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Extension method for a class of loaded differential
equations with nonlocal integral boundary conditions

In this paper we investigate a class of loaded ordinary differential equations with nonlocal integral’boundary
conditions in terms of an abstract operator equation

Bu = A%*u— q¥(u) =f, fey, (1)

D(B)={ue D(Az) : ®(u) = NF(Au), @(Au) = PF(Au)}.

A loaded part and nonlocal integral boundary conditions of these equations are describedWsing functional
vectors W(u) and F(Au), respectively. Such equations follow from Extension Thebry of linear operators.
The necessary and sufficient solvability conditions of these equations arefgiven by#the ideterimminant of
some matrix. In the case when this determinant is nonzero, a direct methed for eéxact solution of this
class of loaded differential equations is proposed. If some problem can beyeduced to the type of equation
under consideration, then it can be easily solved using the extension method. Thi§ method, for ¢ = 0,
also gives the necessary and sufficient solvability conditions andythe exact solution of a class of ordinary

differential equations with nonlocal integral boundary conditiens infterms of an abstract operator equation
Bu=A*u=f, D(B)={u€ D(A?):®(u)= NF(Au), ®(Au) 2 PE(Av)}, feY.

Keywords: loaded ordinary differential equations, differential éguations, nonlocal integral boundary conditions,
injective and correct operators, exact solutions.

Intréduction

In recent years the theory of loaded functional and differential equations (or equations with aftereffect)
has been advanced. These equations describe the preblems of optimal control, such as: longstanding prediction
method and regulation of the layer of soil watér and)ground moisture, the problems of underground fluid and
gas dynamics, mathematical biology, ecoldgy andieegnomics [1-5]. The stationary one-speed transport equation
is an important example of loaded differential equations [6]. A methodical study on the theory of boundary
value problems for loaded functionaliand differential equations and their applications has been conducted by
Nakhushev [4]. An equation is called loaded if it contains the solution function on a manifold with dimension
less than the dimension of dommain ofythis function [4]. For example an ordinary loaded differential equation is
represented by

dy/dx:f($7y)+h(y($j))? z €0, 1]7xj € [0,1],

where z; are fixed points. Boundary value problems consisting of general boundary conditions and the so-called
differential boundaffys equations (loaded differential equations) have been investigated by many researchers in the
last century, segffor example, the survey paper by Krall [7] and the references cited in it. Big interest represent
the theory of loaded equations in Pure and Applied Mathematics [8-15]. Usually boundary value problems for the
loaded ordinaryrdiffesential equations with integral boundary conditions are investigated by numerical methods
[16=19]. Heref the mecessary and sufficient solvability conditions of the abstract operator equations (1) and their
éxact solutionsghy Extension Method are obtained in closed form. This formalism is applied to solve the ordinary
leaded differential equations with integral boundary conditions, when ¢, ®, ¥, F' are vectors, N, P matrices, A is
anordinary differential operator, ¥(u) is a loaded part of equations and F'(Au) defines the integral boundary
conditions. Such problems arise naturally from Oinarov extensions of linear operators [20, 21| in Banach space
which are not restrictions of a maximal operator, unlike the classical M. Krein, J. Von. Neuman extensions [22, 23]
in Hilbert space and Otelbaev, Kokebaev, Shynybekov extensions [24] in Banach space. Extension Method uses
a symple correct restiction A of a maximal operator A defined by Au = Au, D(A) = {u € D(A) : ®(u) = 0},
to solve complex problems of type (1). This method was applied in [25] to simpler abstract operator equations
Bu = Au—q¥%(u) = f, D(B)={uec D(A) : ®(u) = NF(Au)}, f €Y for the study of ordinary loaded
differential and loaded integro-differential equations with integral boundary conditions and their exact solutions
in closed form. There are many problems of type (1). The loaded differential operator [8]

58 Bectnuk Kaparanmgurckoro yHuBepcurera



Extension method for a class...

