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Upper Estimates of the angle best approximations
of generalized Liouville-Weyl derivatives

In this article we consider continuous functions f with period 27 and their approximation by trigonometric
polynomials. This article is devoted to the study of estimates of the best angular approximations of generali-
zed Liouville-Weyl derivatives by angular approximation of functions in the three-dimensional case. We
consider generalized Liouville-Weyl derivatives instead of the classical mixed Weyl derivative. In choosing
the issues to be considered, we followed the general approach that emerged after the work of the second
author of this article. Our main goal is to prove analogs of the results of in the three-dimensional case. The
concept of general monotonic sequences plays a key role in our study. Several well-known inequalities are
indicated for the norms, best approximations of the r-th derivative with respect to the best approximations
of the function f. The issues considered in this paper are related to the range of issues studied in the works of
Bernstein. Later Stechkin and Konyushkov obtained an inequality for the best approximation (. Also, in
the works of Potapov, using the angle approximation, some classes of functions are considered. In subsection
1 we give the necessary notation and useful lemmas. Estimates for the norms and best approximations of
the generalized Liouville-Weyl derivative in the three-dimensional case are obtained.

Keywords: Lebesgue space, best approximation by three-dimensional angle, trigonometric polynomial,
Liouville-Weyl derivative.

Introduction

Let us mention several well-known inequalities for norms and best approximations of the r-th derivative in
terms of best approximations of the functionf.

The following result was proved by Bernstein for p = oo (for 1 < p < o0, see [2]) if f € L), 1 <p < o0, and
5% ok )T LB () < o0,r € N, then [[f @], < Cr) Y5 ok + 17 Ex(f)y [1)

Later on, Stechkin [3] for p =0 and Konyushkov [4] for 1 < p < oo obtained the following inequality for
the best approximations of f(") :

En(f(r))p < C(r,p) (nTEn(f)p + Z kr_lEk(f)zJ) r,n € N.

k=n+1

The last inequality was extended by the formula Timan [5] for the case of 1 < p < oo as follows:

E,(f5), <C(r) (ann(f>p+( > k“lEﬁ(f)p)é) , 0 =min(2,p) r,n €N,

k=n-+1

Also, A: Jumabayeva and B. Simonov obtained estimates of norms and the angle best approximations of
the generalized Liouville-Weyl derivatives by the angle approximation of functions in the two-dimensional case
[6, 7].

Let L,(T3), 1 < p < oo be the space of measurable functions of three variables that are 2 periodic in each

variable and such that
27 27 27 1/ p

1l = / / / | F(er, o, s) P dardoaday | < oo.
0O 0 O
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27

LY is the set of functions f € L, such that [ f(z1,22,23)dz; = 0 for almost everyone z,xs,
0

27 27

f f(x1, 22, x3)dxo =0 for almost everyone z1,x3 and f f(x1, 29, 23)dxs = 0 for almost everyone x1, xs.
0 0

Let Yy, mo.ms (f)p be the best approximation by a three-dimensional angle of the function f € L,(T?), i.e.

Ymhmz,ms (f)p = inf ”f - Tml’oo,oo - Too’mz,oo - TOO,OO,ms Hpa
Tony 00,005 oo, ma 00 Too 00, m3
where the function Ty, co.0o(21, T2, 23) € Ly(T?) is a trigonometric polynomial of order at most m; in z1, the
function Too ms,,c0 (@1, T2, ¥3) € Ly(T?) is a trigonometric polynomial of order at most ms in x5 and the function
Too 00,ms (71, T2, x3) € Ly(T?) is a trigonometric polynomial of order at most mg in 3. In the work of Potapov
using the angle approximation, some classes of functions are considered [8, 9].
By o(f) we denote the Fourier series of a function f € L,(T?), that is

o0 o0 oo ) o0 o0 oo
0'(f> = Z Z Z Ck17k2,k362(k1x1+k2x2+k3x3) = Z Z Z An1,n2,n3($17$27x3)7 (1)

k1=—00 kg=—00 kg=—0o0 n1=0n2=0n3=0

27 27 27
_ 1 —i(k1z1+kowa+hs:
where ¢, koky = g5 | [ [ flz1,22,23)e (k1w thozatksrs) do drodas.
00 0
Fo

The transformed Fourier series of o(f) is given by

a(fa Aaﬁl?ﬁQaﬂi’)) =

o0 o0 o0
= 3 S Y MinalCrangng €D ik i kD) | gy (B g |2y [,

n]=—00 Ng=—00 N3=—00

where f1, 82, 83 € R and A = { Ay, ny.ns franansenN 1S a sequence of real numbers.

Let p(x120x3) ~ o(f, A, B1, B2, B3) is the (X, 51, B2, B3) is the mixed derivative of the function f (or Liouville-
—Weyl derivative) and denote it by f(>"51’52’53)(x1x2x3). For example, if Ay, nyns = ni'n5?ng?, i >0, B; =1y
(i=1,2,..) = fOP1P28s) — f(rir27m3) where f(m17273)_mixed derivative of the function f in the sense of Weyl.

Definition 1.1. [10, 11] A sequence X := {\,}5° is said to be general monotone, written A € GM?3, if the
relations

2n, 2n3
E | )\kl,ng,ng - )\kl—i-l,nz,ng |S C | Anl,ngng, |7 E | ATL],k)Q,’ILg - ATL]kz-’rl,ng |S C | )\nl,ng,ng )
kl:nl k2:n2
2’I’L3
§ | /\n1,7l27k3 - /\n1;n27k3+1 |S C I )‘n17n2,n37 |’
ks=ns

