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Universal elements of unitriangular matrices groups

The following theorems are proved for a matrix g from the group of unitriangular matrices over a co
tive and associative ring K of finite dimension of greater than three with unity: 1) if the matrix g i
then all of its elements are on the first collateral diagonal except extreme ones are nonzero; 2) i
of the first collateral diagonal of the matrix g, with the possible exception of the last element
in K, then g is universal; 3) if the ring K is Euclidean and has no reversible elements except tr
then it follows from the universality of the matrix g that all the elements of its first co
except the extreme ones, are reversible in K.

Keywords: unitriangular matrix group, commutator, commutant, universal element; , ean ring,
associative ring.

We denote the group of all upper unitriangular matrices over a comm 1ative ring K with unity
by UT,,(K). Its commutant UT),(K) consists of all matrices with the first collateral diagonal (see [1], for
example).

In paper of A. Bier [2], it is proved that every element of comm t UT) (F) is a commutator in the case
of a field F of characteristic zero, i.e. for each element f of UT/ (), the equation of the form

(1)

is always solvable in the group UT,,(F), where [z, 22| = T1x9 is the commutator of variables x1 and x».

This result is significantly enhanced in the papg . Bahta [3]|, where it is proved that any element
f € UT!(K) can be represented in the form [g, ], whe 1y fixed element of the group UT,,(K). Any element
having the first collateral diagonal consisting g be taken as a element g. In addition, in [4] similar
results were obtained for the members of lower ow obthe group UT,, (K) (see also [5]). Paper [6] provides
an overview of results on the solvability qua groups which mentions the results discussed.

The concept of universal element Helongs to V. Roman’kov. In papers of A. Konyrkhanova [7, 8] some
univérsality of an element of groups UT,(F) and UT,(Z), were first
— is a ring of integers.

nt conditions for the element universality for unitriangular matrices
a commutative associative ring with unity and over Euclidean ring are

obtained, where F — is arbitrary

In this paper necessary
group of arbitrary finite di
obtained.

The element g of g led universal, if the equation

lg,2] = f, (2)

is solvable for any ele t f from the commutant G’ of group G.
Ifn= = UTy(K) = K¥, i.e. G is Abelian group, therefore G’ = E, where E is identity matrix.
He e ent of G is universal. Therefore, in the further groups UT,(K) of dimension n > 3 are

e
ma 1. If ¢ is automorphism of the group G, then the element g € G is universal if and only if its image
s universal.
of. Necessity. Let g be universal in G. Then equation (2) is solvable in G for any element f from the
commutant G’. Hence, we obtain
[p(9), e(@)] = (f)- 3)

Since, the automorphism ¢ maps the commutant G’ into G’, then the equality

{eHIf G} =0¢"
holds. From this and (3) it follows that the element ((g) is universal. The necessity is proved.
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Sufficiency. Let ¢(g) be universal in G, where ¢ is automorphism of the group G. Then the equation

[p(9), 2] = f (4)

is solvable in G for all f € G'. Since ¢~ is also the automorphism of the group G’, then we have from (4):

o™ (e(9), 7 ()] = ¢ (f);

ie.
g, 07 (@)] = 7' (f).
From this and in virtue of the equality {¢~(f)|f € G’} = G’ we obtain that g is universal in
proved.
Let K be an associative commutative ring with unity. We introduce the following matric om UT,

1 g12 913 - Gin-1  Gin 1 1 gi; 91 n-1
0 1 g23 .. 921 Ygon 01 1 gzn 1
g=|" 0 b S e )00 9397 ‘ (5)
000 0 o 1  goin 00 .
0 O 0o .. 0 1 0 0 1

where € = 1, if g1, # 0, and € = 0, otherwise, and the elements g; ;11 fori =1,2,...,n — 2, and all
elements of the first collateral diagonal are equal to 1 in g* witJl i

We denote by diag;a (where i = 1,2,...,n) a diagonal matri
in which elements on the i—th place of the main diagonal eq
diagonal are units.

