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Boundary value problems with displacement for one mixed
hyperbolic equation of the second order

The paper studies two nonlocal problems with a displacement for the conjugation of two equatigns ofsecond-
order hyperbolic type, with a wave equation in one part of the domain and a degenerate hyjperbolig,equation
of the first kind in the other part. As a non-local boundary condition in the considered prebléms, a linear
system of FDEs is specified with variable coefficients involving the first-order derivative and derivatives of
fractional (in the sense of Riemann-Liouville) orders of the desired function on one, of the“characteristics
and on the line of type changing. Using the integral equation method, thegfifst, prablem is equivalently
reduced to a question of the solvability for the Volterra integral equation of the'second kind with a weak
singularity; and a question of the solvability for the second problem is égquivalently reduced to a question
of the solvability for the Fredholm integral equation of the second kind'\with™a*weak singularity. For the
first problem, we prove the uniform convergence of the resolvent kernehforithe resulting Volterra integral
equation of the second kind and we prove that its solution belongsito the required class. As to the second
problem, sufficient conditions are found for the given functions'that ensure the existence of a unique solution
to the Fredholm integral equation of the second kindawith4@ weak singularity of the required class. In some
particular cases, the solutions are written out explicitly:

Keywords: wave equation, degenerate hyperbolic equationyof the first kind, Volterra integral equation,
Fredholm integral equation, Tricomi method, methed of integral equations, methods of fractional calculus
theory.

Introduction. dNotation. Formulation of the problem

In the Euclidean plane with independent variables x and y we consider the equation

2
Oyl G)MmUxx - Uyy + A(-y) Ux, y <0, )
uxx uyy+ f, y >0,

where A’ m are given numbers, and m > 0, |Al < m; f = f (X, y) is the given function; u = u (x, y) is
the desired function.
Equation (1) fony <*0 coincides with the equation form

(-y)muxx —uyy + A(—y) 2 ux=20 2
and forya>40equation (1) is a inhomogeneous wave equation
uxx - uyy + f (x, y) = 0. (3)

Equation (2) belongs to the class of degenerate hyperbolic equations of the first kind [1; 21]. An
important property in equation (2) is that at |Al < m the Cauchy problem is valid in its ordinary
formulation with type degeneration along the line y = 0, even though it violates Protter condition [2].
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At m = 2 equation (2) turns into the Bitsadze-Lykov equation [3; 37], [4], [5; 234], while when A= 0
equation (2) turns into the Gellerstedt equation [6], applicable to determine the shape of a slot in a
dam [7; 234]. A special case of equation (2) is also the Tricomi equation, which plays an important role
in the theory of aerodynamics and gas dynamics [8; 38], [9; 280], [10; 373] .

Equation (1) is considered in the domaiél Q= 0Q1UQ2U1, where Q1is th+e2domain bounded by
characteristics al = AC : x —:?:@ (7—y)m2+ =0, a@ = CB gx + m? (=) m2 = r of equation (2)
at y < 0, emanating from the point C = (r/2,yc), yc = — (—-ZZ)r m+2 | passing through the points
A = (0,0) and B = (r,0), and the segment | = AB of the liney = 0; Q2 is the domain bounded by
characteristics aJ = AD : x —y = 0, al = BD : x + y = r of equation (3), emanating from thg points
A and B, intersecting at the point D = (|,0 and the line segment | = AB.

By a regular solution to Eq. (1) in the domain Q we mean the function u = u (X,Vy) Which belongs
to the class C (Q) MC1(Q) MC2(Q1U Q2), ux,uy e L1(I), substitution of which tutns Eg. (1) into
an identity.

Problem 1. Find a regular solution of equation (1) in the domain Q thatfsatisfies the conditions

u orl()\ = ~1(x), 0O<x<r, ()

a1(x) (r —x)e2 DIx-ei {u [or0 ()]} + a2(x)DIx-eu (t, 0) + a*(x)uh (X0) =), 0<x<r, (5

where a 1(x), a2(x), a3(x), ¢ ), ®2”*) are defined functions ongthe segment 0 < x < r and af(x) +
a2(x) + a2(x) = 0vx e [0,r].

