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Boundary value problems w ith displacem ent for one m ixed  
hyperbolic equation of the second order

The paper studies two nonlocal problems w ith a displacement for the conjugation of two equations of second- 
order hyperbolic type, w ith a wave equation in one part of the dom ain and a degenerate hyperbolic equation 
of the first kind in the other part. As a non-local boundary condition in the considered problems, a linear 
system of FDEs is specified w ith variable coefficients involving the first-order derivative and derivatives of 
fractional (in  the sense of Riemann-Liouville) orders of the desired function on one of the characteristics 
and on the line of type changing. Using the integral equation m ethod, the first problem is equivalently 
reduced to  a question of the solvability for the Volterra integral equation of the second kind w ith a weak 
singularity; and a question of the solvability for the second problem is equivalently reduced to  a question 
of the solvability for the Fredholm integral equation of the second kind w ith a weak singularity. For the 
first problem, we prove the uniform convergence of the resolvent kernel for the resulting Volterra integral 
equation of the second kind and we prove th a t its solution belongs to  the required class. As to  the second 
problem, sufficient conditions are found for the given functions th a t ensure the existence of a unique solution 
to  the Fredholm integral equation of the second kind w ith a weak singularity of the required class. In some 
particular cases, the solutions are w ritten out explicitly.

Keywords: wave equation, degenerate hyperbolic equation of the first kind, Volterra integral equation, 
Fredholm integral equation, Tricomi m ethod, m ethod of integral equations, m ethods of fractional calculus 
theory.

Introduction. Notation. Formulation of the problem 

In the Euclidean plane with independent variables x and y we consider the equation

_2
0 = j  (—y)m Uxx -  Uyy +  A ( - y )  Ux, y < 0, (!)

uxx uyy +  f , y > 0 ,

where A, m are given numbers, and m >  0, |A| <  m ; f  =  f  (x, y) is the given function; u  =  u (x, y) is 
the desired function.

Equation (1) for y <  0 coincides w ith the equation form

( - y )m uxx — uyy +  A (—y) 2 ux =  0  (2)

and for y >  0 equation (1) is a inhomogeneous wave equation

uxx -  uyy +  f  (x, y) =  0. (3)

Equation (2) belongs to the class of degenerate hyperbolic equations of the first kind [1; 21]. An 
im portant property in equation (2) is th a t at |A| <  m the Cauchy problem is valid in its ordinary 
formulation w ith type degeneration along the line y =  0, even though it violates P ro tte r condition [2].
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At m =  2 equation (2) turns into the Bitsadze-Lykov equation [3; 37], [4], [5; 234], while when A =  0 
equation (2) turns into the Gellerstedt equation [6], applicable to determ ine the shape of a slot in a 
dam  [7; 234]. A special case of equation (2) is also the Tricomi equation, which plays an im portant role 
in the theory of aerodynamics and gas dynamics [8; 38], [9; 280], [10; 373] .

Equation (1) is considered in the domain Q =  Q1 U Q2 U I , where Q1 is the domain bounded by
q m + 2 q m + 2

characteristics a 1 = A C  : x  — ——2 (—y) 2 = 0 ,  a 2 = C B  : x  +  —-к  (—y) 2 =  r  of equation (2)—+2 V i 2 ■ m+ 2. _ 2 
(—+2)r 

4 m+2 , passing through the pointsat y <  0, em anating from the point C  =  ( r /2 ,y c), yc =  —
A =  (0,0) and B  =  (r, 0), and the segment I  =  AB of the line y =  0; Q2 is the dom ain bounded by 
characteristics a 3 =  A D  : x — y =  0, a4 =  B D  : x +  y =  r  of equation (3), em anating from the points 
A and B , intersecting at the point D  =  ( | , 0  and the line segment I  =  AB.

By a regular solution to  Eq. (1) in the domain Q we mean the function u =  u (x, y) which belongs 
to  the class C  (Q) П C 1 (Q) П C 2 (Q1 U Q2), ux , uy e  L 1 ( I ), substitu tion of which turns Eq. (1) into 
an identity.

