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In this paper, we studied the issues of integrability with the weight of the sum of series with respect
to multiplicative systems, provided that the coefficients of the series are monotonic. I'he conditions for
the weight function and the series’ coefficients are found; the sum of the series belongs to the weighted
Lebesgue space L, (1 < p < o). In addition, the case of p = 1 was congidéred. Tn)this case, other
conditions for the weighted integrability of the sum of the series under consideratien, arve found. In the
case of the generating sequence’s boundedness, the proved theorems imply affanalegue of the well-known
Hardy-Littlewood theorem on trigonometric series with monotone coefficigntss
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Ingroduction

The Hardy-Littlewood theorem concerning series with monotone coefficients in the theory of trigo-
nometric series states the following [1,2Jefor the series Y > a, cosnx, where the coefficients a,
decrease to zero as n approaches infinityf; tyrepresent the Fourier series of a function f(x) € L,[0, 27],
where 1 < p < 00, it is both necessai§ and Sufficient that » 7, ahnP=2 < oo.

An analogue of this theorem ferhéwWalsh system was proved by Moritz F. [3]. For multiplicative
systems with bounded generaging sequences p (1 < sup, p, < ¢) it was proved by Timan M.F.
Tukhliev K. [4].

The weighted integrabilitypofthe sum of trigonometric series with generalized monotone coefficients
was studied in thegtorks ofFikhonov S.Yu., Dyachenko M.I. [5,6] and others. Weighted integrability
for the sum of seriesér multiplicative systems is considered in the works of Volosivets S.S., Fadeev R.N.
[7,8], Bokayev N.A., Mitkanov Zh.B. [9].

In this paper, we consider weight functions with other conditions. This article is a continuation of
the article [10].

1 Notation and Preliminaries

This paper examines a series characterized by monotonic coefficients concerning the multiplicative
systems. We delve into the inquiry: what criteria regarding the weight function and series coefficients
ensure that the sum of the series falls within the L, space with weighting? Before delving into the
main discussion, we define multiplicative systems.
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Definition 1. Let {pr}32; be a sequence of natural numbers p;, > 2, k € N, supp, = N < co. By
k

definition, let us put
mo =1, my =pip2---pp, n €N

Then every point x € [0,1) has decomposition
x
, xp € ZN[0,py), (1)

where Z is the set of integers. Decomposition (1) is uniquely defined if z = n/my, takes a decomposition
with a finite number of nonzero zj. If n € Z, :={0,1,2,...} is represented as

oo
n=> ajmj_1, aj€LNI[0,p;),
j=1
. \
then for the numbers z € [0,1) we put by definition \
- o b

Un(w) = eap | 2mi ) , @+
— pj
]_
. A
It is known that the system {1,}5,, called ‘;@ system, is an orthonormalized system
t

complete in  L'(0,1) (see [10] or [11]). If all py 3 {1152, coincides with Walsh system
in the Paley numbering.
Let LP(G), G:=10,1), 1 <p < oo, denote hebesgue space with norm

1fllp = ( @)p ;I flloe = esssup [f(x)].
zeG

Definition 2. Let ¢(x) be a n ve measurable function on (0, 00). We say that ¢(x) satisfies
condition By, if for all x >
oo
t
0* / olt) y < o)
z U T
where C' is a positi ber independent of x.

For example, the function ¢(t) = t* (a < 1) satisfies condition Bj.
To prove the main results, we need the following auxiliary assertions.
By

n—1
Du(2) =3 wnl(z), n=12,..,
k=0

denote the Dirichlet kernel of the system {v,,(z)}.
Lemma A. (see |[11] or [12]) For any k € N and x € [0,1) the Dirichlet kernels have the following
properties:
my, ecmx € |0 L ,

Dy, = o (2)
" 0, ecmz¢ |0, -1

,mk
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2  Main Results

In this section, under certain conditions imposed on the weight function, a necessary and sufficient
condition is given for the function to belong to a Lebesgue space with the weight of the sum of series

for the multiplicative systems. The following theorem about integrability with the weight of the sum
of series with monotone coefficients is valid.