Problem 2. Find a regular solution to equation (1)4n the domain Q that satisfies the nonlocal
condition (5) and the boundary condition

u ["ol(x)] =@ "), 0<x<r, (6)

where a 1(x), a2(x), a3(x), ® ~), ®2(x) defined funetions on the segment 0 < x < r while a2(x) +
a2(x) +a3(x) = 0Vxe [0r].

Hence "oo(x) = (f, —(2 —28B)B-1 Xse) 7001(x) = (X, x); *ro(x) = (r+x, —(2 —28B)e-1 (r —x)1" "
Ori(x) = {r- f, r"f) are affixes ofgntersection of characteristics emanating from the point (x, 0) with
characteristics of AC, AD, B,@, BD correspondingly; affixes of points B1 = 2*~-2), B2 = 27-2),
B =B1l+ 2; DCfg (t) ispa fractional integro-differential operator (in the sense of Riemann-
Liouville) of an order |a|Mwithorigin at the point ¢ [5], [7], [11].

The Goursat problemfefa hyperbolic equation degenerating inside a domain was previously studied
in [12,13]. In [12} the critefion for the continuity of the solution to the Goursat problem for an
equation of formg (2)Wis studied and in [13], the solution to the Goursat problem for a model equation
that degenerates msidesthe domain is written explicitly. Paper [14] considers the first boundary value
problemmfer a“hyperbolic equation degenerating inside a domain. Papers [15-17] study boundary value
problems /jforgdegenerate hyperbolic equations in a characteristic quadrangle with data on opposite
characteristics.

Problems 1 and 2 formulated above and studied in this paper belong to the class of boundary
problems with the Zhegalov-Nakhushev displacement [18-20]. Problems with a displacement for hyper-
bolic equations degenerate inside the domain were previously studied in [21-25]. Previously, various
problems with a displacement for parabolic-hyperbolic type equations of the second and third orders
were studied in the works [26,27]. A more complete scientific literature review on boundary value
problems with a displacement one can find in monographs [28-34]. As part of this work, we established
sufficient conditions for the given functions a 1(x), a2(x), a3(x), ¢ ~), ®2~) and f (x, y), for a unique
regular solution to problems 1 and 2 in the considered domain. In some special cases, the solutions are
written out explicitly.
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Study of Problem 1

The study of problem 1. The following Theorem holds.
Theorem 1. Assume the given functions a\(x), a2(x), a3(x), "i(x), ~2(x) and f (x, y) are such
that

al(x),a2(x),a3(x),"2(x) GC[0,r] NC2(0,r), )
¢pl(x) GC1[0,r] MC2(0,r), (8)
f(x,y) GC (Q2), 9)
and one of the below conditions is met: either
L 4
a3(x) —Y2al(x) =0 Vx G0, \\ (10)
or
a3(x) —Y2al(x) = 0, a2(x) + Ylal(x) =0 Vx G 1. (11)
Then there exists a unique regular solution to Problem 1 in the d .
Proof. Let there is a solution to problem (1), (4), (5) and let
ux 0 =r1(x), 0 <% < (12)

uy(x, 0) = v(x), 0 \ (13)
At |Al < nmthe solution to Cauchy problem (1 3)“for equation (2) is written out according to

one of the formulas [35; 14]

1 _
uxy = B (o1, 52) X + (1—-8) (—y)1/(1-e) (2t —1) t132-1 (1 —t)ei-1

1
- _Bi’, N @ (—y)l/(l-e) (2t —1) t-ei (1 —t)-e2dt, |A<m, (14
(X, y) =71 [x+ (1—8)(—y)l/(le) +