Problem 1. Find a regular solution of equation (1) in the domain Q th a t satisfies the conditions

u [0r1 (x)\ =  ^ 1(x), 0 <  x <  r, (4)

a 1(x) (r  — x )e2 Dlx-ei {u [6 r0 (t)]} +  a 2 (x)D lx-eu  (t, 0) +  a^(x)uy  (x, 0) =  ф ^ ) ,  0 <  x <  r, (5)

where a 1(x), a 2(x), a 3(x), ф ^ ) ,  ф2^ )  are defined functions on the segment 0 <  x <  r  and a f(x )  +  
a 2 (x) +  a 2 (x) =  0 V x e  [0, r ] .

Problem 2. Find a regular solution to  equation (1) in the dom ain Q th a t satisfies the nonlocal 
condition (5) and the boundary condition

u [^o1(x)] =  ф ^ ) ,  0 <  x <  r, (6)

where a 1(x), a 2(x), a 3(x), ф ^ ) ,  ф2(x) defined functions on the segment 0 <  x <  r  while a 2 (x) +  
a 2 (x) +  a3 (x) =  0 V x e  [0, r ] .

Hence ^oo(x) =  ( f , — (2 — 2в)в-1 x 1 -e ) ; 0o1(x) =  (x , x ); ^ro(x) =  ( r+ x , — (2 — 2 в)e-1 (r — x )1" ^  

0r1(x) =  {r- f , r" f )  are affixes of intersection of characteristics em anating from the point (x, 0) with 
characteristics of A C , AD, B C , B D  correspondingly; affixes of points в 1 =  2—"- 2) , в 2 =  2 ^ - 2 ) , 
в  =  в 1 +  2 ; DCfg (t) is a fractional integro-differential operator (in the sense of Riemann-
Liouville) of an order |a | w ith origin a t the point c [5], [7], [11].

The Goursat problem for a hyperbolic equation degenerating inside a domain was previously studied 
in [12,13]. In [12], the criterion for the continuity of the solution to the Goursat problem for an 
equation of form (2) is studied and in [13], the solution to the Goursat problem for a model equation 
th a t degenerates inside the dom ain is w ritten explicitly. Paper [14] considers the first boundary value 
problem for a hyperbolic equation degenerating inside a domain. Papers [15-17] study boundary value 
problems for degenerate hyperbolic equations in a characteristic quadrangle with d a ta  on opposite 
characteristics.

Problems 1 and 2 formulated above and studied in this paper belong to  the class of boundary 
problems with the Zhegalov-Nakhushev displacement [18-20]. Problems with a displacement for hyper­
bolic equations degenerate inside the domain were previously studied in [21-25]. Previously, various 
problems with a displacement for parabolic-hyperbolic type equations of the second and th ird  orders 
were studied in the works [26,27]. A more complete scientific literature review on boundary value 
problems with a displacement one can find in monographs [28-34]. As part of this work, we established 
sufficient conditions for the given functions a 1(x), a 2(x), a 3(x), ф ^ ) ,  ф2^ )  and f  (x, y), for a unique 
regular solution to  problems 1 and 2 in the considered domain. In some special cases, the solutions are 
w ritten out explicitly.
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Boundary value problems with displacement

Study of Problem 1 

The study of problem 1. The following Theorem  holds.
Theorem 1. Assume the given functions a \ ( x ), a 2(x), а 3(x), ^ i(x ) ,  ^ 2(x) and f  (x, y) are such

th a t
a 1(x), a 2( x ) ,a 3( x ) ,^ 2(x) G C [0, r] П C 2(0, r), 

ф1 (х) G C  1[0, r] П C 2(0, r), 

f  (x, y) G C  (Q2) , 

and one of the below conditions is m et: either

a 3(x) — Y2a 1(x) =  0 V x G [0, r]

or
a 3(x) — Y2a 1(x) =  0, a 2(x) +  Y1a 1(x) = 0  V x G [0, r].