2n1 2no

E E | Akl»k27n3 - )‘k1+1,k2,n3 - >‘k17k2+1,n3 + >‘k1+1,k2+17n3 |§ C | )‘ﬂl,nz,ns. |a

ki=ni ka=ns

2n2 2’)13

E E | /\n1,’€27/€3 - /\TL1,7€2+1,/€3 - )‘n17k2>7€3+1 + )‘n17k2+17k3 |S C | /\n1,n27n3 |7

kz =nN2 k3 =ns

2n1 2n3

E E | )‘kl,nmks - )‘k1+1,n27k3 - >\k1,n2,k3+1 + >‘k1+17n27k3+1 |§ C | )‘nl,nzms |a

ki=n1 kz=ns

2n1 2?7,2 2?7,3

E E : E : | )‘k17k27k3 - )‘k1+1,/€27/€3 - /\kl’k2+1,7€3 - )‘k17k2’k3+1+

k1=n1 ko=ns ks=ng
+)‘k1,k2+1,k3+1 + )‘k1+17k2,k3+1 + )‘k1+1,k2+17k3 - )‘k1+1,k2+1,k3+1 |S C | )‘nlﬂw,ns ‘

hold for all integers ni,n and n3, where the constant C' is independent of ny, no and ns.
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Auziliary results

In order to prove the main result, we formulate auxiliary statements. We denote

2™m1 -1 2m2—1 2m3 -1

Aml,mg,mg = E § § Anl,nz,ng(xlam%xii)y mi,mo, M3 = 1727“'

ny=2m1-1 py=2m2-1 nz=2m3—1

Lemma 2.1. [11] {\,} € GM if and only if there exists C' > 0, such that

N N
. . A
(@) | M IS C | Ay | forn <k <2n; (u)ki | AN [< O] /\n+k5+1| ;') for any n < N.

By [11], it follows that if {\,,n,n, } € GM?, then

| Ak17k27k3 |§ C ‘ >\n1,n2,n3 | fOI' ny § kl S 2711,712 § kg S 2712,713 S kg § 277,3.

This implies that the condition

2nq 2no 2ng
D > D I Mk kaks — Mt 1kacks — MerkatLks — Moy ko hadht My ka1 ks 411

k?l =Nn1 k:2:n2 k:3:n3
F Ay 1k ks +1 F Akt Lot 1,k — Moy +1ke+1ka+1 | < O Anynangel 41 A2ny 202,205 1)
is equivalent to the condition

2'(7.1 2'(7.2 2'(7.3

E E E | )‘kl,kmks - )‘k1+1,7€2,k3 - )‘klyszrl,k?S - )‘k1,k2’k3+1+

kl =Nn1 k2:’n2 k3:TL3
+>‘k1’k2+17k3+1 + )‘k1+1,]€2,k3+1 + )‘k1+1,k2+1,’€3 N )‘k1+1’k2+1,k3+1 |S C | )"ﬂhnzﬂls | :
Lemma 2.2. (Minkowskii inequality [12]) Let 1 < p < .oco'and a,j, > 0, then

1 14

00 k 1 00 00 1 oo o0 1
a)(Z(Z%k)”)pSZ(Zaﬁk)p7(b)(Z(Zayk))p Z( al )p
k=1 v=1 v=1 k=v k=1 v=k v=1 =1
Lemma 2.3. [12]| For a function f(u,y) defined on measurable set E = E; X Es C R, where z = (u,y),
U= (21,0, Tm)s Y = (Tmt1, -y Tn), the following inequality holds

(Lo [ty r a)” < [ ([1 s d) ay
By 9% E, Ei
Lemma 2.4. 8] Let f € L,(T?),1 <p <oo,m; € NUO (i =1,2). Then
Ilf = S0 (f) = Sooma (f) + Smyma (F)llp X Yony ima (F)ps

where Sy, ms are the partial sums of the Fourier series of a function f.
Lemma 2.5.[8] a) Let 1 < p < 0o and (1) be the Fourier series of f € L,o(T?), then

2 27 27 1
DIl < ( / / / S S A dmldmdms) < @I/l

mi= 1777,2 17713 1

b) Let 1 < p < oo. If (1) satisfies the following inequality

2 27 27 00 00 0
Ip = </// Z Z Z Agﬂlﬂwms)
00 0 1=1my=lmz=1

Then (1) is the Fourier series of a function f = (1,22, 23) € L,(T?) and || f||, < C(p)I,

(NS
=

dxldxgdxg) < Q.
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Main result

The aim of this paper is to prove the following theorem.

Theorem 3.1. Let 1 < p < 00, 0 < § < min(p,2), A := {Any na.ns tni.na.ms D€ sequences of positive numbers
such that A € GM?, a; € Ry, r; € Ry U{0} and §; € R(i = 1,2). If for f € LI(T?) the series

Z | )‘n1+1,1,1 >‘n1 1,1 | n1, O(f)P+

'I’Ll—

+ Z | Af nat1,1 A?,ng,l | Yoe,nz, p T+ Z | /\ g4l — )\(i,l,ng | Yoa,o,m, (f)pt

na=1 n3=1

0 0
+ Z Z | )‘n1+1 no+1,1 )‘n1+1,n2,1 - )‘nl na+1,1 + >\n1,TL2,1 | nl,nz,O(f)P+

nl_l ng—

0 0 0 0
+ Z Z | >‘n1,1,n3 - /\n1+1,1,n3 - )‘nl,l,n;;—i-l + )‘n1+1,1,n3+1 | Ynl,O,n3(f)P+ (2)

ni=1nz=1

§ E 6 (% [
+ | )‘1 ,n2,n3 )‘1 ,no+1,ns )‘l,ng,n3+1 + )‘l,n2+1,n3+1 | YO,ng,ng(f)P+

’I’Lg—l n3_

6 6 6
+ Z Z Z | )\nlvnzﬂls - /\n1+17n27n3 - )‘nl,n2+17ns 4 )‘n1,nz,n3+1+

ni=1ngs=1nz=1

0 0 0 0 0
+)‘n1,n2+1,n3+1 + /\n1+1,n2,n3+1 + /\n1+1,n2+1,n3 - )‘n1+1,n2+1,n3+1 | Ynl,ng,n3 (f)P
converges, then there exists a function ¢ € LS(T?’), with the Fourier series o(f, A, 81, 2, 83) and

wnps( I N = A YR ao(Ft

n1_

0 0 0 )
+ Z | A a1, Mo 1 | Yo, 0(f)p + Z | /\1 Lng+1 = M ng | 0,05 (Fpt

na=1 n3=1

+ Z Z | )\nl,ng, )\’I’LlJrl ng,1 )‘le,n2+1,l + )\fl1+17’ﬂ2+1,1 | Y'rLgl,n27O(f)P+ (3)

