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On a boundary-value problem in a bounded domain for a
time-fractional diffusion equation with the Prabhakar fractional
derivative

We aim to study a unique solvability of a boundary-value problem for a time-fractionalddiffusion,equation
involving the Prabhakar fractional derivative in a Caputo sense in a bounded domain/ Weaise the method
of separation of variables and in time-variable, we obtain the Cauchy problem for(a fractional differential
equation with the Prabhakar derivative. Solution of this Cauchy problem we represent via Mittag-Leffler
type function of two variables. Using the new integral representation of this two-variable, Mittag-Leffler type
function, we obtained the required estimate, which allows us to prove uniform.onvergence of the infinite
series form of the solution for the considered problem.

Keywords: Time-fractional diffusion equation, regularized Prdbhakarmyfractional derivative, Mittag-Leffler
type functions.

Introduction and formulation of a problem

Application of Fractional Calculus in mathematical modeling of real-life processes became crucial
and appropriate mathematical tools have been deweloped [1-5].

A number of stochastic models for explaining anomalous diffusion have been introduced in literature
(see, for instance, [6-9]).

There are other applications of time-fraetional diffusion, for example, in the image denoising model
[10].

Let us consider the following time-fractional diffusion equation

BEDG M Ou(t, ) — wga(t,x) = f(t, ) (1)

in a domain Q ={(¢,#) : 0 <z <1,0<t<T} Here f(t,z) is a given function and
PCDavﬁvvvé — Pla7m7ﬁ77’y»§ dm
ot y(t) = "Iy dtimy(t)

represénts regularized Prabhakar fractional derivative [11] and

t
ProBady ) = / (t— )P VL, [5(t — ©)°) y(€)de, t > 0
0

represents Prabhakar fractional integral [12]. We note that above-given definitions are valid for o, 8,v,9 €
C such that R(a) > 0 and m — 1 < R(8) < m, m € N.
We formulate a boundary-value problem for Eq.(1) in the particular case (0 < 8 < 1) as follows:
Problem: To find a solution of Eq.(1) in €, satisfying the following conditions:
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e regularity conditions: u(t,z) € C(Q), u(-,z) € C1,(0,T), u(t,-) € C*(0,1);

e initial condition: u(0,x) = ¢(x), 0 <z < 1;

e boundary conditions: u(t,0) = u(t,1) =0, 0 <t <T.

Here the function () is a given function such that ¢(0) = ¢(1) = 0 and a class of functions C}*
is defined as follows:

Definition 1. [13] We say that f € C,la,b], if there is a real number p > p (1 > —1), such that
f(z) = (x—a)? fi(z) with f1 € C[a,b]. Similarly, we say that f € C}l'[a, b], if and only if M e Cyla,b).

We would like to note related works, where the main objects are PDEs involving the above-
mentioned Prabhakar fractional derivative or some generalizations.
The following Cauchy problem for the time-fractional diffusion-wave equation

D§77+V7_/\70+g(:c,t) = Cgypz(z,t), x€ R, t >0,

g(xv 0+) = 5(x)7

9t(x, )]t 50+ =0, c €ER, v >0,v>0,0<y+v <2
was the subject of investigation in [11]. The authors used the Laplace-Fourier $fansform to find a
solution to this problem in an explicit form. The solution was representéd via Prabhakar and Wright’s
functions.

The explicit solution of the Cauchy problem in ¢ > 0, z € Rihas'beén found for the following
time-fractional heat equations [14]:

Dvw 0+u( x,t) = Kuge(m, t)

and
“p “’0+u(x t) = Kz (2, t),
where p
) —qV - ?(1_1/)
7u0+f( ) 7(1_M)7w70+ %Ep7(71_,,)(1_u)7w70+f<t)7

W d
DR = E7 0 (1),

€(0,1), v €[0,1], v,w € Ry p >0,

t
Epuw 0+f / “ IE;,u[w(t - y)p]f(y)dy
0

is the Prabhakagfractional integral [12].
The following PDE‘involving the Prabhakar derivative

Dgﬁ’w’wu(w, t) = a(x)ugs(x,t) + b(x)ug(z,t) + c(x)u(z, t) + d(z,t)

was investigated together with the appropriate initial conditions [15]. Using the Sumudu transform,
the authors have found an approximate solution to the proposed problem.

