonant characteristics (at 8* = 1,0)
have been revealed (Eigs!\5, 6). In the course of the study, the following has been
established: a) at ¢; ="035w1;the ordinates of the dynamic moment diagram (Fig. 4e)
are slightly less than the static diagram (Fig. 4d); b) the graphs M; = f(8:)y; = f(5:),
(Figs. 5, 6) clearly show; resonance phenomena (at * = 1,0).

. The theoreticaliprovisions and applied results presented in this paper can be used both

in studies in the field of mechanics of a deformable solid body and in designing new
progressiveybuildings and structures, machines, elements of aircraft, ships, etc.
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