’I’Ll—l ’nz—

E /‘ § 0 0 0
+ | /\n1 1,n3 — )‘n1+1,1,n3 - )‘nl,l,n3+1 + >‘n1+1,1,n3+1 | Ynl,O,ng(f)p+

77,1—1 713—

6 6 4
+ Z Z | /\1 ,n2,n3 /\1 ,no+1,ns3 )‘l,ng,n3+1 + )‘1,n2+1,n3+1 | YO,ng,ng(f)P—i_

’I’Lz—l 77,3—

(% 6 6
+ Z Z Z | /\”1,n277L3 - )\n1+1,n27n3 - )‘nl,n2+17n3 - )‘nl,n2,n3+1+

ni=1lng=1ng=1
1
2]

6 6 6 0 6
+)‘n1,n2+1,n3+1 + )‘n1+1,n2,71,3+1 + )‘n1+1,n2+1,ng - )‘n1+1,n2+1,713+1 | Ynl,ng,ng (f)p) )

0
Yom _tizma—t ame—1 (9)p (Ammmw P

0 9
+ Z | )‘2"1 ,2m2—1 gmg—1 ™ )‘2V1—1 ,2m2—1 gmg—1 | 2v1—1-1 2m2—1,2ms—1(f)p+

vi=mi
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(o)
0 0
+ Z | A 7n171’21/2’2m,371 A mq—1 2u2—1 2m3—1 | 2m1 1’2v2—171’2w1371(f)p+ (4)

Va2=mz

(e o)
§ 0 0
+ | )\ 'mlfl,2m27172u3 )\ mq—1 27!1.271 2u271 | 27n.1_1 ,2mM2 —1,2V3— 1(f)p+

v3=msg
E § 0
+ | )\21/1 2v2 | gmg—1 A2u1—172u2,2rn.3—1 -
vi=m1 Va=m32
0 0
)\21/1 2u2—1’27n3—1 + )\2111—1721/2—1)277:,3—1 | Y ul—171)21/2—17172m371(f)p+
§ § 0
+ 27n171 ,2v2 9v3 )\2m17172u27172;/3 -
Vo=mgo V3=m3
0 0
)\lefl 21/2 293—1 + >\2m1—172u2—172ys—1 | Y2m1 _172V271_1727/371_1(f)p+
E § 0
+ | A2u1 2771271 21/3 )\ V1—172m271,2u3 -
Vi=mj V3=mg3
0 4
)\2u1 21n2—1 21/3—1 + )\21/171727%2—1721/3—1 | Y2V171_1,2’NL2_172I/371_1(f)p+

+ E E E | )‘2”1 ,2v2 2V3 /\21'1*1 ,2v2,2V3 >‘2”1 ,2va=1 2v3 >‘2"1 2v2 2"3*1+

Vi=mj V2=msg V3=ms3
1
0

0
+)\ 2v1 21/271 21/3—1 + >\2V171 21/2 2u371 + )\2111—1 21/2—1 ,2v3 )\2u171 21/271 21/371 | }/21/11_1721/21_1721/31_1('](‘)1))

Proof. Let the series (2) be convergent and f € Lg(T‘o’). We use the following inequality

n3
0 E 0
)\211.1—1 2n2—1 277.\5—1 < )\111 + | )\1 1 2m3—1 - >\17172m3—2 | +
ma=2
ni
2 : (2 2 0 0
+ 1 2m2—1 1 A1’2m,2—2’1 | + | A ml*l,l,l - )\27‘@172’1’1 ‘ +
mz— 7R1:2
+ E E ‘ )‘2m1-1 oma=—1l. )‘2"11*2 2m2—1 )‘2’"1*1 ,2m2=2 1 + )‘27"1*2 2m2—2 1 | + (5)

mi1=2mo=2

§ : § : (4
+ ‘ >\1 2m2—1 gmsz—1 )\1 omg—2 27713—1 )\1 2m271’27n3—2 + A172m2—‘2’2m,372 | +

m2«2 ’I’YL3—2

niy

4 4 (4
+ E : E , 2m1*1 ,1,2m3—1 >‘2m1*2,1,2msfl - )‘27"1*1,1,27”3*2 + )‘2m172,1,2m3*2 | +

m1_2 ms3= 2
A5 A
+ 2m171 2771271 2771371 - 2n1171’2m2—272m372 omi—2 2771271 ,2™M3~ 27
m172 m272 m3= 2
A2m1—2 omg—2 2""3*1 )\ omq—1 2m2—1 om3z—2 + A27n1—2 ng—l gmaz—1 )\2m1—1 2m2—272m,3—1+
+)\27n1—2 21n27272'm,372 | .

ny_q 2_1 n3 _
Let us denote Anhnz,ns - 22 =2m1~ Ziz ong—1 212/3=27}3*1 AV17V27'/3 (f’x17x27$3)(n1a ng,nz =1, 2)
Using (5) and property of GM (Lemma 2.1), we get

27 27 27 P

Il = {/// |: i i i )\2n1—1 ,2n2—1 27;3—1An1,n2 n3:|2dx1’dx2,dx3} _
0 0 0 =1ng=1

=

ngl
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1
2
o )\2 AZ
- nq—1 2712—1 2n3—1 ni,n2,n3