Theorem 1. [10] Let 1 < p < o0, %+Z%:1andsuppn=N<oo

x):Zakwk(x), ar 4 0 at k — oo
k=0

and let ¢ () be a non-negative measurable function on [1, co). Then
19, If the function ¢P (z) satisfies condition By and

o0

n+l  p T
nz::laﬁ.np/n (pxg)d:c<oo, ’6
then ¢ (%) f(z)e Ly (0, 1). \

20 If o (x) it satisfies the condition B; and ¢ (L) f(z)eL, %en it takes place (6).
Remark. If the weight function ¢ (z) has the form ¢(x)

x) = in this case oP(z) and ¢ (z)
satisfy condition B; at —I% <a< % and condition (7) ]@as@o

Z ab - nP( 1@@.
n=1

=1 and gp 1s some locally integrable on function on [0, 1].
functlon f elongs to space Ly o, if

&\9‘ e rpda:> < oo

(/ o (@) @)
o=, ([ (22 o) (7 0]

The following theorem is true.

Lebesgue measurable on [0,

Let 1 <p<oo, 1

s

Let us put

S =
Y e

sup cpp () d:r)
ogtgl o

e

Theorem 2. Let 1 < p < OO’%) + 1

» = Lisupp, = N < oo, and ¢ (z) be some locally integrable
n
function on [0, 1] and

f(x)

S () U (a),
k=0

where ay (f) | 0 at k — oco. Then
19 If A, < 0o and

0o 1
Dp=2aﬁ-np/? P (x) dx < oo, (3)
n=1 n+l
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that f (x) € L, (0,1) and
I1f

20 1f B, < oo u f(x) € Ly, then the series (3) converges and

p
P S CpDp.

1£15.0 = CpDyp.

Combining points 1 and 2° of this theorem, we can formulate the following statement:
Theorem 3. Let 1 < p < o0, % + z% =1,supp, = N < oo and ¢ (z) be a non-negative, locally
n
integrable function such that

max (Ap, Bp) < .

Then, in order for the function f(z) =3 72 ak (f) ¥k (x), where a (f) L 0 at k — oo to belong
to the class Ly, (0, 1) it is necessary and sufficient to satisfy the condition

oo 1
n L 2
Dp:Zaﬁ-np/l P () dx < oo. \\
n=1 n+1 6
In this case, there exists a relation K

1

”f“LW ~ Dyp.

To prove the theorem, we need the following auxiliar§y ents.
Lemma 1. Let a, J 0 at n — oo, sup p, :N<oob
n
n—1
Sp (x) = i () .
n=1

Then for any integer n > 1 and for any@be z € (0,1)

@s\'wn (@) < cgk ()
k=0

(4) is obvious, since |y ()| =1, k=0,1, 2...

[%] n—1
|Sn (7)] < Zak + Z apr (x)|.
=0 il
Using inequality
n—1 C
= < —
| Dy, ()] kzzoakl/)k ()] < — w€ (0, 1),

and applying the Abel transform to the last sum, due to the monotonicity of the sequence {a,}, we

get,
(2] (2] (]

C 1
|Sh (z)] < Zak + 4]+ < ap, +C ([E] + 1) a[1]41 < Clzak-
k=0 k= k=0

8=

0

Lemma 1 is proved.
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Lemma B. [13] Let1<p<oo,%—i—}%zl,u:{un}zo:l,v:{vn}zo:l,unZO,vnzo and

S
”aHp,'v = <Z \anvn|p>
n=1
Then to satisfy the inequality ||>")_; akl,, < Cllall,, it is necessary and sufficient that

e % -1 i
A = sup ( Z uﬁ) (Z v;lp,) < 0. (5)
m=1

! n=Il+1

LemmaC’.[14]Let1<p<oo%+I%=l u(z) >0, v(z) >0, Pf(x)= [ f(t)dt. Then, to

satisfy the inequality [|Pf|,, < C'|fl],, it s necessary and sufficient that

Bz{/tl(u(a:))pdx};{/[( I ds (’&6

Proof of Theorem 2. 1°. According to Lemma 1 and by monoton: u nce ay, (f) we have

/,f |pd:c—Z/ pdg;A@ J_rl )p (z)dz < (6)

— N1
<C’Z:1 Z \1 Pdz.

k=0 n+1

To apply Lemma B, we set

m={ )L &@ V= n . gop () d:zc)

Condition (5), in this case h

It is clear that )
Z / d:v</l ©P (z) dx.
n=l+1 0

Now, we will show that condition (5) of Lemma B is satisfied. To do this, we will show that
A < CAp where Ap is from the condition of Theorem 2. Let us transform the second sum in (7).