s UT,,(K) over a commutative associative
ring K with unity such that all of its elements are onff® ollateral diagonal with the possible exception
of the last element are reversible in K. Then there
with g in the group T,,(K), and such that the follewing

is universal. @

Proof. Let g € UT,,(K) is defined as ing5) ents g12, 923, - -, gn—2,n—1 are reversible in ring K. Let
us take a diagonal matrix a; = diagag1 Then“direct calculations yield the following equation:

g13 gi14 91,n-1 Jin
923 912924 --- g1292.n—-1 Gi292n
1 934 93n—1 93n

al_lg 0 1 Ggan—1 Jan = g1. (6)
0 0 1 In—1,n
0 0 0 1
Let ay = diagzgas 9129 . Then we have from (6):
1 1 =% * *
0 1 1 * *
_ 0 1 *
a; 1g1a2 _ 912923934 = go,
0 0 O 0 o Gn—1m
0 0 O 0 1
where * represents some elements of the ring K. Thus, conjugating the matrix g with appropriate product of
matrices of the form a; -as -+ a;—1,1=1,2,...,n — 1, we obtain a matrix of the form g* from (5).
Matrices a;_1 are triangular, i.e. a,—1 € T,(K). Conjugates of elements g € UT, (K) by the product of
matrices aj - ag - -+ -a;—1 in T, (K) are automorphisms of the group UT,,(K). From this and Lemma 1 follows

that the matrix ¢ is universal if and only if g* is universal. The theorem is proved.
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Theorem 2. The matrix g € UT3(K), where K is a commutative associative ring with a unity, is universal
if and only if gi12 and g3 are coprime.

Proof. Necessity. Let g be universal. Then the equation (2) has a solution for any element f € UT’, (K).
Direct calculations yield the following equation

1 0 g12723 — 712623
[g,2] = |0 1 0
0 0 1

Since ¢ is a universal element, the commutator [g, 2|13 must take any value. Hence the equation (2) is soluable,
and therefore g12 and go3 are coprime.

Sufficiency. Let elements g1 and go3 of the matrix g are coprime. Let us prove that the
solvable in UT3(K), i.e. for any f € UT4(K) the equation
912%23 — T12923 = f13

is solvable.
Since g12 and go3 are coprime, then there exist elements u,v € K, such that

g12u + g23v = 1.

element of the group UT5(K).
The theorem is proved.
Corollary 1. There exists an algorithm which determines 1tvlv rsality b
Hereinafter we assume that n > 3.
Theorem 3 (a necessary condition for the universality). Let
Then from universality of the element g € UT,,(K), n > 3 fol

i1, 70,2

Proof. Let the matrix g be universal in UT, (K
equations has a solution in UT,, (K):

fn = gn2n—-1Tn—-1n — Tpn—2n—-19n—1,n-
Assume the contrary, i.e. g;_1; = Opforisome i € {3,4,...,n — 1}. Then we have from (8):
Jim2i = Ti—1,i9i-2,i-1; (9)
fi—l,i-',—l = —%i-1,i9i,i+1-
Let us prove that in t & 'gi—2,i—1 7 0. Indeed, otherwise, it follows from the first equation of the system

T',,(K) the equality f;_2; = 0 is true. Since there exist an element f in UT",,(K)
plies a contradiction. Similarly g; ;41 7 0. Thus,

Gi—2i-1 70,9541 # 0.

(9) that for any
such that f;_o

F i (9) follows that for any matrix f the following statement holds:
iffi_27i 7é 0, thenfi_l,i_i_l 7é 0. (10)
Si f is any matrix in UT",,(K), there exists, for example, a matrix:
1 01 0 ... 0
01 00 .. 0
f=10 0 1 0 .. 0feUT,(K),
000 0 ... 1

for which the condition (10) is false. This is a contradiction. Consequently, g;—1,; # 0. The theorem is proved.
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Theorem 4 (a sufficient condition for the universality). Let K be an associative commutative ring with a
unity 1. If all the elements of the first collateral diagonal of the matrix g € UT,,(K), n > 3, with the possible
exception of the last element are reversible in K, then g is universal.