Lu(z) = " (2) + a(z)u (Z) +b(z)u <%> +u1): @)

is an operator of type (1) if we take Au = v/(z), ¢1 = —a(x), q21 = —b(x), qi), = -1, ¥y(u) = u(1/4),
Waw) = u(1/2), Wa(w) = u(l), Bi(w) = u(l), Po(w) = W'(1), Ir(@)dr = [} vi@)de = 0, Au g Au

1), :
D(A) = {u(zx) € D(A) : u(1) = 0}. Then A-lf(z) = 1 f(z)dx and the boundary conditions of are
represented as

u(l):/o {1—/0 v(s)ds] o' (x)dz, u’(l):—/o /0 v(s)dsu'(x)dz.
So N =1,
Fi(Au) = fol [1— [y v(s)ds] v/ (z)dw, P =-1, Fy(Au)= fol Jy v(s)dsu/(z)dz and E, iorfMethod can

be applied.

The loaded differential operator [8]
Lo(z) = v"(z) + v(2)v'(0) + v(z)v(1); % (3)
1
v(0) =0, (1) :/ v(z)dx,
0
is also an operator of type (1) if we take the operators A,//l\7 y tors &1, P35 as in (2) and ¢ = —y(z),

)
g2 = —v(z), U1(v) = v'(0), ¥a(v) = v(1). Note that the boun conditions of (3) are represented
as v(1) = [ o/ (2)dz, v'(1) = [y (1 - 2)o/(z)dz. So N = V(W) =[S (z)de, Fa(Av) = [(1—
—x)v'(z)dz, and Extension Method can be applied. The te this method is simple to use and can
be easily incorporated to any Computer Algebra System .
recall some basic terminology and notation about operg we prove the main general results and give an
example of boundary value problem with ordinary fferential equation and nonlocal integral boundary
conditions which show the usefulness of our res

Let X,Y be a complex Banach spages " is the adjoint space of X, i.e. the set of all complex-valued
linear and bounded functionals on e denpte by f(z) the value of functional f € X* on x € X. We write
D(A) and R(A) for the domain ge of the operator A, respectively. An operator A, is said to be an
extension of an operator A, id to be a restriction of Ag, in symbol A; C A, if D(As) D D(A;) and
A1z = Agz, for all z € D( ator A is called mazimal if R(A) =Y and ker A # {0}. An operator
A:X Y is said to be (121\) =Y and the inverse A~! exists and is continuous on Y. An operator
A is called a correct rd$ 101 the maximal operator A if it is a correct operator and AcC A An operator
A: X — Y is said to he ¢

ive if for all uy,us € D(A) such that Au; = Aug, follows that u; = ug. Remind
jective if and only if ker A = {0}. If ¥; € X*,i = 1,...,n, then we denote by

U =col(¥y, U(z) =col(¥y(z),...,V,(x)). Let g = (g1,-..,9n) be a vector of X™. We will denote
by ¥(g) t atrix whose 4, j-th entry ¥;(g;) is the value of functional ¥; on element g;. Note that
v = where C is a n x k constant matrix. We will also denote by 0;, the zero [ x n matrix and
the idenfity n x n matrix. By 0 we will denote the zero column vector.
A: X =Y be an ordinary m order differential operator

Au(z) = apu™ (2) + oqu™ V(@) + ... + au(z), a; €R, ag £ 0 (4)

and X,Y be the Banach spaces. Usually X =Y = Cla,b] or X =Y = L,(a,b), p > 1. Everywhere below we
denote by
X3 = (DAl [Ixy)

the Banach space m times differentiable functions with norm

lu(@)llxg =D Il (@)]]x-
=0
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It is a well-known fact that the operator A : C[a,b] 2% Cla, b] defined by

Au(z) = Au(z) = f, (5)
D(A) = {u(z) € C™[a,b] : u(wo) = (z0) = ... = u™ D (wg) =0}, o € [a, 0],
is a correct restriction of A and the unique solution of (5) for ap =1, a1 = ... = @, =0 s

1

we) = A7) = oty [ @0 O (@) € Clab

Lemma 1. Let X,Y be complex Banach spaces, A4 : X 23Y an operator defined by (4) with fi dim
kernel z = (z1,...,%y,) which is a basis of ker A. Suppose also that the components of nctional vegtor
® = (Pq,...,P,,) belong to [X7]*, aset Dy, ..., P, is biorthogonal to 21, ..., 2y, i.e. &(2) m and Ais a
correct restriction of A defined by

AcCA, D(A ) {u € D(A): ®(u) =0}. (7)
Then the operator A? is correct and defined by
A2 C A%, D(A%) ={uec D(A?): ®(u) =0, @(Au) =0}
Proof. By definition since (7) we get
D(A?) = {u € D(A):

={ueD(A): ®u) =0, Auc

={ue D(A): (u) =0, Au ), @ (Au) =0} =
={uec D(A?): (Au) = 0}.
Then A2 C A2. Finally the operator A? is corr S osition of two correct operators.