=1ngs=1ng=

p

_ 2 2 2 2
= H {)‘1,1, 1 11+ E Agni—19 1A n1 11+ E AT ana—1 1 AT 1+ E )‘1 12ms—1 A7 1 pst

n1=2 na=2

+ g g )\2n1—1 2712—1 1 n17n271 + E g Ale—l 1 2713—1A/n/1717n3+

n1=2n,=2 ni1=2nz=2
o0 oo oo o0 o0 %
§ E 2 2 § E E 2 2
+ )\172n27172n371 Alﬂlz,ng + )\2"1112"21,2"31A77,171’L2,TL2:| 5
no=2nz=2 ni1=2ns=2n3=2 P
) 00 oo é ni )
§:§:§:2 E:E:E: 2: 6 2\3
5 >\1~,1a1 |: Anl,ng,ng] ‘ Anl,ng,ng | )\2’/1*1 ,1,1 >\2V1*271,1 |] 9)
ni=1lngs=1ng=1 =2ngo=1ng=1 v1=2
2 1
o0 o] [es} 0 0 9\ 2
+ E E E nl,nz,ng E | A 12v2-11 — Al gva—2 | =+
ni=1ngy=2 = vo=2 p
) N
+ E E E nl,nz,’ng | )‘1 J1,2va—1 /\1,1,2st2 | +
1 no=1n3=2 v3=2 p
E § § § § 0 0
’ nl,nz,ng | )\21/171 ,2v2—11 /\21/172 ov2-11 — )\21/17172;/27271“!‘
n1_2n2_2n3_ I/1—2 VQ—
2\3 0
+)‘2V172 ova—2 1 De> E E E nl,ng,ng E E , | )‘2V171 1,2v3—1 )‘2V1*2,1,2V3*1_
=2ns=1n3=2 v1=2v3=2
0 0 2\3 Z Z Z Z Z 0
_)\2u17171’2u372 + )\21/172’1721»3—2 |)6) ni,na2,ns3 | )\ 21»2—1 21/3—1
1712 2?’7,3:2 Vo= 21/3 2
0 0 2\3
)\1 2v2— 2 21/371 ) )\1721/271721/3—2 + A172u272,2ug,72 |) 9) +
p

ny no ns
§ § 2 § § § 0 0
+H< nl’n2,n3|: | )\ vy—1 21/271 21/‘3—1 _)\2V1—172V2—172u3—2_

2712—2 n3= =2 2V2 21/3 2
0 0 0
)\21/]—2’21/2—1)21/3—1 )\21/1—1 21/2 -2 2u3—1 + )\21/1—1’21/2—2’21/3—2 + >\2u] —2)2u2—1)21/3—2+

:ZH1+H2+H3+H4+H5+H6+H7+H8.

p

2 1
0 0 2
+>\2u1—2 a2 —2 21/5—1 U )\21/1—2,21/2—2’21/3—2 | :| >

Let us estimate Hy. Applying Lemma 2.5, we have Hq < CAy 11| f]l, < 0o. Now we estimate Hp :

21 27 27 2_p

i [ [ [[55 5 stnn 35 00t

0 0 0 711—2 no= 1’!7,3 1/1:2

S
P

d{El, dl‘27 d(E3}

Using Minkowski’s inequality and Lemma 2.2 (a) for % > 1, we derive

(oo} ni
E : E ' § : E : 0 _
ni,n2,ng { ‘ >‘2"1*1 ,1,1 )‘2"1*2,1,1 ‘ } -

ng—l ’I’Lg—l 71,1— V1:2

B Z (< Z Z |: Z | Anl’n27"3 |0‘ >\0"1_1 1,1 >‘2”1—2 1,1 :|
ni=2

1713

o

o
N———
M5
N————
SN
IN
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0o oo oo % %
< § < E { E § |An1,nz,na| \)\21,1 11,1 >‘21q 2119} > =
ni=2 ‘=2 =1n3z=1

oo

e [eS) 6,2 9 2
(( Z{Z [Z Z |A”1,n2’n3| |)‘2V1 11,1 )‘g'ﬁ*?,l,l |§]2}6)2>9 <

ni1=2 v1=2 "ng=1nz=1

<<Z{ZZZ|A"17"2”3|)\2"1111 >\2”12119}) ;

v1=2 *ni=vingo=1nz=1

e} 0 s 8\ ¢
(Z |)\2V1 1117 )‘gn”,l,l | < Z Z Z | Ansinans |2)2>9.

v1=2 ni=vi na=1ngz=1

Applying this inequality, we obtain

s
-

Further, using Minkowski’s inequality for & > 1, Lemmas 24 and 2.5, we have

27 27 27 o 0o . 0. p
2 ]
(Z M 9{///(( S OSSR, |z> ) dxl,dazg,dxg}
0O 0 0

ni1=v3 no=1ng=1
1
0
<
~Y

2_p

T 2w 27
//HZ | ASi- 111~ Ao 211(2 Z Z | Anynons |2> }9} dl‘1,dﬂ327d$3} =
00

N
Sl

=v1 na=1ng=1

o

1/12

n

T 21w 27 00 50 00 g P % 1
// ( Z | /\21'1 11,1 /\g"1*2,1,1 | ( Z Z Z | Am,nm’na |2> >0d.’£1,d$2,d$3} )9'
0 0

ni1=vi ny=1n3=1

S

l/12

LIRS
=

(Z "\2"1 11,1 )‘3”1*2,1,1 ‘ H( Z Z Z |An1 n2,n3 |2>

n1=vi nz=1n3=1

1
9
2 : 0 0
< | /\2"1 111 /\2%*1,1,1 | Y2“11,0,o(f)p) :

1112

1
6

Thus, we obtain Hy < (Z:_Q | Ao — Ao 1/29,,1_1,070(]‘)19) . From (2) it follows that Hs < oo,

Hj, Hy can be estimated similarly to Hs and we have

1

2] o
Hss(ZMmm 11|Y02u210<f>) ,H4s(z A 1 e = A 1 1|Y002V31<f>) .