+ (%5 v Ix+ (1—8)(—y)l/(l-e) (2t —1)] (1 —t)-e dt, A= m, (15)

ux,y)=71[x—0—8)(—y)l/(l-e) +

1
+1—8)y Iv x+ (1 —8B)(—y)l/(1-e) (1 —2t) (1 —t)-e dt, A= —rE (16)
where T(x) GC[0,r]MC2(0,r), v(x) GC10,r) NLL1O,r); BL= 22 , B2=2 N~ , B=Bl+B2=
® 1

m; T(p) = / exp(—t) tp-1dt, B (p, q) = / tp-1 (1 —t)g-1dt are Euler integrals of the first and
0 0

second kind, B (p, q) =
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Consider first the case for |Al < m. By (14) and taking into account (8), we have

u[ao(x)] = u lr+2x .- (2- 2B)B-1 (r - %)1-B) -

1
B (81, P2) gf Th# (r->x)qte2-l (1- tei-1dt-
1
1 -
B(L-811-82) @ 2ot (r-0s . vIx+ (r- x)t] t-ei (1 -‘t)—ez

Introducing a new variable z = x + (r - x) t, we can rewrite the last equality as fOIN

(r- x)1-e rFT(z) (r- z)ei-1 (2 - 2B)E-1 | (r 4'z)-e2

B (B1,B2) ¥ (z - x)1-e2 z- B(1-181,1-8B

(z - x)ei

In terms of fractional differentiation operators (in the sense of Riema ville) defined above, we

rewrite the last equality 'S
ulaox)] = F-8) (r- x)l-e A-@- t)ei-1
- T ~-8) (2- 2B)B-1 Deisd [v(t) (r- t)-e2]. a7)
Next, let us use the laws of weighted compositio rators of fractional differentiation and integration

with the same origins [5], [7; 18], [36; 20]
? W = <KXx). (i8)

DJX c (s) = |x- cf [t - cla <(t), (19)
where 0 < a < 1, y<
fractional derivative D2

Applying the“gperator i to both parts of equality (17) and using composition laws (18), and
(19) we obtain

-1; <MX) G L [ab], and for a + 7 > 0 the function <*(x) has a

(r - x)e2 D l-eiu [0 ()] = 7IDAAT (1) - 72V(x), (20)

2-B) (2- 2B)B -
"R
x)e2 Dix"eiu [Q0 (t)] by (20) we can specify condition (5) as follows

[a2(x) + Y1a 1(x)] D,1 -t () + [a3(x) - Y2a 1(x)] v(X) = ~(x). (1)

Relation (21) is fundamental between the desired functions t(x) and v(x), the domain Q1 to the line
y = 0for |JAl < m.At A= m by (15) under condition (5) we arrive again at (21) but in this case for
Bl1=0,B2=8B = m+2,Y1=0, y2= 2e-1 (1 - B)B, while for A= - m by (16) and (5) we get (21) for
Bl=B=m+2,B2=0,Y1=172=T(2- B) (2- 28)B-1.

Next, we should obtain the fundamental relation between T(x) and v(x) transferred to the liney = 0
from Q2.
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For this purpose, we study a representation of the regular solution to problem (12), (13) in Q2 for
equation (3), which is written out by the d’Alembert formula [37; 59]:

X+y y X+y-t
Uu(x,y) = T(x+y)+T(x——+2J v(@®dt+2/ J f(s,t)dsdt, (22)
X-y 0 x-y+t

where T(x) GC[0,r] MC2(0,r), v(x) GC10,r) ML10O,r), f(x,y) GC (N2).
Satisfying condition (4) in (22) obtain

X rvZXx-t
u fixi(x)]= " r-+x, =T()+T(x)+2y vy dt+ I f J £~ adsdt= * %)
X 0 x+t

whence, using the differentiation, we get the relation form
"
AX) —v(X) —J f (x+t t)dt=2"(x). (23)
0

Relation (23) is the fundamental relation between T (x) afid vid), transferred from Q2to the segment
I of the straight line y = 0.