Then there exists a unique regular solution to Problem  1 in the domain Q. 
Proof. Let there is a solution to  problem (1), (4), (5) and let

u (x, 0) =  т (x), 0 <  x <  r,

uy (x, 0) =  v(x), 0 <  x <  r.

(7)

(8) 

(9)

(10)

(11)

(12)

(13)

At |A| <  mm the solution to  Cauchy problem (12)- (13) for equation (2) is w ritten out according to 
one of the formulas [35; 14]

u (x, y) =
1

B  (в1, в2)
+  (1 — в) (—y )1/(1-e) (2t  — 1) t 132-1 (1 — t)ei-1

+
B (1 — в1, 1 — в2)

x +  (1 — в) (—y )1/(1-e) (2t — 1) t -e i  (1 — t ) -e2 dt, |A| <  m , (14

u (x, y) =  т  [x +  (1 — в ) (—y )1/(1-e) +

+  (1 — в ) y  v [x +  (1 — в ) (—y )1/(1-e) (2t — 1)] (1 — t ) - e  dt, A =  m ,

u (x, y) =  т  [x — (1 — в ) ( —y )1/(1-e) +

(15)

+  (1 — в ) y I v x +  (1 — в ) (—y )1/(1-e) (1 — 2t) (1 — t ) - e  dt, A =  —m2
(16)

where т (x) G C [0, r] П C 2(0, r), v(x) G C  1(0, r) П L1(0, r); в1 =  2̂ ,  в 2 =  2 ^ ,  в  =  в1 +  в 2 =
СО 1

mm+2 ; Г (р) =  /  e x p (—t) tp-1dt, B  (p, q) =  /  tp-1 (1 — t) q-1 dt are Euler integrals of the first and
0 0

second kind, B  (p, q) =  .

1

x

1
y v

1

1
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Consider first the case for |A| <  m . By (14) and taking into account (8) , we have 

u [Or0(x)] =  u 1 r+ x  -  ^ 1-в  '  -, -  (2 -  2в )в-1 ( r  -  x ) 1 -e)2

1

B  (в
o

1

f  T [x +  (r -  x) t] te2-1 (1 -  t )e i -1  dt -
1, P2) J

(2 -  2в )в-1  (r  -  x )1-^  v [x +  (r -  x) t] t -e i  (1 -  t ) -e2 dt.
B  (1 -  в 1, 1 -  в 2)

o

Introducing a new variable z =  x +  (r -  x) t, we can rewrite the last equality as follows

r r
(r -  x )1-e Г T (z) (r  -  z )e i -1  (2 -  2 в )£-1 Г v (z) (r  -  z ) -e2

B  (в 1, в 2 ) У (z -  x ) 1-e2 z -  B  (1 -  в 1, 1 -  в 2 ) У (z -  x )ei '

In term s of fractional differentiation operators (in the sense of Riemann-Liouville) defined above, we 
rewrite the last equality

u [Or0(x)] =  Г - в )  (r  -  x )1 -e  ^-x^2 T (t) (r  -  t ) e i -1

-  Г ^ - в )  (2 -  2 в )в-1  D e i-1  [v (t) (r -  t ) -e2 ] . (17)

Next, let us use the laws of weighted composition operators of fractional differentiation and integration 
with the same origins [5], [7; 18], [36; 20]

Д ? "  W  =  <Kx ). ( i 8)

DJX |i -  c f + Y (s) =  |x  -  c f  |t -  c |a <e ( t ) , (19)

where 0 <  a  <  1, y <  0, a  +  7  >  - 1 ;  <^(x) G L  [a, b], and for a  +  7  >  0 the function <^(x) has a 
fractional derivative D 2+ 7^  (t).

Applying the operator D j--ei to both  parts of equality (17) and using composition laws (18), and 
(19) we obtain

(r -  x )e2 D l - e iu [Oro (t)] =  71D ^-^T  (t) -  72V(x), (20)

where Y1 =  Ш .  Y2 =  г(2-в) (2- 2в)в -
where Y1 =  r(ei) , Y2 =  Г(1-в2) .