Remark 2. If the operator A is defined by

Theorem 3. Let the space; e operators A,ﬁ and a vector ® be defined as in Lemma 1, and the
components of the function =col(¥y,...,¥;) and F = col(F1,...,F,) belong to [X}]* and Y*,
respectively. Suppose also that mponents of the vector ¢ = (q1,...,q) are linearly independent on Y and
N, P are the m x n constant es. Then
(i) The operator B de

Bu=A*u—q¥(u)=f, [e€Y, (8)

(B) = {u € D(A?): ®(u) = NF(Au), ®(Au)= PF(Au)},

is inj nd’only if
I, —U(A~2g) —U(A"'zP +zN)
det L = det X 0. 9
¢ ¢ ( _F(A1q) I, — F(z)P 7 ©)

(ItPIf B is injective, then B is correct and for all f € Y the unique solution of (8) is given by
~ ~ — 12
u=Blf=A2f4+ (A%, A 2P +zN)L ! ( w(A™f) ) : (10)

Proof (i). From boundary conditions (8), since ®(z) = I,,,, we obtain

O(u—zNF(Au)) =0, ®(Au—2zPF(Au))=0. (11)
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From (11), taking into account (7), we get u — zNF(Au) € D(A), Au—zPF(Au) € D(A). Further,
using these relations, the correctness of A and z € [ker A, for every u € D(B) from (8) we obtain
Bu=A(Au—zPF(Au)) —q¥(u) = f, f€Y,
Bu = E(Au —zPF(Au)) — q¥(u) = f,
Au — zPF(Au) — A\_lq\ll(u) = A"y,
F(Au) -

(12)
F(2)PF(Au) — F(A™'q)¥(u) = F(A7'f), i
[In — F(z)P]F(Au) — F(A™'q)¥(u) = F(A™" ). 13)
From (12), since u — zNF(Au) € (21\) and A is correct, we get

A(u— zNF(Au)) — zPF(Au) — A 'qU(u) = A~'f <

A(u— zNF(Au)) — zPF(Au) — A 'qU(u) = A~
u—zNF(Au) — A" '2PF(Au) — A 2qU(u) = A

u— (2—1zp n zN) F(Au) — A~2q0(u) = (14)
U(u) — W (/Tflzp + zN) F(Au) — U(A2q) T (u)
1, — W(A2q)|W(u) — ¥ (2—1zp + 2N F (15)
From (13), (15) we have

( I —qz(g—%;) —W(A~'2P + zN) ) _ ( xp@:?f) ) (16)

~F(A™q) I, — F(z)P Au) F(A™Yf)

Let det L #0 and u € ker B. Then in (8) f

Bu = A%u — g¥(u) (Au), @(Au) = PF(Au). (17)

e (16) for f =0, viz.

U(A~1zP + zN) Uu) \
nrwr ) (i )=(5):

which, since det L # Qgimplies. W(u) = 0, F(Au) = 0. Substituting these values into (17), we obtain

Bu = A%u = 0, ®(u) = 0. Then u € D(A%), Bu = A2u = 0. The last implies u = 0, since A is

correct. This prov = {0}. So B is injective.

at if B is injective, then det L # 0, or equivalently if det L = 0, then B is not

“Then there exists a vector ¢ = col(¢1,C2) # 0,
Gy = col(cay, ..., Cam ) such that L& =0 or

& = col( 0
I, —U(A2q) —W(A~'zP +zN) g\ _ (0
Q ( R L Fap ) (2)=(5): (e

the element wg = A\_Qqé'l + (A\_lzP + zN)E'Q It easy to verify that ug # 0, otherwise since the
components of ¢ are linearly independent, we get ¢ = 0, (121\ 12P +zN)& =0, zP& =0, F( )P =0
and from (18) it follows that & = 0. Thus &= 0, which contradicts the hypothesis that & # 0. Note that
up € D(B), since ®(ug) = Néo, ®(Aug) = Pé, F(Aug) = F(A~1q)@ + F(z)Pé& and