1/21 1/31

To estimate Hs, we apply the method of estimate for Hy as in article [9]. First, we obtain the upper estimate

of the following sum. Applying Lemmas 2.2 and 2.3 twice for % > 1, we get

<

o) [e%) od ni no 2/60
§ : § /‘ E 2 E 2 0 [% 0 0
Anl’nz’ns |: | )\2141—1721/2—171 - )\2u1—272v2—171 - )\21/1—1)21/2—2)1 + )\2111—2721/2—2)1 | :|

ny=1ng,=2n;=2 v1=2v9=2
) ) 0. 2

oo
§ : 2 : 0 0 0 § : § : § : 2
( ‘ )‘2V1 1ova—17 )‘2"1*2,2”2*1,1_)‘2"1*172V2*2,1+)‘2V1*272V2*2,1 | < ‘ An1,n27n3 | ) >
ni=v1 ng=vs ng=1

Vo= 2]/1 2

Hence, Lemma 2.3 with g > 1 implies that

21 27 27

({///[ZZAW D
vo=211=2
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P 2] 1

0 P\ 6
— At gra2 g T Mgz g2 1 | < Z Z Z | Aninaing |2) ] dﬂCudmz,dxs} ) <

ni1=vi nz2=va2 nzg=

§ : E : 0
( | )\2u171 ,2v2—11 >\2u1 2 gva—1 1 /\21/17172,/272714'

Vo= 21/1—
21 27 271

S

1=V

io: i ‘A7L177L277L3| :l d$1,d$2,d$3} >6~

’I’L3:1

By Lemmas 2.4 and 2.5, we obtain

SE

§ : § : 0 0 4
H; 5 ( ‘ >‘2"1 ,2v2,1 )‘2'/1*172'/271 )‘2V1 2v2—11 + /\2'11*172"2*171 | Y2V11,2"21,0(f)p>

Vg—l l/l—

From (2), it follows that Hs < co. Hg, H7, Hg can be estimated similarly to Hs and we have

=

§ : § : 0 0 0 0
Hg /S ( ‘ )‘2V1 ,1,2v3 /\2’11—1,1,2"3 - /\2'/1,1,2”3—1 + /\2'/1—171,2"3—1 | }/'2"1—1,0,2“3—1(]0)1)) )

v3=1v1=1

=

0 0 0 0 0
= (Z 2 1 Mz = Mt = M s s Mg g aasaalfly)

=1lvy=

0
Hy 5 ( E E E ‘ )‘2"1 ,2v2 2V T )‘2v1,2v2,2vsfl )‘2v171 2v2 2v3 >‘2"1 2v2—1 2V3+

l/3—1 V2—1 1/1—

=

0 6 0 0
+>\2u1 721/2—1721/3—1 + )\21/1—172112,21/3—1 + A2u1—172u2—1’2y3 )\21/1—1 21/2—1 21/‘5—1 | }6”1—1,2”2—1,2V3—1(f)p>
Collecting estimates of Hy — Hg we get I;'< co. Hence, by Lemma 2.5 (b), there exists a function
g(x1,22,23) € Lg, with the Fourier series

oo o 0. OO

Z Z Z >\2n1—1,2"2—1,2"3—1An1,n2,n3 (6)

n1=1 TL2=1 n3=1

and
l9llp < Cp) 1. (7)

. . . o0 o} [e.¢]
We rewrite series (6)in the form of Y~ > 7" | > " " | Yny nymsAng nang (T1, T, 05), Where
Vi,1,1 = AL 100, wg = Al gna—1 gng—1 for 27271 <pp <272 — 1 277 < ps <278 — 1 (ng =2,3..)),

Vor 1,0 = Agmi-1qy for 27N <y <2 — 1 (np =2,3...),
Voa Tywa = Agni—1 1 gnz—1 for om—l <y <om 1, 2l <ps <2™ 1, (ng,n3 =2,3...),
Vorafl = Agni—1 gna—1 1 for am—l <y <om 1 2me Tl <y <22 1) (ng,mp = 2,3..),
V1w = Ap1,9ns—1 for 2l <y < 2™ 1 (ng=2,3...),
Viwad = Apgna-1y for 27271 <y <2™ — 1 (np =2,3...),
Virwaws = Agni—1 gna—1 gng—1 for 2M7H <pyp < 2™ — 1,
oMl <y <22 1 2™ <y < 2™ — 1 (ng,mg,nz = 2,3...).

Now we consider the following series

o oo oo )
§ § E An17n27“’3A/’L17n27n3 (x17x25$3 E E E 7n1,"27n3 ni,ng,ng A"h”Q»”d (£E1,$2,173) (8)7
ni=1lng=1ng=1 ni=1ngo=1nz=1
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where \ \
1,v2, 1,v2, -
A1g=1,A1,,,, = 2 = Y25 for 2m2l < py < 2M2
’Y1,V2,l/3 )\1,2"2*172"3*1
2t <y < 2™ — 1 (ng,n3 =2,3...),
>\u 1,1 A
1,1, v1,1,1 nyp—1 n
Avl,l,l = Yo 11 = b\ ) for 2™ < < 2M — 17 (Tlg = 2,3),
1,1, on1-111
)‘V1,V2,1 )‘V17V2’1 ny—1 ny no—1 no
el = = for 2 <y <2M -1, 2 <y <2™ -1, (n1,n2 =2,3...),
Yvy,v2,1 )\2"1*1,271'2*1,1
)‘V1»17V3 )\Vlyl,Vs ni—1 ni nsy—1 ns
Aviiy = = for 2 <y <2m-—1,2 <wvg<2™ —1, (n1,n2 =2,3...),
’7V1,1,V3 )\2n1—171,2n3—1
)\1 1 A1 1
Al lus = IRTLS: R »1,V3 for 277,3—1 S Vs S N3 _ 1’
Y1,1,v3 )\171,2"3—1
Alus,1 Alus1 _
Al ol = o2t V2, for 2m2 < V2 on2 ]_
V1,v2,1 )\1,2n2*1.,1
A ’ A ’ _
Aulﬂlz,V:s = LT = )\ R fOI‘ 2n1 ! S " S 2n1 . 17 2712*1 S ] S 2n2 - 17
’71/1,112,113 on1—1 2"2*1 2"3*1

27 <y < 2™ — 1 (ng,ng = 2,3..).