Substituting (r -  x )e2 D,ix"e iu [Or0 (t)] by (20) we can specify condition (5) as follows

[a2(x) +  Y1a 1(x)] D,1 - t  (t) +  [a3(x) -  Y2a 1(x)] v(x) =  ^ ( x ) .  (21)

Relation (21) is fundam ental between the desired functions t (x )  and v(x), the domain Q1 to  the line 
y =  0 for |A| <  m .A t  A =  m by (15) under condition (5) we arrive again a t (21) but in this case for 
в 1 =  0, в 2 =  в  =  m+2 , Y1 = 0 ,  y2 =  2e-1  (1 -  в )в , while for A =  - m by (16) and (5) we get (21) for

в 1 =  в  =  m+2 , в 2 =  о, Y1 =  1, 72 =  Г (2 -  в) (2 -  2в ) в -1 .
Next, we should obtain the fundam ental relation between T(x) and v(x) transferred to  the liney =  0 

from Q2.

1
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Boundary value problems with displacement

For this purpose, we study a representation of the regular solution to  problem (12), (13) in Q2 for 
equation (3), which is w ritten out by the d ’Alembert formula [37; 59]:

x+y y x+y-t

u (x ,y ) =  т  (x +  y) +  т  (x— — + 2  J  v (t) dt +  2 /  J  f  (s ,t)  ds dt, (22)
x-  y 0 x- y+t

where т (x) G C [0, r] П C 2(0 ,r) , v(x) G C  1(0 ,r)  П L 1 (0, r), f  (x, y) G C  (П2).
Satisfying condition (4) in (22) obtain

r-x2 x-t

u [#x1(x ) ] = ^ r -+x ,  = т  ( r ) + т  ( x ) + 2 y v (t) d t + 1  f  J f  ^  ^  d s d t = ^ ( x )
x 0 x+t

whence, using the differentiation, we get the relation form

r-x2
^ (x )  — v(x) — J  f  (x +  t, t) dt =  2 ^ (x). (23)

0

Relation (23) is the fundam ental relation between т (x) and v(x), transferred from Q2 to  the segment
I  of the straight line y =  0 .

Elim inating the desired function v(x) from the above relations (21) and (23) and taking into account 
the m atching condition т  (r) =  ^ 1 (r) and condition (10) of Theorem 1, with respect to т (x) we arrive 
a t the first-order ordinary differential equation w ith a fractional-order derivative in lower term s

r-xx -
^ (x )  +  a (x ) D i- e т  (t) =  2^1 (x) +------^ 2(x)—  +  f  f  (x +  t, t) dt, 0 <  x <  r, (24)

a3(x) — 72a  1(x) J
0

т  (r) =  ^1  ( r ) , (25)

where a(x) =  а2(х)+71а1(ж) .v f аз(х)-Y2ai(x)
We integrate equation (24) from x to r, in view of the initial condition (25), and get the integral 

equation corresponding to  problem (24)- (25)

x x

т (x) — г ( в )  /  K  (x, t) т  (t) dt =  F 1 (x ), (26)
x

where k  (x , t) =  + J  ^ 2 ^ 3 ,

x . (t) x (x^ t)/2 
F 1( x ) = 2^ 1 (x) — ^1  (r) ^  a3(t.-2Y2)a 1 (t) dt — J  I  f  (t +  S,S) d s d t .