[S=TeT]

injective. Let de

®(ug) — NF(Aug) = N& — NF(A~'¢)& — NF(z) P&, =

- N (—F(/T—lq), I, — F(z)P) col(@1,8) =0, (19)
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®(Aug) — PF(Aug) = P& — PF(A™'q)& — PF(z)Pé,,
—p (—F(ﬁ’lq), I, — F(z)P) col(e1, ) = 0. (20)
The last equations in (19), (20) follow since (18). So wug € D(B). We will show now that ug € ker B.
Bug = A%ug — q¥(up) = qc1 — q\I/(A\_Qq)El — qW(g_lzP +2zN)é,

=q (Il —W(A72%q), —~W(A 2P + zN)) col(é1, &) = q0 =0,

since (18). So we obtain wug # 0 and wug € ker B. Hence ker B # {0} and B is not injective. ement
(i) holds.
(ii) Let det L # 0 and Bu = f. From (8) as in the proof (i) we get (13), (14) and (15). Th

( U (u) ) _ < I - W(A2q) —U(A'zP +zN) >_1 ( W(A2 )
) F(A'f

¢ Y. Because f
in (10) is arbitrary, we obtain R(B) =Y. Since the operator A~! and the funictiona ey @i, U, ..., U, are
bounded, from (10) follows the boundedness of B~!. Hence, the operat and only if (9) holds
and the unique solution of (8) is given by (10). The theorem is proved.
From the previous theorem for ¢ = 0 follows the next cor lary which
equations with integral boundary conditions. R
Corollary 4. Let the spaces X, Y, the operators A, A, the vegtor 1y.y 2m), functional vectors @, F
and the matrices N, P be defined as in Theorem 3. Then:
(i) The operator B defined by

useful for solving differential

Bu = A%u = f, Y (21)
D(B) = {u € D(A?): ®(u u)y ®(Au) = PF(Au)}
is injective if and only if
det ﬁ z)P] # 0.
(ii) If B is injective, then B is correct andfor a the unique solution of (21) is given by
u=BMNE= A3 + (A'2P +zN)VIF(A71)). (22)

Proof (i). For ¢ = 0 from (9)
—W(A~'zP + zN)

det t =det|l,, — F(z)P] =detV # 0.
It is easy to verifygtha
I

(L U(AzP+zN)V!
o 0, y-1 '

q = 0 follows (22).
The next problem with loaded differential equation and nonlocal integral boundary conditions on

u’(t) —4tu(1/2) — (2t + 1) u(l) = 1 — 5¢, (23)

1 1
u(0) = —6/ 2/ (z)dx + 15/ ot/ (z)de,
0 0

1 1
u'(0) = 6/ o/ (z)dr — 15/ xh/ () de,
0 0
is correct and the unique solution of (23) is given by

ut) =t —t+1. (24)
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Proof. First we rewrite the boundary conditions (24) in the form

w(0) = (6, 15)col ( /0 2l (o) /O 1 w4u’(x)dm> , (25)

u'(0) = (6, —15)col ( /0 1:1:2u’(:5)dx, /0 1 x4u'(x)da:> .

If we compare (23), (25) with (8), it is natural to take X =Y = C[0,1], m=1,n=101=2, Au(t)
D(A) = {u(t) € C'[0,1]}, X} = C1[0,1]. A%u = u"(t), D(A?%) = {u(t) € C?[0,1]}. It is evident,that
constitute a basis of ker A. As the operator A it is natural to take Au( ) = Au(t) = o/ (t),
€ D(A) : u(0) =0}, A2u(t) = A%u(t) = v’ (¢), (A2)—{u()€D(A2)' ()—u(O) ,  The initial
problem Au(t) = f(t) is correct and has the unique solution ~A~!f(t) = (x)dx n, since (6),

= [,(t —x)f(x)dz. By comparing (23), (25) with (8), it is natural to take =2t+1,
¢=(q,0) = (4,2 +1), f=1-5t, M=(-6,15), P =(6,15), ®(u) = Q
_ (Ya(w)) _ (u(1/2) _ (Fa(Aw) _
voo = (i) = ("sary) - #eaw = (B = @

Then F(f) = (?;U)) = (ﬁ Z(i) )

It is evident that ®(z) =1 for z =1 and that |Fi(f)] < ||fllc,
Fi, Fy, € C*[0,1] = Y*. Because of |¥(u)| = |u(ty)] < [|u(t)|]lc. <
we conclude that Wy, Uy € [X}]*. In the same way is proved|that

(O < |Iflle forall f e C[0,1]. So
[’ e = llul®)llcr = [lu(t)][x1,

[X}]*. So we can apply Theorem 3.