As shown in [6], the sequence {Apn,=1,n,=1,n3=1}p, o1 mp=1,ns—1.52ti8fies the conditions of the Marcinkiewicz

multiplier theorem [12], then the series (8) is the Fourier series of a function ¢(x1,z9,22) € L, and [l¢||, <

Clo, Mlgllp-

Taking into account (7) and the estimates of Hy — Hg we get (3).
Let us estimate Yomi _1,0m2 1 ,2m3 1 (¢)p. Using Lemma 2.4, we get

Yami—1,2m2—1,2m3 -1 (9)p < Cllp =192m121 00,00 (¢) = Soo,2m2—1,00() =

7SOQ7OO72’"L3 —1 ((p) + 2S27u1 _1727n2 _1727713 —1 (Sﬁ) ||p,

We consider the series (see (8))

E E: E )‘n17n2,n3 nl,n2,n3(x1amzvx3 E E E 7711,“2,”3 nq,ma, 7L3An1,n2,n3(x17$2’x3)

711—1 ’I’L2—1 nay= 1 nl_l ’ng—l n3_

where A3, . (1,2,,23) = 0,44f @ <2™ —1 and np <2™M2 —1,n3 <273 —1 also A . . (21,2,,73) =
= A, nons (xl, x,,&3) otherwise. Since the sequence {A,,, =1 n,=1,n,=1} satisfies the conditions of the Marcinki-

ewicz multiplier theorem, then

E E E )\"11»77«27"3 ni,na,ns (xlvxzaxii

<C 1—1 9ng—1 gng— 1An1,n27n3

)

ni=1lns=1ng= =1ngo=1nz=1 P
* . * _ .
where Ay . =0, if ng <my and ng <mg, n3 <mz A}, = Ay n, n, otherwise.
By Lemma 2.5, we have
Yomi—1,2m2 1 ,2ma—1 (0)p S (9)

21 27 27

[e%s) [e%s) o g %
A S 8 Bt dondende)
0 0 0

ki=mi1+1 ka=mo+1ks=mz+1

For the sequence )\le | gka—1 gkg—1, WE USE inequality (5) where the index of the first element starts with
gmi—l gm2—1 9ms—1 and we take the sum from 271~1 2m2=1 9ms—1 o ok1—1 9ka=1 9ks—1 regpectively. The

resulting inequality is substituted into inequality (9).

Yomi_1,9m2 1 ,0ms 1 (¢)p S
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2 27 p2m oo o0 e P 1
s (Agmll’zm2l72m3l{/ / / [ Z Z Z Ailak%ka]idml’dI27dx3}p+
o Jo Jo

1=m1+1 ko=ma+1 kz=m3+1

2 27 2 0 00 oo
+{/0 /O /0 [ Z Z Z Ail,kz,kSX

ki=mi+1ka=ma+1kz=ms3+1

k1 2_p 1
0 0 6|2 P
X g | A21/1—1’27712—1’2771,3—1 - A2u1—2’2m2—1’2”m,3—1 | dxl, dIQ, dx3 +

2m 2 2m o0 e} 0
+{ / / / |: Z Z Z Aihkz,ksx
0 0 0 k

1=m1+1 ko=ma+1 kz=m3+1

k2

2
E 0 0 ’
X( ‘ )\27n1—172z/2—1’21n371 - A27n1717211272727n371 |

e

2 P
dx1,dx27dm3} —+

vo=mao+1

27 27 2 oo o0 e}
ALL T LE 2 3 S
0 0 0 k

1=m1+1 ko=mo+1 kg=msz+1

ks z
E (4 0
X ( | )\2m1—1,2m,2—1)2u3—1 - )\2171,1—1)2711,2—1721/2—2 | ) :| dml, de, dl’g} +

SN
s =

vs=ms—+1

2m 2 2m 0 00 00
AUAVANAN DD I, e TR
0 0 0 k

1=m1+1 ka=mg+1 kz=mz-+1
k1 ko
E E 0 0
X ( | )\21/171’21/271’27713‘1 - )\21/17212u271_’27n371 -
vi=mi+1lve=mo+1

D

, . 7%
—)\21/171’21/272’277%71 + A2u1—2’2u2—2’27n3—1 | dﬂ?l, d-TQ, dmg +

2 27 2 o 00 [eS)
+{ /0 /0 /0 |: Z Z Z Ail,kzykg.x

ki=mi+1ka=mao+1kz=m3+1

ko ks
2 6
X ( g E | )\27711—1’21/271’21/371 - )\2771171’21/272,21/371 -

va=mo+1v3=m3z+1

=

P

0 0 ok %
—'A2m1—1,2u2—1’2u3—2 + A2m1—l’2u2—2’2u3—2 | dxy,dzs, dxs +

27 p2w p2w S oo 0o
+{ /0 /0 /0 |: Z Z Z Ailakz,ks. X

ki=mi+1ka=mao+1kz=m3+1

k1 ks
§ : § : 0 0
X ( | )\21/1—1’2771271’21/3—1 - )\21/1—2’27712—1’21/3—1 -

vi=mi+1vz=ms+1
2_p 1
0 0 612 P
7)\21/1—1}2111,2—1)21/3—2 + A21/1—2,2111,2—1’21/3—2 | > :| dl'l, dIQ, deg} +

27 27 27 o0 [e's} e}
ALLT LS 2 2 s
o Jo Jo k

1=mi+1 ko=ma+1kz=ms+1

kl kQ k3
§ : § : § : 0 0
><< | A v1=1 gvg—1 guz—1 — A v1=2 gua—1 gvg—1"

vi=mi+1ve=ma+1vz=m3+1
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0 0 0 0
_A21/171’2u272’21/371 - A2U171,2U27172U372 + A21»1—1721/2—2721/3—2 + )\21/172’211271’21/372—’—

2_p
012 P
+)\gul—272u2—2721/3—1 - )\gl/172’21/272’21/372 | ) :| dxl’ dx2, dx?)} ) = Ll + L2 + L3 + L4 + L5 + L6 + L7 + LS.