Proof. By Theorem 1, we can assume that all the elements of the first collateral diagonal matrix g, except
perhaps the last one, are equal to 1. To prove the theorem, we need to solve the equation (2) for any matrix
f from the commutant UT", (K). It follows that the first collateral diagonal of the matrix z is defined by the
following system of equations:

fi3 = @23 — w12;
Joa = T34 — T23;
. 11)
fn—3,n—1 = Tn—-2,n—1 — Ln-3,n—2;
fn—2,n =Tn—-1,n — Tn—-2n—-1"Y9Gn—1n;

If we assume that x12 = 0, we find o3, from the first equation and we find z34, from the seco quation, etc.
Thus, the values of the first collateral diagonal of the matrix x are defined.
The second collateral diagonal of the matrix x is defined by the system of equation

fia = x24 — w13 + b14;
fas = x35 — w24 + bas;
f36 = @46 — T35 + b3g;

fn—B,n =Tn—2n — Tn-3n—1"'9Gn-1n + bn—S,

where b; ;13 are some constants. Assuming that x;3 = 0, one canice e the values of z; ;42,7 =2,3,...,n—2,
similar to the determination of the values x; ;41 of a system (1 ntinuing similarly, we find a solution of
equation (2).The theorem is proved.

Similarly we can prove the following theorem

Theorem 5 (a sufficient condition for the universali K be an associative commutative ring with a
unity 1. If all the elements of the first collateral diag the'matrix g € UT,,(K), n > 3, with the possible
exception of the first element are reversible in K, the % iversal.

Corollary 2. If all the elements of the firs diagonal of the matrix g € UT,(Z), n > 3, with the
possible exception of the first or last element

Lemma 2. Assume that there are no zéver
any non-zero elements ¢i, g2 in F the ing equivalence holds:

elements g1, g2 do not have a coimon divisor except 1 if and only if there existu;, us € F such that:

grur + goug = L. (12)

Proof. Assume that g¢1y92¢do)mot have common divisors except 1. Then the greatest common divisor is
algorithm, there exist u1,us € E such that (12) holds.
e contrary, i.e.

ge =d-ve,d #1,
where € = hemywe have from (12) that
d(ulvl + ’11,21)2) =1.

d is reversible and d # 1. This is a contradiction. The lemma is proved.

eorem 6 (a necessity condition for the universality). Let E be an Euclidean ring having no reversible
elements except 1 and —1. Then, it follows from the universality of the matrix g € UT, (E), n > 3 that all the
elements of its first collateral diagonal are equal to £1, with the possible exception of extreme ones, i.e.

|gi—1,i| =1,2<1i<n. (13)

Proof. Let g be universal in G = UT,(E). Then for any matrix f € UT,(E) the equation (2) is solvable in G.
Hence, the elements of the first collateral diagonal of the matrix x are the solution of the system (8). Let us
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first establish that all the elements g;_1;,2 < i < n, are non-zero. Assume the contrary, i.e. g;—1,; = 0 for some
i. Then the two successive equations of the system (8) containing g;_1 ; are as follows:

fi—2,i = —Ti-1,i9i—2,i—1;
fi—l,i-‘,—l = Ti-1,i9i,i+1-

Since the left-hand sides of these equations can take any values, for example, a value of 1, then

Gi—2,i-17# 0,9ii+1 # 0

for any 2 < i < n. Assuming f;_3,;_1 = 1 in (8), we obtain

Xi—2,i—19i—3,i—2 — T—3,i—29i—2,i—1 = 1,

where 3 < i < n. Since the ring E is Euclidean, then it follows from (14) that g;_2 ;1 and
when 3 < i < n. Let us prove the validity of (13). Two consecutive equations of the syste

{zi—l,igi—Q,i—l — Xi-2,i—19i—-1,4 = fi—Q,i; (15)
Lii4+19i—1,0 — Li—1,i94,i+1 = fi—1,¢+1,
2 <1 < n, have solutions for any values of f;_; ;41. Let fi_1,41=0.T we have (15):