—p’ 1 1y P

-1 1 - -1 1 p 1 o
n? (" P@)yde] =N w7 Tot@de| |7 o (2)dw (8)
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By Holder’s inequality, we have

/

{</j1¢p(x)dx>; (/(pp (‘T)dxy}p <n? (n+ 1)

Then from (8) we have

-1 1 ; -1
n TP (z)dx < n+1)P x)dx < 7 dx. 9
S ([rew) sge [ >

n+ n=1 n+1

Therefore, by (7), (9) we get

ol > (o @‘>

1

< sup ( TQ dac —A < 00.
t€(0,1]

Therefore, according to Lemma A and condi » < 0o it follows that

/|f b% np/ P (z) dr < o0,
that is f (2) ¢ (2) €

20, Due to the monotomclt sequence an (f)
00 n p 1/TL
Z a <2 (Z ax (f)) L o=
n= n=1 \k=0 fn+1)

-

n=0 j:mn k=0 lj+1
0o Mpg1—1 1
<> [ax (NI [ ¢ () de. (10)
n=0 k=0 My 41
By equality (2)
mn—l
mn 1
P TP L TR £ B
M
where F (x fo |f )| dt.

Now from (10) and (11) follows that
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S (1) I ke ) dr <3 a ()P [m+F[ ! H
n=1 1/(n + 1) n=1 Mp41
/mn 0 1/mn 1 p
P(z)dr < ~F(x P (x)dr =
x/l/m+1w<> Z_%/l/m(x @) @

- ([ som (£

According to Lemma C from the condition B}, < oo it follows that

/</ 17 () dt) vl 3«"<C/ f (2) o (2)P da.

Then from the inequality (12) we have
o0 1

n
Za{;(f)np/l dx<C’/ |f (z) ¢ (@)l < oo.
n=1 /n + 1

Theorem 2 is proved.
1

Remark. By direct calculation, it can be shown that the function ¢ (z) = (W); , >0
satisfies the condition from 1° of Theorem 2 (i.e. A, < gy, ,%ut does not satisfy the condition from 1°
of Theorem 1 (i.e. P (z) does not satisfy conditiofBT),

_L
In addition, the function ¢ (z) = (W) 2, o 0 satisfies the condition from 2° of Theorem 1

(i.e. B, < 00), but does not satisfy the conditign from 2° of Theorem 2 (i.e. ¢ (z) () does not satisfy
condition By).
Therefore, the conditions of Theorefn INand Theorem 2 are, generally speaking, different.

3 About belonging to space Ly (95 ) with the weight of the sum of series with monotonic coefficients

In the previous paragraphssawe considered the conditions for functions to belong to the class
Ly, (0,1) at 1 <p < og.

In this sectiongwe) will, gonsider the case p=1, i.e. questions of belonging of functions to space
L, (0,1).

Let ¢ () be a nonslegative measurable on (1, co) function. They say the function ¢ (x) satisfies
the condition Bo, if for everyone xz > 1 the following inequality holds

/mgp(t)dthgo(a:),
1t

where C is a positive number independent of z.
We need the following auxiliary statement.
Lemma D. [15] If R, 1 0, 0 < B, 1 at n — oo, then the series

> Ry (Bpi1— Bn) andZB Rn_1—Ry)
n=1

converge or diverge at the same time.
The main goal of this section is to prove the following statement.
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Theorem 4. Let a | 0 at k — oo, supp, =N < oo and
n

= axy (z)
k=0

and let ¢ () > 0 is measurable on [1, co) function such that

® (%) € L0, 1], %cp (i) EL(0, 1).