x x 0
The properties of the given functions (7), (8), (9) suggest th a t equation (26) is a Volterra integral 

equation of the second kind w ith the kernel K  (x, t) G L 1 ([0, r] x [0, r]) having a weak singularity for 
x =  t and the right side F 1(x) G C [0, r] П C 2(0, r). According to  the general theory of Volterra integral 
equations, a solution to Eq. (26), is the unique solution, and can be w ritten out by the formula

xx

т (x) =  F 1(x) +  J  K  (x, t) F 1 (t) dt, (27)

x
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where R (x, t) =  ^  Кг+(Х(’в) is the resolvent kernel K  (x, t); K 0 (x, t) =  K  (x, t), K n+ 1 (x, t) =
n=0

f  K  (x, s) K n (s, t) ds are the iterated  kernels. 
t

Let us show th a t the resolvent R (x, t), like the kernel K  (x, t) of Eq. (26), belongs to the class 
R (x, t) e  L 1 ([0, r] x [0, r]) and has a weak singularity at x =  t, and the solution to  Eq. (27), and its 
right-hand side F 1(x), belongs to  т (x) e  C [0 , r] П C 2(0 , r).

Indeed, considering a (x ) e  C  1[0, r] П C 2(0, r) we get estim ates for iterated kernels Кг+(Х(’в ) . Let 
|a (x ) | <  M 1 and |a '(x ) | <  M 2 V x e  [0, r] . Then for the first iterated kernel we have the estim ate

Ko (x, t) K  (x, t) 1 a(x )
г  (в) Г (в) Г (в) (t — x )1л - в +

a '( s )  dt

(t — s) 1-в

Next
K 1 (x, t) t)s)K(

t
< t
<

"M 1 (s — x)в
г 2 (в ) J  г  (в) г  (в)

x x [ г  (в)

^  M 1 (t — x )e-1  M 2 (t — x )e 
<  Г (в )  +  Г (в  +  1) '

M 2 (s — x)e "

M 1 (t — s ) 3-1 +  M 2 (t — s)e
Г (в ) Г (в +  1)

dt =
M 2

+
M 1 M 2

Г (в ) Г ( в  +  1) 

t

t

j  (s — x)e-1 (t — s)e dt +

Г2 (в)
x

M 1M 2

Г (в  ) Г ( в  +  1)

Г (в  +  1)

У  (s — x )e-1  (t — s)e-1  d t+

t

J  (s — x)e (t — s)e-1 d t+

+
M 22

Г 2 (в  +  1) 

Similarly,

f  _лв (t dt M 12 (t  — x ) 2e-1 . 2M 1M 2 (t  — x )2e + M 2 (t  — x )2e+ 1 
y (s — x) (t — s) dt =  Г (2 в )  +  Г (2 в  +  1) +  Г (2 в  +  2) •

K 2 (x, t) t)s,K1s)(x,K(

г 3 (в) J  г  (в ) г 2 (в)
t

<  M 3 (t — x )3e-1 +  3M 2M 2 (t — x )3e
Г (3 в )

3M 1M 22 (t — x )3e+1 M 23 (t — x )3e+2

г  (3в +  1)

г  (3в +  2) г  (3в +  3)
I t ’s clear th a t

where Cif =

K n -1  (x, t)
Гп (в )

< E
k= 0

Cn M n -k M 2k (t — x) пв+к-1

Г (пв +  k)
(28)

is a num ber of combinations of n  elements taken k.k! (n-k) !
Noting th a t Г (пв +  k) >  Г (пв) V k =  0, 1, 2, ... from (28) we obtain the estim ate

K n -1  (x, t)
r n (в)

(t — r ) ^ -1 ^  (t — r ) ^ -1
<  (t — £  Cn M n -k M 2k (t — x )k =  (t — x L \  [M1 +  M 2 (t — x)]n . (29)

k=0Г (п в ) Г (пв)

For sufficiently large п index п в  — 1 at (t — x) in (29) is positive. And in this case, the difference (t — x) 
can be replaced by a higher numerical value r. Thus, for the resolvent R (x, t) of the kernel K  (x, t) 
we obtain the estimate:

|R  (x, t) |  = E
n=1

K n -1  (x, t)
r n (в ) < E

n=1

(M 1 +  M 2r)n r ^ -1 
Г (пв)

(30)

t

X

n!
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Boundary value problems w ith displacement

Using the Stirling formula for the Gam m a function:

Г (п ) =
1
2n n

=nne-n + m , 0 <  n <  1.