We calculate A1z = fot ldz=t, A™'z2P+:N = t(6, 15) = (6t — 6, —15¢t 4 15) = (vy,v2),
~_ Uy(vy) Py(va) (I72)  wa(1/2) -3 15/2
V(A 2P+ 2N)=( 11 =
(A72P +zN) ( Uay(v1) Wa(v (1) (1) 0 0 ’

t t
A‘lql(t)=/ 4z g t)=/ (22 + 1)dx = > + t,
0 0

_|_
Y

t
) = [ (6= o)tade = 3¢
0 3

1 1
t (t —x)(2x + 1)dx = =t3 + =12,
)= / x)(2z + =3 +2

O A7?q=(A7%q, A7) = (;t?’ét?’—k 5t )
V() A ) ) (A a0 A e
@ Uy(A2q)) Wy(A-2g,) A-2q)(1)  (A-2q)(1)
(112 1/6
= ( 2/3 5/6 )
F(A™q)
~ 11/12 —1/6 Fi(2) 1/3
— (4 Q):( —2/3  1/6 ) Fz) = (Fg(z) - <1/5>’
1/3 2 " -5 -1 5
F(2)P = (1/5> (6,-15) = (6/5 _3>, I, — F(z)P = (_6/5 4>.

I
/
=
h>>/t-§>
2
=
h>>/tl:|>
2
N——
I

( ;ﬁ 193//2402 ) ’
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Then by using (9) we find

11/12 -1/6 3 —15/2
—2/3  1/6 0 0
—2/5 —9/20 -1 5
—2/7 —13/42 —6/5 4

Since det L # 0, by Theorem 3, the problem (23), is correct. We find the inverse matrix

—140/303  —548/303  70/101  175/101
;-1 _ | —560/303  —374/303 280/101 ~700/101
T | —248/909  —565/1818 730/303 —2135/606 | -
—1172/4545 —289/909 299/303 —889/606 <

For f(t) =1—5¢t we compute

“Lf(t) = [o(1—5x)de =t — 3t A7 f(t) = [ (t — 2)(1 - 5x)dz = 1t* - 383,

F(A~1f) = fol 2? (x — 527) dw = —1/4, Fy(A-1f) = fol ot (z— 22?)de = — Q
e [ —1/4 ~ o [U(AT2F))  [1/48

FA1f) = (_4/21), W(A2f) = (\I/;(X%”)) - (_1/3>, @

By substituting these values into (10) we obtain the unique solution of

J

1 5 2,1 1
u(t) = §t2 - 6t3 + (gt?’, §t3 + §t2,6t — 6,15t

which yields (24).
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boundary condi @

(¢}

and control scie

N.H. ITapacuanc

K bl eMeC MIETTIK MHTErpaJIablK INapTTapbIMEH >KYKTeJIreH
nnddepeHInaaabIK TeHJAeyJIep KJaccTapbl YIIiH KeHelTy oamici
aKaJaJga JIOKAJIbIbl eMeC IIeTTIiK WHTErPaJIIbIK, IapTTapbIMEH »KYKTeIreH Ko iMri auddepeHmai bk,
TeHJIeyJIep KJiachl aOCTPAKTIJIl OIepaTopJIbIK TEeHJIeY TePMUHIHJIE 3epTTes I
Bu=A*u—q¥(u)=f, feY, (1)
D(B) = {u € D(A?): ®(u) = NF(Au), ®(Au)= PF(Au)}.