Eliminating the desired function v(x) from the above rélations¥(21) and (23) and taking into account
the matching condition T (r) = ~ 1(r) and conditiofy(10) of Theerem 1, with respect to T(x) we arrive
at the first-order ordinary differential equation with ajfractional-order derivative in lower terms

r-X
X -

A(x) + a(x)Di-eT (t) = 271 (x) +-----"2(%)— + ff(x+tt)dt, 0<x<r, (24)
a3(x) —72a 1(x) %

Tlr) = ~1(r), )
where a(x} = 82013 -

We integrate equation (24) ftem X to r, in view of the initial condition (25), and get the integral
equation corresponding t@ praoblem©(24)-(25)

XX
T(X) —r(B) / K (x, t) T (t)dt= F1(x), (26)
X
where'k (Xgt) = +JNr273,
X . (®) X (X" t)/2

F10x)= 20() —1 ()~ a3(t-21@dt—J L' f (t+SS)dsdt.

The properties of the given functions (7), (8), (9) suggest that equation (26) is a Volterra integral
equation of the second kind with the kernel K (x, t) GLZ1([0,r] x [0,r]) having a weak singularity for
x = t and the right side F1(x) GCO0, r] MC2(0, r). According to the general theory of Volterra integral
equations, a solution to Eq. (26), is the unique solution, and can be written out by the formula

XX
T(x) = F1(x) + J K (x, t) F1(t) dt, (27)
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where R(x, t) = "0 Kr#XB) is the resolvent kernel K (x, t); KO(x, t) = K (x,t), Kn+1(x, t) =

f K (x, s) Kn (s, t) ds are the iterated kernels.
t

Let us show that the resolvent R (x, t), like the kernel K (x, t) of Eq. (26), belongs to the class
R (x,t) e L1([0,r] x [0,r]) and has a weak singularity at x = t, and the solution to Eq. (27), and its
right-hand side F1(x), belongs to T(x) e C[0,r] M C2(0,r).
Indeed, considering a(x) e C1[0,r] M C2(0,r) we get estimates for iterated kernels Kr#XB). Let
[a(x)] < Mland |a'(x)] < M2 Vx e [0,r] . Then for the first iterated kernel we have the estimate
t

Ko (x, t) K (x, 1) 1 a(x) . a'(s)dt N M1(t—x)e-1 IMe (t%=x)e
r (s) re  re) @—xjyre t—s)1® < T(8) H MNE+ DN
Next ¢
K1(x, t) ~ - - < "M1(s —x)B M2(s —x)es
r2(s) 9( r (s) r (s) < « [ r (s) e+ 1)
M1(t—s)3-1 + M2(t—s)e M2
dt = Y (s —X)e-19t—s)e-1 dt+
I (8) re+1 2 (s) ’
t t
M 1M 2 . M IM)2
+ F ) (s + 1) j (s —x)e-1 (t —s)edt # F e Py J (s —x)e (t —s)e-1 dt+
t
. M2 ¢ B (t dt M2 (t®x)2ed . 2MIM2 (t —x)2e +M2 (t —x)2e+1
r2e+ 1Y (s —x) (t—s) dt= I (28) + rzs + 1) + T(2B+2) o
Similarly,
K2(x, t) A~ o S M3 (t—x)3e-1 + 3M2M2 (t —x)3e
r3(s) % r (), 12(s) (3B) r (3s + 1)

SMIM2 (t —x)3e+l M3 (t —x)3e+2
r (3s+ 2) r (3s + 3)
It’s clear that trel
Kn-l(x,t) _  CnMn-kME (t—x)"2"%

rn(B) ) r(ne + k) (28)

where Cif/= k!(r?gk) 1 is @ number of combinations of n elements taken k.
Noting that ' (nes + k) > T (nB) Vk =0, 1, 2, ... from (28) we obtain the estimate
Kn-19(x, t) t—r)nr-1 1 t_r{/\ 1
< (t— £ CnMn-kMZX (t —x)k = (t =—xL\ [M1+ M2(t—x)]n. (29)
rn(s) I (nB) k=0 I (nB)
For sufficiently large n index ns —1 at (t —x) in (29) is positive. And in this case, the difference (t —x)

can be replaced by a higher numerical value r. Thus, for the resolvent R (x, t) of the kernel K (x, t)
we obtain the estimate:

Kn-1 (x, t) (M1+ M2r)nr” -1

R (X, 1)] =
IR 0 E,oomeE) <E, r (ng)

(30)
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Using the Stirling formula for the Gamma function:

r(n) = ! =nne-n+m ,0< n< L
2nn

Cauchy criterion for the convergence of numerical series, it is easy to see that the right side series of
inequality (30) converges. Thus, the series for the resolvent R (x, t) of the kernel K (x, t) in Eq. (26)
converges absolutely and uniformly, and we can conclude that the resolvent of the kernel is continuous
forany 0 < B < 1and any x =t G [0, r], having a weak singularity for x = t.