We estimate L, as Hy, to get

27 2 27 o0 o] o] %
6 2
Ll S )\2m11’2m21’2m31{/ / / |: Z Z Z Akl,kz,k3:| dxl,dl‘g,dng} 5
0 0 0

ki=mi+1 ka=mo+1 k3=m3z+1

D=

0
S A1 gmy—1,2ma—1Y2mi—1,9ma 1 s2ms 1 (f)p.
:

2m 27 2m o0 00 9]
AL LSS e
0 0 0 k

1=m1+1 ko=ma+1 kz=m3+1

k1 2_p 1
0 0 0] 2 P
X E ‘ )\21/1—1’277'1,2—1’27)7,3—1 - A2u1—272m,2—1’2m3—1 | ddfl, dJUQ, d.133 5

vi=mi+1

o0
E 0 0
S < | A2V17172m271,2m371 - )\2u172,2m27172m3—1 ‘ X

vi=mi+1

x{/2ﬂ/2ﬁ/2ﬂ|: i i i Ai17k2,k3:|2d1‘1,dl‘2,daj3}
0 0 0

k1=vq1 ka=mo+1 ks=m3+1

We also have

ESI0

1
]
) <

e}
E 0 0 6
SJ ( ‘ A 1/171’27712—1727)1371 - A21/1—2721%271721%371 | Y2V11172m21_’27n31(f)p)

vi=mi+1

=

Similarly, we obtain the estimates for Lj, L,

=

oo

§ : 0 0 0

L3 5 ( | )\2771,1—1’2112—1’27)13—1 N )\2711,1—1’21/2—2’2771,3—1 | )/277111’211211’2771,31(][:)[)) 3
vo=mo+1

o5} 1
0

§ : 0 0 0
Ly S ( | >‘2m1—1,277I2—172V3—1 - >‘277I1*172m2*172V2*2 | }/2,”1_172,,12_172”31_1(]")1)) :

vg=mgz+1

We estimate Ls as follows:

27 p27 27 o0 00 00 k1 ko
_ 2 6
Ls = {/ / / { E E E AV RN RS ( E E | Agui—1 gva—1 gmg—1—
o Jo. Jo L,

1=mi1+1 ko=mo+1 ks=msz+1 vi=mi+1veo=mso+1
2_p 1
0 0 0 1 ?
*/\2u1—272u2—172m3—1 - /\2u1—172u2—272nz3—1 + )\21/1—2721/2—2727713—1 | dl'l, d$2, dlEg 5

00 0o
2 : 2 : 0 0 0
S ( | A2u1—1’2u271’2m3—1 - /\2;/172’2:/271,2771371 - /\2:/171’21/272’27713714‘

vi=mi+1ve=ma+1

o0

2w 27 2w o 0 % % %
[’ 2
N s gmga | % / / / [}j D Akl,k%kg} d:cl,d:czydxs} ) <
0 0 0
k

1=v1 ka=v2 kg=ms3+1
%) %)
E E 0 (4
S ( ‘ )\2u1—172u2—172m3—1 - >\2u1—272u2—1,27n3—17
vi=mi+1ve=ma+1

0
0 0 0
_)\21/171’21/272727n3—1 + )\211172721/27272771371 ‘ Y2V11_1,2u21_1’27713_17(f)p)
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Similarly, we obtain the estimates for Lg, L7 :

o0 o0
§ : § : 0 0
LG ,S ( I )\27n.171721/271721/371 - )\27n17172u27272u371_

vo=mao+1lrvz=msz+1

=

0 0 0
_A27n17172u2—172u3—2 + A277;1—1721»2—2721/3—2 ‘ Y27n11,2u211’2u311(f)p>

o0 oo
Z Z 0 0
Lz S ( | Agu1=1 gmy=1 gug=1 = Agu1=2 gma—1 gug-1

vi=mi+1lvz=msz+1

=

0 0 0
_A2V171’2'm,2—172u3—2 + )\21/172’27712—1721/3—2 ‘ Y2V111127n21’21/311(f)p)

Finally, we estimate Lg as follows:

0 k2 00
0 0
Lg 5 ( E E E | )\2,,171’21/271‘2%—1 - /\2;,172’2;»2—172113—1_

vi=mi+1lve=mo+1vz=ms+1

0 0 0 0
7)\21/1—1721/2—2)21/3—1 - )\21/1—1}21/2—1’21/3—2 + >\2u1—172u2—272u;j—2 + >\2V1—2’2l/2—1)2l/3—2+

=

0 0 (4
+A2U1—272V2—272U3—1 - >\2u1—2’2u2—2)2u3—2 | Y2u1—11’2u2—1_1)2u3—11(f)p>

Taking into account the estimates for L; — Lg, we obtain (4). The theorem is proved.
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A E. ZKernucbaena, A.A. 2ZKymabaesa

JI.H. lymunés amundazo. Bypasus yammows yrusepcumemsi, Hyp-Cyaman, Kaszaxcman

Kannbutanrad JInyBusii-Beiisl TybIHAbLIAPBIHBIH, OYPBIITITHIK
€H >KaKbIH XKYBIKTAayJIAPbIHbIH, >KOFapFbl OaraJjiayiapbl