Authors in [16] studied the following time-fractional heat conduction equation with a heat absorption
term in spherical coordinates in the case of central symmetry [17]:

2
CDZLLMT(T,t) =a (Tw(r, t) + ;TT(T, t)> —vT(r,t), t>0,0<r<R.

Imposing initial T'(r,0) = 0 and boundary T(R,t) = pt? (8 > 0) conditions and using the Laplace
transform, they found exact solutions for this problem.
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The distinctive side of the present problem is that we consider the boundary-value problem in a
bounded domain and use a method of separation of variables. We will get the solution to the problem
in an infinite series form represented by the new Mittag-Leffler type function of two variables. In the
next section, we provide the main result (a unique solvability of the problem) and corresponding proof
with details.

Main result

We search solution of the problem u(t, z) and the given function f(¢,x) as follows

o0

u(t,z) = Z U, (t) sinnrz, (2)
n=0

ft,x) = an(t) sinnmzx, (3)
n=0

where U, (t) are unknowns to be found and f,(¢) are the Fourier coeffigients of the function f(t,z),
given as

1
fu(t) = Q/f(t,a:) sin nra.
0

Substituting (2) and (3) into (1) and considering initial“eondition, we obtain the following Cauchy
problem:

{ PC D100, ()8 (nm)2U (t) = fu(2),
Un (0) = I/Jn y

where 1, are the Fourier coefficients ofighe given function ¢ (x), which are defined as follows

1

P, = 2/w(x) sinnmx.

0

Let us first present| some statements, required for the further stages. The first statement is devoted
to finding an explieit solution to the Cauchy problem for a fractional differential equation with the
regularized Prabhakar derivative.

Lemma I3Let a8 € RT, v,0,a0,a1,...;am—1 € R, m = [f]+1,m -1 <3 <m. If f(t) € C,
thendfor any.reallmimber A the following Cauchy problem

{ PEDGPTY (1) = N(t) = 1), n
y*(0)=ag, k=0,1,...,m—1

has a solution represented by

_ -1 . 8
— ak:pk K B+k ENE 17 170 |)\t
v go b kgo akr T (1) Bz <5 k4L B a5yl 1 ) T

k
+F(v)f"(t_z)ﬁ—1E2< 7,7,131,0 Mt_z)ﬂ) F()d=.
0

B,B,a;y, ;1,1 [6(t—2)®
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Here Es(+) is the Mittag-Leffler type function in two variables represented as

EQ( Y15 a1, B2, a2 |»’U> _

51,043,52752,(%4,53,53 ly

_ ZZ (11) aii+f1j (72)ani ! yj ‘ (6)
— = (61 + agi+ f27) I'(d2 + aui) ['(d3 + B37)

This function for the first time was mentioned in the work [18], but not studied at all.
Proof. In [19], the solution of the Cauchy problem (4) is represented in the following infinite series

form: 1
s 0o 0o m— ((1+ i)’)’)j A(i+1) g7 pes+(i+1)+k
t) =
y(®) il +ZZZ“’€ T T+ G+ DB+ E+T)

oo o (7)
1 —+—z)’y i \eod (¢ Z)a]+(z+1)6 1

k
L o oo (( ( B
+0/ 2 T T Terasng O

The double series in this formulae can be represented by the functiondefined in (6). Considering the
well-known definition of the Pochhammer symbol, namely,

_ T(a+n)
@ ="y

one can easily deduce (5) from (7) using (6) in thefollowing particular case:
=7 0=79, 51:1772:]-3 az =0, 51:ﬁ+k+1a az = f3,

,82:(1,62:’7,0[4:’7,(53:1,53:1.