Further, by representation (27) and estimates (29), (30) with a continuous right-hand side, obtain
the estimate

r

€00I= B A+ [ KIM) n Wt <M3 g,
n=

(M1+ M2r)nrne

(n.) (1)

h M3 = F1(x)|.
where Org)za(r| 69]

The convergence of the majorizing sequences (the right side of inequality”(31)») implies the absolute
and uniform convergence according to the Weierstrass test. Whence, weonclude the continuity of the
limit function t(x) GCIO,r].

Now F 1(x) G C2(0, r). In this case, by double integration by parts,on the right side of representation
(27), we can see clearly that €(x) G C2(0,r) that is, the selutian to Eq. (26), as well as its right side
is belong to t(x) GC[0,r] MC2(0,r).

When a(x) = a = const, the solution to (26) is wiittem,out explicitly using the formula:

r

T(x) = F1(x)+ a / R¥x-t; a) F1 (t) dt-

where R (x,t; a) = (t- x)e 1Ei .am(t,- xX)e;8 ,and Ep(z; ") = r(*+rap-i) is the Mittag-Leffler

n=0
type function [38; 117], whichyceincides with the Mittag-Leffler function Ep(z; 1) = EVp(z) at » = 1
If condition (11) is satisfiedijthen®using system (21), (23) we can immediately get:

(r-x)/2

~2 @) "2 (1) S 28 - 3 f(x+ ) dt.

= pal =
T = PR O vial © V% 7P a2+ vaar

Study of Problem 2

New ave preceed to the study of problem 2. Satisfying condition (6) for (22) we obtain:

X2 x—
u [@1)] = ; : Q Y RF@ ALy vate 29 3 f e pasat= A1),
0 0t
then by differentiation, we get
x/2
vix) + t;(x) + J f (x- t t)dt= 2" (x). (32)
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Relation (32) is the fundamental relation between T (x) and v(x), transferred from Q2to the segment
I of the strait line y = 0, in case with Problem 2.

Thus, when |Al < m with respect to the desired 7(x) and v(x) one gets a system of equations
expressed through (21) and (32). Eliminating from (21) and (32) the unknown v(x) with respect to
T(x), in view of the matching condition T (0) = ~ 1(0), the same way as with problem 1, we arrive at the
following boundary value problem for a first-order ordinary differential equation with a fractional-order
derivative in lower terms

T;(x) —a(x) Dx"et (1) = F2(x), 0<x<r, (33)
T (0) = *1(0), (34)
where F2(x) = 2" i(xX) —a3(xf-YI(x) — 1 f (x —t, t) dt.

Integrating equation (33) with respect to the variable x from x to r, considefing.eendition (34), we
obtain the integral equation corresponding to problem (33)-(34)

XX XX
T(X) + r(B) / ~(x,t)T(t)dt=~21(0) + J E2/(8) df, (35)
0 0

where L = K@ KD Gexgt

If the given functions a 1(x), a2(x), a3(x), * Lx), &2(x) and T (x,y) have the properties (7)- (9)
listed in Theorem 1, then equation (35) is a FredhelmQintegral equation of the second kind with
the kernel L (x, t) G L1([0,r] x [0, r]), withqa weak Singularity at x = t, and a right-hand side of
clorp MC2(,r).