Ti—1,i* Gii+1 = Tii+1 * Gi—1,i- (16)
Since g; ;+1 and g;—1,; are coprime when 2 < i < n, then by lemma 2 have no common divisors. From this

and (16) follows that x; ;41 is divided by g¢; ;41, i.e.
Tiit1 =d - Giiy

% o

e'system (15) that

Similarly we have

We obtain from this and from the first equati
Gi—1 @ Ti2i-1) = fi—2.- (17)

If we assume that f;_; = 1, then it follows, from (17) that the element g;_1,; is reversible. Then we have
|gi—1,;] = 1 by assumption of the the
Corollary 3. Let R be a ring ofji
the universality of the matri
possible extreme ones, are e
It is known that if
ring of polynomials F
Corollary 4.
from the unives
the elements of the, first ‘collarteral are equal to 1 or —1 except possible extreme ones.
The ress their sincere gratitude to V.A. Roman’kov for the proposed topics and valuable

¢ t ing improved our article.

ger® or a ring of polynomials Z[x] over a ring of integers Z. Then, from
(R) follows that all the elements of its first collateral diagonal except
or —1.

ean ring, where there are no reversible elements except 1 and —1, then the
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0.9. Konpipxanosa, H.I'. Xucamuen

YHuynoypbIIiThl MAaTPUIAJIap TONTAPLIHBIH, dMbe HTTEepi

eMi yIITeH ap-
ostesjieHreH: 1) erep
eMEeHTTepiHeH DacKaIapbl

Dsementrepi 6ipik KOMMYTATHBTI KoHE acconuaTuBTi K cakuHa aH a.
TBHIK, YHAYIIOYPBIIITE MaTPUIIAIAD TOOBIHBIH, ¢ MATPUIACH] YIIIH KeJIeci T
g MaTpuracel ombedbar 60J1ca, OHIA OHBIH OipiHIIT KOCAJIKEI JUATOHAJTIHIH, IITET
HOJIJIEH O3relle; 2) erep g MaTPUIACHIHBIH GipiHII KOCAIKEL ,HI/IJ

Ka#WTBIMBI Gouica, oHza g ombebarr; 3) erep K cakuHACHI €BKJIMJITIK
TepaeH 6acka KAUTBIMIIBI dJIEMEHTTepl 6osiMaca, OHZa § MaT
KOCAJIKBI JIMArOHAJIHIH IIEeTKI 3/IeMeHTTep/IeH 6acKa OapJIbIK, pi K-1a KaiThIMIbI OOJIATBIHDI IIIbI-
Fa/Ibl.

Kiam coesdep: yHUYMIOYPBIITH MATPULIATIAD TOOH
EeBKJIM/ITIK CAKWHA.

L1t MaTpUIbl g U3 IPYIIIBL
KOMMYTATUBHBIM M aCCO
pulla g yHUBepCaJbHA,

€MEHTBI TIePBOil MOOOYHON JuaroHa U, KpoMe KPaWHUX, OTJUYHBI OT
HYJI; 2) ecJIm BCe BOIl MOOOYHON JMATOHAJIM MATPHUILI ¢, KPOME, BO3MOXKHO, ITOCJIEIHETO,
obpatumbl B K, bHA; 3) ecau Koublo K €BKINJOBO M HE MMeeT OOPATHMBIX JJIEMEHTOB,
KpOMe TPUBUAJIBE 8 YHUBEPCAJBHOCTH MaTPHUIILI § CJAEIYET, UTO BCE DJIEMEHTHI €€ MePBOil MOOOIHOI
JUaroHaJIH, Da x, obpatumbr B K.

YIIIa YHATPEYTOJIbHBIX MATPUI], KOMMYTaTOpP, KOMMYTAHT, YHUBEPCAJIbHBII 3JIE€MEHT,
BO KOJIBIIO, aCCOIIMATUBHOE KOJIBIIO.
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