The next statements are related to the estimation of the function (6), which is crucial for the proof
of the uniform convergence of infinite séries. First, we present an integral representation of the function
(6) via known functions.

Lemma 2. Let R(61) > N9 > 0. If as = 3 and P2 = 1, then the following integral representation
holds true:

E2 < ’715041561;’727042 .’B) _
0, a3, 82,09, o3 03, B3 |y
1

= ]- 1—1 _ 61 Y1— 1 py2,a2 a1 /31
r(’yl)r((sl_ﬁ/l)o/g’y (1 5) Ea4 2( € )Eﬁ3,53 (yé ) d€.

Here Eg, §5(2) is two-parameter Mittag-LefHler function and

o
B)202( 2 : (72) azmz
a4,62 = F a4m + 52

Proof. On the right-hand side of (8) we use the series form of functions Eﬁfn(z) and Ep, ,(z) and
will integrate term-by-term:

1

1 _ (@en) & (yehr)’
Y1 1 61 —Y1— 1 72 a2t
L(y)T(61 —m) 0/§ (1= Z I'(aui + 02) Z I'(B3j + 53

7=0
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_ Sacas "Y2 agzx / a1i+B1j+y1—1 1— 51—71—1d
(v z% — I'(aqi + 02) (53J+53 : =9 :

Using the definition of Beta-function and after some 31mp11ﬁcat10ns, we deduce the left-hand side of (8).
In particular, if v = 8 and o = 1, we have

5 77 11,0 A
2 Brk+l B ey nll |6 a

YO (5+k:+1 /57 11— &)Pth- VElo<)\$Bém’>]511(533a§) dg.

It is known that
E}5(2) = Eyy(2), Bra(z) =
Hence, considering the fact that if A < 0, § <0, then

B, 00 < — 1

< T 9SG (O SR

one can get the following:

B 77 151,0 A
B+k+1,80:7,71,1 oa®

A ,B—i-k CIC2
= INGIIN (ﬁ+k+1 /57 71+\)\955§7|

g <

C1Cy 11— ¢}k C1Cy _
ST+ hri-q /@ R

where C' is any positive real number.
Based on Lemma 1, we explicitly find U, () as follows

. _ 248
_ P ~v,7,1;1,0 | — (nm)=t
) = v DGR (5, oy T )]
¢ 1;1,0 | — (nm)2(t — 2)P
t—Z’BklE ( MRS
WD B2 5 6 0y 1,1 b=z )"
Since, in our case \'= —(nm)? and assuming that 6§ < 0, we can easily get when v = 3, a = 1 the

following estimates:
u(t,2)] <D [Crltbal + Col (O] < Cr (@5 + Co || (£, )5 -
n=0

This will beé enough for the uniform convergence of the series (2), but for the infinite series corresponding
to the function u., (¢, x) we need to impose more conditions to the given functions. Namely,

P*f(t,x)
922

2
‘ux:r(tyx” < 03 HW' H2 + C14

The following statement is valid:

Theorem 1. If 1(x) € C1[0,1],4" () € L2(0,1) and f(-,x) € C1,[0,T], f.(t,-) € C[0,1], fou(t,") €
L5(0,1), then there exists a unique solution of the problem represented as (2).
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Conclusion

In the bounded domain, we have considered a boundary problem for a sub-diffusion equation
involving regularized Prabhakar fractional order derivative. Presenting the solution of the corresponding
Cauchy problem via a two-variable Mittag-Leffler type function and using its new integral representation,
we have proved a unique solvability of the formulated boundary problem. We note that the same
approach can be done for the fractional wave equation. Moreover, various inverse problems can be
studied by applying obtained results.
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9.T. Kapumos 12, A. Xacanos?