Let us further find sufficient conditions that ensuré"the unique solvability to Eq. (35). To this end,
let’s consider a homogeneous problem corresponding to Problem 2, setting ~1(x) = 0, *2(x) = 0
Vx G[0,r] and f (x, y) = 0 V (x,y) GH2. Inithis case, problem (33)-(34) turns into the corresponding
homogeneous problem

00 A(x) A T® =0, 0<x<r, (36)
T(0) = O, @7)

Multiplying equation \(36) by the function T(x), and integrating the resulting equality with respect
to the variable x from 0 to r;"with condition (37) we have

XX XX
1(x) T(X) T;(x)dx —J 17(X) 4 1-BT (t) dX =
0 8 0
XX XX
=290 +6 2ax)T02(x)dx—/ T(X) 41-BT (t) dx = 0. (38)

Ix
To estimate § T(x) Drx®er (t) dx, we use Lemma 1 by [39], according to which T(X) xx (1) > 2DQ¢c"2 (1),

0 < a < 1. With this inequality, we have

XX XX XX

J T(X)D1xeT (t)dx > 2 / Dixet2(t)dx = 2 ru / te-1T12(t)dt - O. (39)
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If the function a(x) is a nonincreasing negative, then, as follows by (39), equality (38) can take place
if and only if T(x) = 0Vx e [0,r]. Then by (21) and (32) at 0"x) = 0, 02(x) = 0 Vx e [0,r],
f(x,y) =0 V(x,y) e Q2 and [a3(x) —Y2a1(x)] [a2(x) + Ylal(x)] = 0Vx e [0,r] it follows that
v(X) = 0Vx e [0,r] as well. Therefore, under the above conditions Eq. (32) has a unique solution
within T(x) e C[0,r] MC2(0,r).

Thus, we have proved the following theorem.

Theorem 2. Let the given functions a 1(x), a2(x), a3(x), 0*x), 02(x) and f (x, y) be such that
they have properties (7)- (9) and let

a(x) < 0,a'(x) <0 Vxe [o,r] (40)

[a3(x) —7271 (x)] [a2(x) + 710:1(x)] =0 Vx e [0,r]. (41)

Then there exists a unique regular solution to Problem 2 in Q.
In the case when a(x) = a = const the solution to problem (33)-(34) is written out explicitly
according to

—a (r —x)e Ee —a (r —x)e ' g
T(X) = Ee [are] m{l (0)+- Ee [—are] Ee —ate F2(t)dt— I/Ee —a (r —x)e F2(t) dt,
and
Eg ar =/(0. (42)

As follows from conditions (40)-(41) Theorem 2, inequalityy(42) will be satisfied, for example, for all
a < 0.
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XK.A. Bankunzos

Llonganbanbl MaTeMaTMKa >X3He aBToOMaTHUKa MHCTUTYTbl — Pecell [bINbIM aKagemMuACbIHbIL
KabapauH-banyap reinbiMu opTanblebiHblly unnansl, Hanbumk, Peceii