S [

then 4 (i) f(x) € L1(0,1). ’\\

20 If ¢ (z) satisfies the condition By and ¢ (1) f (z) € L1 (0, 1)@the case (13) .
30, If ¢ (x) | at & > 1, positive function and @

( ) )1
then there is a sequence ay | 0 at k& — oo, such thatythe, function

Then
10, 1f

f (SU = Wk (z)
integrates on (0,1), O, wever the theries (13) diverges.
Point 3 of this theorem shows t ndltlon B, is essential for fulfilling point 2 of this theorem.
Proof. 1°. By lemma 1 for —— | we have

mu+1’ my

my+1

|<Czak

Therefore @

[ S o2

SCl—i-ZamkH/k v () dx<Cl+Z /

k=1
20, From the conditions of Theorem 4 follows that follows that f (x) € L [0, 1], hence, a,, = ay, (f)

and )
mp—1 /mn
Zak—/f da:—mn/o f(z)dx.

Therefore, due to the monotonicity of the sequence a,,

dac<oo
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1/m mp—1 Mmp41—1
n
’ f(z)dz = | (pnr1— 1) E ap + E ag | my1, > 0.

Let us evaluate
oo Mn41— 1 00 mn+1 1

Z/ dt<zz / t2 si ay | =

n=0 k=m, n=0"Mn

where R, = f°° 0] dt, By, =Y " La.

(15)

By lemma D for the convergence of the series (16) it is sufficient for the convergence of the series:

i n n n;, — — Mpn—1 Jmg,_q t R n

where m
/ " (t) (
1 t

Applying Lemma D again, taking into account @UOHS By and (15), we have
/mn

Dpy1 — |f (@) dx <
n=0 Mn+1 k=0 1/mn+1
Oy
<Z/ f @) dt)<CZ/ " (_) dz < co.
mn+1 /mn+1 x
30, Let o (z) | at = > 1% ¢ condition 1 ¢ ( ) €L follows that
o 00 t
0 Z/ wdt = 0.
2
n=1""
Hence,
Z My, LA ®) dt = o0
$+2
n=0 Mn
Let’sput aqg =1 and if m, <k <myp11—1, n=0, 1, 2,..., then

-1

n 00 t
ap = A\, = ij/ %dt .
j=0  m

Dy],

It means , a, | 0 at n — oo. From the sequence definition {a,} using the Abel transform, we have

Zanwn ZAAn 1Dy, () .

n=1
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Then at x € [ L L) , k=0, 1, 2,... based on the property of the Dirichlet kernel by Lemma

mg41’ Mg
1 we have

k
= Z A)\n—lmn7
n=1

where f(z) >0, f(z) 1 0in (0, 1).
Further, taking into account the condition ¢ (z) | 0, = > 1 we get that

! 1 1 0 k ,
[e(D)r@iar <o [ @ 0 (;mn_lmn> 1

o
< Co(1)D A1 =2p(1) Ao < o0,
n=1

ie. feLi,(0,1).
Let us show that relation (13) does not hold, i.e.

- "0
S [T 20 \

n=1 n Q

Based on property a, | 0 where this n — oo condltloa ivalent to the divergence of the series

S = Zmnamn/ /m 2 dt

According to the famous Kronecker theor [137%905] and ( 17) we have
S T lss, (ew,]
¥
5= Zm@»dt [Zm/ t_th] .
n=1 i=0 i
ie. | @
o0 o0 t
Z An - My, / wdt = 0.

=1

Point 3° of Theo proven.

Conclusion

In this paper, we have considered series with respect to the multiplicative systems with monotonic
coefficients. Conditions have been obtained for the weight function and for coefficients under which the
sum of the series under consideration is L, (1 < p < oo) integrable on the interval [0,1]. In addition,
the obtained conditions are compared with the previously known conditions for the weight integrability
of the sum of such series.
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Kosddburmmenrrepi MOHOTOHIbI MYJIbTUIJINKATUBTIK >Kyliiesiep
OOIBIHIIIA KaTapJiap/IblH, KOCHIH/IbICHIHBIH CAJIMAaKThl MHTErPaJIdaHy
IIAPTTAPhI TYyPaJibl

M.2K. Typrembaes!, 3.P. Cyneitmenosa?, M.A. Myxamberzxan?