By renmeynepain »Kykrearen 6eJiiri KoHe JIOKAJIBIBI €MeC IMIEeTTIK MHTErPaJIIbIK, MapTTapbl CoiKeciHiie
W (u) >xone F'(Au), byHKINOHAJIABIK BEKTOPJIAPBIHBIE, KOMeriMeH cunarrassl. MyHaal TeHaeynep ChI3bIK-
TBHIK, OIIEPATOPJIAPIAbI KEHEHTY TEOPHUSICHIHAH MIBIFaabl. KapacThIpbLIATHIH TEHIEYIEP/IiH, MeniarimTirinin
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KaXKeTTi KoHe XKETKIJTIKTI maprTapbl KaHgal j1a 6ip MaTpPUIAHBIH, aHBIKTAYBIIIBl KOMETiMEH OPHEKTEIEe]I].
2KyKkresren TeHaeyepaiH KapacThIPBIIATHIH KJIACCTAPBIHBIH HAKTHI IIENTyiH Taby YIIiH, aHBIKTAY I HOJIb-
e TEH eMeC yKarIalblHaa, HaiibiH GopMysa yeblHbLIaabl. Erep kanmait na 6ip ecen (1) Typine kesrripiierin
6oJica, OHJIa OHBI YCHIHBLIBII OTBIPFAH KEHENTY ojticiMen oHait mremnryre 6osaabr. ConbiMeH Koca, ¢ = 0, yImiu
OYJI 9JIiC eI TIKTIH KaXKeTTi »KoHe »KEeTKIIIKTI IapTTapblH K9HE JIOKAJIbIbI €eMEC IMETTIK HHTEIPAJIIBIK,
mIapTTapbIMEeH YKYKTeJreH KoIimri nuddepeHnnaiiblK TeHaeysiep KiacTapblH abCTPaKTi OIepaTopJIbIK,
TeHJIey TEePMUHIH/Ie HAKThI LIy YIIiH dopMmysia 6epei.

Kiam ceadep: »xykrenren kogimri auddepeHpaibk TeHaeyiep, 1uddepeHIualiiblK TeHIeyep, JOKal
JbI eMeC UHTErPAJIJIbIK, MEeTTIK MapTTap, HHHEKTUBTI YKOHE JYPBIC OIePaTopsap, HAKTHI MIENIYJIep.

N.H. ITapacumuc <
MeTOI[ pacminpennsd AJisd KJlaCCa Harpy2KeHH
b

anddepeHInaabHbIX YPABHEHUI ¢ HEJIOKA
ITPAHUYHBIMUA WHTETPAJbHBIMU yC

B crarpe mcciemoBan Kitacc HArpY»KEHHBIX OOBIKHOBEHHBIX Audeper aBHEHUU C HEJIOKAJIb-
HBIMU T'PAHUYHBIMEA WHTETPAJBHBIMU YCJIOBUSME B TEPMUHAX abCTPAKTHOT epaTOPHOIO ypaBHEHUs

Bu = A%u — q¥(u) = f, Je
D(B) = {u € D(A?) : ®(u) = NF(Au),

Harpy:kennast 9acTb  HeJIOKAJbHBIE TPAHUYHBIE WHTETDAJT BUs 9TUX YPABHEHUH ONMCHIBAIOTCS
¢ noMoIpio GyHKIUOHAILHBIX BeKTopoB ¥ (u) u F(A TBEHHO. Takne ypaBHEHUS CJIEAYIOT U3

(1)

3ast HGOPMYJIA JIJI HAXOXKIEHHUS TOYHOTO PEIEeHUsT Pac-
oTopast 3a/1a9a MOYKET ObITh IPUBEIEHA K BULY
(1), TO €e MOXKHO JIEFKO PENIATH MPEJJIarag TOOM paciiupenus. JlaHHbBIT MeTOm i ¢ = 0 Taxske
aeT HEeOOXO/IMMbIE U JIOCTATOYHbBIE YCJT MOCTH U (DOPMYJTY JIJIsI TOYHOT'O PEIIEeHUs /It KJIacca

CMaTPUBAEMBbIX yPaBHEHNH BBIPAXKAIOTCHA C ITOMOIILIO OTIpPe
h

Bu=A’u=f; D :®(u) = NF(Au); ®(Au) = PF(Auw)}; fevY.

Karouesvie caosa: HAr € e ‘QObIKHOBeHHBIE auddepeHInalbable ypaBHeHus, auddepeHnaIbHbe
ypaBHEHUs, HEJOKAJbHble WHTEPPAJbHbIE I'PAHUYHBIE YCJIOBUS, UHBHLEKTUBHBIE U KOPPEKTHBIE OIEPATOPHI,
TOYHBIE PEITIeHUST
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