L @epeana memaexemmix yrusepcumemi, Depeara, Osbexcmar;
2 B.H. Pomanoscruti amvindaen, Mamemamura unemumymuotlawrerm, O36excmar

IIpabxakap O6eJilIeK TYBIHJIBICHL 0ap yaKbIT-Oeumniek auddy3nus
TeH/ieyl YIITiH NIeKTeJreH OOJILICTAEbl HEeKAPAJIbIK ecell OOMbIHIIA

3eprreyain MakcaThl mekTearen obsbicta KamyTo Marbiaackiagarsl [Ipabxakap GeJIIMeK TybIHIBICHIH KaM-
TUTBIH yaKbITTBIK-00JIeK 1 Dy3usIbK, TeHJey VIIH IeKapaJblK ecenTid Oipereil mremimin 3eprrey.
AjtHpIMaJIBLIIAPABI 0OJIy OJiCi KOJJAHBLIFAH, YKoHEe YaKbIT aflHbIMaJbIChIHIa [Ipabxakap TYBIHJABICE Hap
Geumrek muddepeHnmaaabk TeHaey yuria Komm ecebi ampraran. Ockl Komm ecebimin mmemnriMi exi aifHbI-
Masil Mutrar-Jledpdutep Tunri dynxnmsiest apkpuibt 6epinren. Ocel exi aitnbiManbl Mutrtar-Jleddirep
TUNTI (DYHKIUSIHBIH YKaHa WHTEMPAIIBINKOPIHICIH maiigalaHa OTBIPBII, KAPaCTBIPBLIBIIT OTBIPFAH E€CENTIiH,
mrermiMiHiH eKci3 Karap TypiHiH OipKesKi *KUHAKTBHLIIBIFBIH JI9JIeJIIeyre MYMKIHIIK OepeTin KaxkeTTi 6ara
aJIBIHFAH.

Kiam cesdep: yakbIT-Oofitiek, 1udpdysust TeHaeyi, peryispusanusiianran [Ipabxakap GeJIIIeK TybIHIBICHI,
Murrar-Jleddiep tunti dyukimsaiap.
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9.T. Kapumos'?, A. Xacanos?

L @epeancruti zocydapemeennvitl yrusepcumem, Pepeana, Yabexucman;
2 Onemumym mamemamury umenu B.H. Pomanoscrozo, Tawxenm, Yazbexucman

O06 omHoOIT KpaeBoii 3a/1ade B OrpaHMYEHHOI 00JIaCTH! /i YPABHEHUS
anddy3un JpobHOro BpeMeHu ¢ ApoOHOoiT mpon3BogHoii [Ipabxakapa

Haieit niesibio siBjisieTcst M3ydueHue OJIHO3HAYHON Pa3pelmMOCTH KPaeBoil 3a/iaum Jiuist ypaBHeHus 1ud@y-
31 ¢ JIPOOGHBIM BpEMEHEM, BKJIIOUAIOIIEro JpobHyo npousBoauyio [Ipabxakapa no KarmyTo B orpanndeHHOM
obstactu. BocmosibayeMcss MeTOIOM pa3iesieHusl TEPEMEHHBIX U B MIEPEMEHHOM 10 BPEMEHH TOJIYIAM 3318~
qy Kommu jy1a ypaBaeHusi gpobuoro guddepennuaria ¢ npousBogHoit [Ipadxakapa. Perenne 9w0# 3amasn
Ko mpegcrasum gepes dpyuknuio tuna Murrar-Jleddirepa ot 1Byx nepemenHbix. Vcronb3yst HOBOE WH-
TerpaJibHOE TIpe/icTaBienne 31oi pyHkiun tuna Murrar-Jleddirepa ¢ nByMst mepeMeHHBIMY, MBI IOy ST
TpebyeMyIo OIEHKY, KOTOpas MO3BOJISET JI0KA3aTh PABHOMEPHYIO CXOJIMMOCTD pellleHus B BUe OECKOHETHO-
ro psijia Jisi pacCMaTPUBAEMON 3a/adu.

Karoueswie crosa: ypasuenune quddys3un ¢ 1poOHBIM BPEMEHEM, DEry/isipH30BaHHASL JPOOHAS IPOU3BOHAST
[Ipabxakapa, dyukmun tuna Murtar-Jledbdepa.
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