! Axademur E.A. Boxemos amwndazo, Kapazandvw yrusepcumemi, Kapazandw, Kaszaxeman;
2 .
JI.H. Tymunes amundaev, Eypasus yammuwk ynueepcumemi, Acmarap K@saxcman

MakaJrazia 6i3 kKaTapaapAabiH KoddOUIMeHTTEPI MOHOTOHIBI OOJIFAH YKAF 1Al 1asMy IBBUILINKATABTI XKyiieaep
OOMBIHIITA KaTapjap KOCBIHIBICHIHBIH, CAJIMAFbIMEH MHTETPAJIIBIILIK, MoceseIepit KapacToipambr3. CamMak
byHKIMACH YIIIH 2K9HE KATADIBIH KOCBIHABICH canMakied L, (1 < p8< od)?Jleber kemnicririne kara-
THIH KO3 DUImeHTTepi yInin maprrap TadbLaasl. COHBIMEH KaTap, pf= jb Kafmailbl KapacThIPBLIFaH. Byt
JKaFmaiiia KapacThIPBUIBIT OTBIPDFAH KATap/blH KOCBHIHIHICHIHBIH, CATMAFBIMEH WHTErDAJIBLIBIKTHIH 06acKa
mapTTapbl TabbuTraH. l'eHmepaTuBTi TiI30EKTIH IMEKTeqyl KArfaflbIiia JIoJIeJIICHIeH TeopeMaiap Xap/iu-
JIUTTIBYATBIH, MOHOTOHIBI KO3 MDHUIIMEHTTEP] 6ap TPUTOHOMETPUSIBIK KaTapJsap TypaJbl Oesrisi Teope-
MAaCBIHBIH, AHAJIOTBIH OL/IIipe/ii.

Kiam cesdep: MyJIbTUILIMKATHUBTI XKYiiesep, KaTapiiap KOCHE IbICHIHBIH, CAJIMaKThl HHTErPAJIIaHybl, YKaca-
yIIBI Ti36eK, MOHOTOH/IBI KO3(MuImeHTrep, Xap s/ [uTTiBy ] TeopeMacsI.

O6 uHTerpupyemMocTu ¢ Be€COM CyMMBbI PsiJioB C MOHOTOHHBIMU
KO3 PUIMEeHTAMM, [T0* MYy JIbTUILIMKATUBHBIM CHCTEMaM

M.ZK. TypryMoaes', 3.P. Cyneitmenosa?, M.A. MyxamGerzkan?

! Kapazanduncxuti ylueepcumem umenu axademuxa E.A. Bykemosa, Kapazanda, Kasaxcman;
2 Eepasuiieuti Nayudfarvrod ynusepcumem umerny JI.H. Tymunesa, Acmana, Kazazcman

B crarbe Mbl M3ySMIIG BOIIPOCH! UHTEMPUPYEMOCTH € BECOM CYMMbI PSIZIOB [0 MYJIBTHUIIIMKATABHBIM CHCTE-
MaM IpU yCJIOBHH, ¥TO KO3 PUIMEHTHI PsAJIOB MOHOTOHHBI. HalijleHbl yCJIOBUS JIJIsi BECOBON (DYHKIUUA U
k03 OUIMEHTOB pAMA, 151 KOTOPBIX CyMMa PsJia TPUHAJJIEXKUAT TpocTpancTBy Jlebera L, (1 < p < o0) ¢
Becom. Kpowme Toro, paccmorpen ciy4ait p = 1. B aToMm ciiydae HailJIeHbI IpyTrHe yCJIOBUsI HHTEIPUPYEMOCTH
C BECOM CYMMBI PACCMaTPUBAEMOro psijia. B ciiydae orpaHnYeHHOCTH HOPOXK/IAIONIEH 110C/I€/I0BATEILHOCTH
JOKa3aHHBIE TEOPEMBI MO/IPA3yMEBAIOT AHAJOT U3BECTHOM TeopeMbl Xapan-JI[uTTiBy1a 0 TPUTOHOMETpIYe-
CKHX PAJIaX ¢ MOHOTOHHBIMU KO3 UIreHTaMu.

Kmouesvie cao6a: MyJTbTUIIINKATABHBIE CUCTEMBI, BECOBasi MHTETPUPYEMOCTb CYMMBI PSIZIOB, 00pa3yolast
[I0CJIe/IOBATEIbHOCT, MOHOTOHHBIE KO3(MduIneHTs!, Teopema Xapau-Jlurriasyna.
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