Cauchy criterion for the convergence of numerical series, it is easy to  see th a t the right side series of 
inequality (30) converges. Thus, the series for the resolvent R (x, t) of the kernel K  (x, t) in Eq. (26) 
converges absolutely and uniformly, and we can conclude th a t the resolvent of the kernel is continuous 
for any 0 <  в  <  1 and any x =  t G [0, r], having a weak singularity for x =  t.

Further, by representation (27) and estim ates (29), (30) with a continuous right-hand side, obtain 
the estim ate

|t (x)| =

r

В Д + /  K  t M )  л  W dt <  M 3 1 +  E
n=1

(M 1 +  M 2r )n r ne 
Г (п в )

(31)

where M 3 =  max |F 1(x)|.
0<x<r

The convergence of the m ajorizing sequences (the right side of inequality (31) ) implies the absolute 
and uniform convergence according to  the W eierstrass test. W hence we conclude the continuity of the 
limit function t (x) G C [0, r].

Now F 1(x) G C 2(0, r). In this case, by double integration by parts on the right side of representation 
(27), we can see clearly th a t t (x) G C 2(0 ,r)  th a t is, the solution to  Eq. (26), as well as its right side 
is belong to  t (x) G C [0, r] П C 2(0, r).

W hen a(x) =  a =  const, the solution to  (26) is w ritten out explicitly using the formula:

r

T (x) =  F 1 (x )+ a / R  (x - t; a) F1 (t) d t-

where R (x, t; a) =  (t -  x )e 1 E i a (t -  x )e ; в  , and E p (z; ^) =  r(^+rap - i) is the Mittag-Leffler
n= 0

type function [38; 117], which coincides w ith the Mittag-Leffler function E p (z; 1) =  E 1/ p (z) at ^  =  1. 
If condition (11) is satisfied, then using system (21), (23) we can immediately get:

T(x) =  D=  n e-1rx
^2  (t)

a2 (t) +  Y1 a1 (t) , v (x) =  D rx
^2 (t)

a2 (t) +  Y1a1 (t)

(r-x)/2

-  2 ^ i (x) -  J  f  (x +  t , t ) dt.

Study of Problem 2

Now we proceed to  the study of problem 2. Satisfying condition (6) for (22) we obtain:

x/2 x—t
'x  x \  T(x) +  T (0) | 1 
,2 , 2 )

then by differentiation, we get

u [O01(x)] =  , f )  =  T(x) ++ T (0) +  1 J  v (t) dt +  2 J  J  f  (^  t) dsdt =  ^ l (x), 
0 0 t

x/ 2
v(x) +  t ;(x) +  J  f  (x -  t, t) dt =  2^1 (x). (32)
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Relation (32) is the fundam ental relation between т (x) and v(x), transferred from Q2 to the segment
I  of the stra it line y =  0, in case with Problem 2.

Thus, when |A| <  m with respect to  the desired т (x) and v(x) one gets a system of equations 
expressed through (21) and (32). Elim inating from (21) and (32) the unknown v(x) with respect to 
т (x), in view of the m atching condition т  (0) =  ^ 1 (0), the same way as w ith problem 1 , we arrive a t the 
following boundary value problem for a first-order ordinary differential equation w ith a fractional-order 
derivative in lower term s

т ;(x) — a(x) D x"eт  (t) =  F 2(x), 0 <  x <  r, (33)

т (0) =  ^ 1 (0 ) , (34)

where F 2(x) =  2^ i (x) — аз(x f-Y l(x ) — I  f  (x — t, t) d t.

Integrating equation (33) with respect to  the variable x from x to r, considering condition (34), we 
obtain the integral equation corresponding to  problem (33)- (34)

xx xx

т (x) +  г ( в )  /  ^  (x, t) т  (t) dt =  ^1  (0) +  J  F2 (t) dt, (35)
0 0

where L (x t) =  /  K  (0, t) — K  (x , t ) , 0 <  x <  t ,L (x, t) |  k  (0, t ) , t  <  x <  r.
If the given functions a 1(x), a 2(x), a 3(x), ^ 1(x), ^ 2(x) and f  (x ,y) have the properties (7)- (9) 

listed in Theorem  1, then  equation (35) is a Fredholm integral equation of the second kind with 
the kernel L (x, t) G L 1 ([0, r] x [0, r]), w ith a weak singularity at x =  t, and a right-hand side of 
C [0, r] П C 2(0, r).