Maxkanaga 27 mepuoaTsl [ y3imiccis MyHKIUIIAD KOHE OJIap/Ibl TPUTOHOMETPUSIIBIK, KOIIMYIIETIKTEPMEH
KYBIKTAYKa KanblIanrad JImyBuib-Beits TybIHABLIApE! apKBLIBI OepireH yIin ermeMal Oy HKITUIIAP/IbIH,
OYDBIIITHIK, €H »KAKbIH >KYBIKTaybIH OaCTAlIKbl OepiireH OyHKIUAIAPABIH OYPBINTHIK, €H »KAKbIH KYybIKTa~
VBl ApKBLIBI Oaraiaybl KApaCcThIPbLIFaH. ABTOpJ/Iap KJIACCUKAJBLIK, Beill apajac TybIHIBLIAPBIHBIH OPHBIHA
Kannbutanrad Jluysuns-Beiin Tybinabutapbia 3eprreret. KapacThIpblLIaThiH MICeTEIEPl TAHIAFAHIA OChI
MAaKaJIaJarbl €KiHII aBTOD/JBIH >KYMBICHIHAH KeiliH KaJbIITAacKaH KaJIIbl Tociaai ycranraH. BacTel ma-
KCAT >KYMBICTBIH, HOTUXKEJIEPIH VI OJIIIeMIl Karmaliga mosenaey. 2Kaimbl MOHOTOHIBI Ti30EKTEp Typa-
JIBL TYCIHIK OCBI 3epTTeyzae 6acTbl peJi arkapaabl. OyHKIIUSAHBIH €H YKAKBIH JKYBbIKTAyTapbIHA KATBICTHI 7
TYBIHJIBICBIHBIH €H >KaKbIH >KYBIKTAyIaphbl, HOpMa YIIIiH 6ipHerre 6eriii TeHci3ikTep Kopeeriaren. MakaJa-
Jla KapaCThIPBLIFaH Mocesenep BepHIITeliHHIH 3epTTe/IreH eHOeKTEPiHiH Mocesesepine Karaabl. Keitinipek
Creukun xkone Konromkos f ) €H JKaKbIH JKYBIKTay YIIH TeHCI3ik aabiHabl. ConbiMen karap lloTamos-
TBIH eHOeKTepiHe OYPHIITAP/IbI XKAKBIHIATY apPKbLIbI (OYHKIUAIAPIBIH KeH6ip KIacTapbl KapaCThIPBIIFaH.
Bipinmii 6estiMge KaXKeTTi TYCIHIKTEPMEH KoHE MaiiaJibl ieMMaiap 6eplireH. YT ©/IIIeM I KaFraai g Kaji-
nputaurad JInyBuiis-Beisr TybIHABICH apKBLIEL OepiireH MYHKINIADIBIH HOPMACBIHBIH K9HE OYPBIIITHIK,
€H JKaKbIH KYBIKTaybIHBIH O6arajiaybl ajbIH/Ibl.

Kiam cesdep: Jleber keHicTiri, yur esrmem i OyPBITIIIEH €H XKaKbIH YKYBIKTay, TPUTOHOMETPHUSIIIBIK, KOITMYIITe-
ik, Jluysuaa-Beitsn TybIHIbICHL.

A E. 2Kernucbaena, A.A. 2KymabaeBa

FEspasutickuti nayuonasvrul yHusepcumem umenu . H. l'ymunésa, Hyp-Cyaman, Kazaxcman

BepxHue olieHKM yIIOBBIX HAWJIYYHOINX ITPUOINKEHUI
0000IIEHHBIX TPON3BOAHBIX JInmyBniis-Beitasa

B crarpe paccmorpensl HenmpepbiBHBIE QYHKIME [ C MEPUOAOM 27 W MX HPUOIIKEHHS TPUTOHOMETPU-
YECKUMU IOJIMHOMAMU. VI3ydYeHBbI OLIEHKU HAWJIYYIINX YIVIOBBIX HPUOJIMKEHUH OOOOIIEHBI IIPOM3BOIHBIX
JInyBunia-Beitnsa yriosbiM nproamKenneM OyHKINNE B TDEXMEPHOM ciiydae. ABTopamu 0600IIeHHbIE IPOH-
3Bomubie JInyBunis-Beitiss BMECTO KITaCCMYIECKOTO CMEIaHHOro mpousBoauoro Beits. Ilpm BeiGope pac-
CMaTPUBAEMbIX . BOIIPOCOB OHU' CJIe/I0BAJIM ODIIEMY IOIXO/Ly, C(hOPMUPOBABIIEMYCs 110CJE€ pabOThl BTOPOIrO
aBTOpa HACTOAIIEH cTaThby. | 1aBHAS 11€Ib — J0KAa3aTh aHAJIOTH PE3YJIbTATOB PAOOTHI B TPEXMEPHOM CJLydae.
IlonsiTne 06MIAX MOHOTOHHBIX TIOCJIEIOBATEILHOCTEH UTPAET KITIOUEBYIO POJIb B HCCJIEIOBAHUN. Y KA3aHBI He-
CKOJIBKO U3BECTHBIX HEPABEHCTB JJIsl HOPM, HAVJLYYIINX TPUOJINKEHNI T-T'0 IPOU3BOJHOIO 110 HAUJLY YIIAM
npubnrkeausiM yuknun f. Bompochl, paccMoTpeHHBIE B HACTOsIIEl paboTe, OTHOCSATCS K KPYTY IIPO-
O7eMm, u3ydeHHBIX B paborax Bepumreitnom. [loznnee Creuknn n KOHIOMKOB MOy IHIN HEPABEHCTBO JIJIsT
pamyamero npubmakenns ). Takxke B paGorax I1oTaoBa npu MOMOIIY IPUOINZKCHHS YIVIOM H3yHYCHDI
HEKOTOPBIE Kytacchl hyHkwmii. B mogpasmesne 1 aBropamu mambl HeOOXOAUMble 0O03HAYEHUS U IIOJIE3HBIE JIEM-
MbI. [Io/IyeHbl OIeHKN HOPM U HAWJIydIIne IpUOINKeHus: 0000meHHOro mpon3sonnoro Jlnysumis-Beitis
B TPEXMEPHOM CJIydae.

Kmouesvie caosa: mpocTpancTso Jlebera, Hamrydinee TpubIMKeHIE TPEXMEPHBIM YIJIOM, TPUTOHOMETPH-
YeCKUil MoJIMHOM, npou3BozHas JlumyBusuis-Beiisst.
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