Let us further find sufficient conditions th a t ensure the unique solvability to Eq. (35). To this end, 
le t’s consider a homogeneous problem corresponding to Problem 2, setting ^ 1 (x) =  0, ^ 2(x) =  0 
Vx G [0, r] and f  (x, y) =  0 V (x, y) G П2. In this case, problem (33)- (34) turns into the corresponding 
homogeneous problem

— ^ ( x )  — Д - т  (t) =  0, 0 <  x <  r, (36)a(x) xx

т  (0) =  0. (37)

M ultiplying equation (36) by the function т (x), and integrating the resulting equality w ith respect 
to  the variable x from 0 to  r, w ith condition (37) we have

xx x x
1

a
0

(x) т (x) т ;(x)dx — J  т (x) Д 1- вт  (t) dx =
0

xx xx

=  2 Ф 0  + /  2 a x ) т  2(x)dx — / т  (x) д 1 -в  т  (t) dx = 0. (38)
0 0

Ix
To estim ate /  т (x) D rx"eт  (t) dx, we use Lemma 1 by [39], according to  which т (x) (t) >  2 DOc^2 (t),0 xx 2 xx

0 <  а  <  1. W ith this inequality, we have

xx xx xx

J т (x)D 1x-eт (t)d x  >  2 / D1x-eт 2 (t)d x  =  2 г щ / te-1  т 2 ( t)d t  - 0 . (39)
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If the function a(x) is a nonincreasing negative, then, as follows by (39), equality (38) can take place 
if and only if т (x) =  0 Vx e  [0, r ] . Then by (21) and (32) at 0 ^ x )  =  0, 0 2(x) =  0 Vx  e  [0, r], 
f  (x, y) =  0 V (x, y) e  Q2 and [a3(x) — Y2a 1(x)] [a2(x) +  Y1a 1(x)] =  0 Vx e  [0, r] it follows th a t 
v(x) =  0 Vx e  [0, r] as well. Therefore, under the above conditions Eq. (32) has a unique solution 
w ithin т (x) e  C [0 , r] П C 2(0 , r).

Thus, we have proved the following theorem.
Theorem 2. Let the given functions a 1(x), a 2(x), a 3(x), 0 ^ x ) ,  0 2(x) and f  (x, y) be such th a t 

they have properties (7)- (9) and let

a(x) <  0 , a '(x ) <  0 Vx e  [0 , r], (40)

[a3(x) — 72^1 (x)] [a2(x) +  710:1 (x)] = 0  Vx e  [0 , r]. (41)

Then there exists a unique regular solution to Problem  2 in Q.
In the case when a(x) =  a =  const the solution to problem (33)- (34) is w ritten out explicitly 

according to

т  (x) =
—a (r — x )e

Ee [—a r e ] ■■01 (0)+-
Ee —a (r — x )e

Ee [—a r e]
Ee —a te F 2 (t) d t— I Ee —a (r — x )e F 2 (t) dt,

and
E в a r =  0 . (42)

As follows from conditions (40)- (41) Theorem  2 , inequality (42) will be satisfied, for example, for all 
a <  0 .

r r
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Ж.А. Балкизов

Цолданбалы мат ематика ж эне автоматика инст ит ут ы  — Ресей Гылым академиясыныц 
Кабардин-Балцар гылыми орталыеыныц филиалы, Нальчик, Ресей

Екшш1 ретт1 аралас-гиперболалык, тецдеу уш ш  ыгысуы бар 
ш еттж  есептер

М акалада облыстьщ 6ip белМ нде толкынды к тендеуден жэне еюнш1 б е л т н д е  б1ршш1 т и п т  гипербо- 
лалы к тендеуден туратын екiншi р е т т  гиперболалык т и п т  ею тендеудщ туйшдесушде ыгысуы бар 
ею бейлокалды есеп зерттелген. Зерттелген есептердеп бейлокалды ш еттж  ш арт ретшде сипаттама- 
лардын бiрiнде ж эне т и п т  езгерту сызыгында каж ет функциянын бiрiншi р е т т  туынды ж эне белшек 
р ети  туынды (Риман-Лиувилль магынасында) мэндершщ айнымалы коэффициенттерi бар сызык,тык, 
комбинациясы бершген. И нтегралдык тендеулер эдiсiн крлдана отырып, бiрiншi есептщ шешiмдiлi- 
гi екiншi тектi э л а з  сингулярлыгы бар Вольтерра интегралдык тендеушщ шешiмдiлiгiне, ал екiншi 
есептiн шешшетшдМ  туралы мэселе элсiз сингулярлыгы бар екiншi тектi Фредгольм интегралдык 
тендеушщ шешiмдiлiгiне кешедi. Бiрiншi есеп ушш екiншi тектi Вольтерра интегралдык тендеушщ 
нэтижесшде алынган ядронын резольвентасына бiркалыпты ж инактылыгын жэне онын шешiмi ка- 
ж еттi класка ж ататы ны  дэлелденген. Екiншi есеп Yшiн талап етiлетiн кластан э л а з  ерекшелжпен
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екiншi те к и  Фредгольм интегралдык тендеушщ ж алгы з шешiмiнiн; болуын камтамасыз ететiн берш- 
ген ф ункциялар Yшiн ж еткiлiктi ш арттар табылды. Кейбiр ерекше ж агдайлар ушш есептердщ ше- 
шiмдерi анык жазылган.

К ы т  свздер: толкынды к тендеу, бiрiншi тектi 0згешеленген гиперболалык тендеу, Вольтерра ин­
тегралды к тендеу^ Фредгольм интегралдык тендеу^ Трикоми эдiсi, интегралдык тендеулер эдiсi, 
б0лшектi есептеу теориясыньщ эдктер^

Ж.А. Балкизов

И нст ит ут  прикладной мат емат ики и автоматизации — ф илиал Кабардино-Балкарского научного центра
Российской академии наук, Нальчик, Россия

Краевые задачи со смещением для одного 
смешанно-гиперболического уравнения второго порядка

В статье исследованы две нелокальные задачи со смещением на сопряжение двух уравнений ги­
перболического типа второго порядка, состоящего из волнового уравнения в одной части области и 
вырождающегося гиперболического уравнения первого рода — в другой. В качестве нелокального 
граничного условия в исследуемых задачах задана линейная комбинация с переменными коэффици­
ентами значений производной первого порядка и производных дробного (в смысле Римана-Л иувилля) 
порядка от искомой функции на одной из характеристик и на линии изменения типа. С использова­
нием метода интегральных уравнений вопрос разрешимости первой задачи эквивалентным образом 
редуцирован к  вопросу разрешимости интегрального уравнения Вольтерра второго рода со слабой 
особенностью, а вопрос разрешимости второй задачи — к вопросу разрешимости интегрального урав­
нения Фредгольма второго рода со слабой особенностью. По первой задаче доказаны равномерная 
сходимость резольвенты ядра получающегося интегрального уравнения Вольтерра второго рода и 
принадлежность его решения требуемому классу. По второй задаче найдены достаточные условия на 
заданные функции, обеспечивающие существование единственного решения интегрального уравне­
ния Фредгольма второго рода со слабой особенностью из требуемого класса. В некоторых частных 
случаях решения задач выписаны в явном виде.

Ключевые слова: волновое уравнение, вырождающееся гиперболическое уравнение первого рода, ин­
тегральное уравнение Вольтерра, интегральное уравнение Фредгольма, метод Трикоми, метод инте­
гральных уравнений, методы теории дробного исчисления.
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