Exil 104 peTsl apanac-runep6onanbik, Teuaey YUl bifrbiCybl 6ap
LWeTTXX ecenTep

Makandfa 06nbICTbLy 6ip 6eNMHAe TONKbIHALIK TEHAEYAEH X3He etoHW1 6enTHae 61pwwl TunT runepbo-
NanblK TeHAeyfeH TypaTblH eKiHWi peTT runepbonansik TUNT €0 TeHAeyAuw Tylwaecywae birbicybl 6ap
el beilnokangbl ecen 3epTTenreH. 3epTTenreH ecentepgen 6ednokanibl WeTTX WapT peTwae cunarrama-
napAablH 6ipiHAe X3He TUNT e3repTy Cbi3blirblHAA KaXXeT PYHKUMAHbIH GipiHWI PeTT TYbIHAbI XX3He benwek
peTun TyblHAbl (PUMaH-JTMYyBUNAb MarbiHacbiHAa) MIHAEPL L aliHbIManbl KOIG(ULMEHTTepi 6ap Cbi3bIK,ThiK,
KOM6MHaumacbl bepwreH. HTerpangbik TeHAeynep 34iCiH KpngaHa OoTbipbin, OGipiHWI ecenTw, wewimgini-
ri eKiHWIi TeKTi 3/1a3 CUHTYyNApNbirbl 6ap BonbTeppa UHTerpanfblk TeHAeyww, WewiMginiriHe, an ekiHwi
ecenTiH wWewweTwaM Typanbl M3cene 31Ci3 CUHTYNAPAbITbl 6ap eKiHWi TeKTi ®peAronbmM MHTerpanabik
TeHAeyLw W, wewimAainiriHe Kewegi. bipiHwi ecen ywi ekiHwWwi TekTi BonbTeppa MHTerpanfbik TeHAeyL L
H3TMXKeclW e anblHraH AAPOHbIH Pe30/ibBEHTACbIHA BipKanbINTbl XWHAKTbINbITbIH X3HE OHbIH LWeLWiMi Ka-
XKeTTi Knacka >aTaTblHbl AanenfjeHreH. EkiHWwi ecen YwWiH Tanan eTineTiH KnacTaH 3na3 epekwenkneH
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eKiHWIi Tekn PpeAaronbM MHTerpanfblk TeHAYLIL Xanrbl3 WeLimMiHiH; 60N1yblH KamTaMachbl3 eTeTiH 6epLu-
reH yHkumnanap YLWiH XeTKIiNikTi wapTTap Tabbingbl. Kelbip epekwe xarfannap ywi ecentepguy Lwe-
Wwimaepi aHblK Xa3blNraH.

Kbl T cB3aep: TONKbIHAbIK TeHAey, OipiHWIi TekTi 03reweneHreH runepbonanbik TeHAey, BonbTeppa WH-

Terpanfgblk TeHaey” ®pefronbM WHTerpanfblk TeHaey” TpUKOMMW 3fici, WHTerpanablK TeHaeynep agici,
60NWeKTi ecenTey TeopuUsCbiHbL, 3AKTEPA

K.A. bBankunisos

MHCTUTYT npuknagHoii MaTeMaTuKL W aBTomMaTusaumn — punman KabapanHo-bankapckoro Hay4HOFORUEH T pa

52

Poccuiickoii akagemnm Hayk, Hanbuuk, Poccus

KpaeBble 3ajaym Cco cMeweHneMm gnd ogHOTO
CMeLIJaHHO-FI/II'Iep60]'II/I‘-IeCKOFO YPpaBHEHNA BTOROIO ROPAALKa

B cTaTbe MCCNefoBaHbl [Be HeNOKaNbHble 33a4auyn CO CMelleHMEM Ha conpsxedmne, ABYX ypaBHEHWii Tu-
nep60/MYECKOro TUMa BTOPOro NopsaKa, COCTOSLLEro 13 BONHOBOIO YpaBHEHUS B QfiHOW 4YacTn o6nacTu u
BbIPOX/JAKOLLErocs runepboNYecKoro ypaBHeHWUs MepBoro poga — B Apyroi-dBFKayecTBe HeNOKaNbHOrO
rPaHUYHOTO YCNOBUS B UCCNEAYEMbIX 3adayax 3afaHa NUHeNHA® KoMBuHallsA ¢ nepeMeHHbIMU KO3 guLm-
€HTaMMn 3HauYeHWil NPOM3BOAHON NEPBOro MOPsSAKa U MPOM3BOAHbLIX APO6HOFOL(B cMbicne PuMaHa-/inyBunns)
nopsaka oT UCKOMOM (PYHKLWM Ha OAHON U3 XapaKTepuUCTUK MERa NARKKU M3MeHeHus Tuna. C Ucnonb3oBa-
HMEM MeTO/la MHTerpanbHbIX ypaBHEHWA BONPOC PaspeliMmMOcTy MEPBOW 3a4aun 3KBMBANEHTHLIM 06pa3om
pefyunpoBaH K BOMPOCY PaspelivMoCTU WHTerpanbHORo ypaBHeHUS BonbTeppa BTOPOro poja co cnaboit
0CO6EHHOCTbIO, a BONPOC Pa3pelluMoCT/ BTOPOIA 3afaun ==K BOMROCY PaspellMoCT UHTErpasbHOro ypas-
HeHus dpearonbmMa BTOpPOro poja co cna6oii 0¢e6eHHOCTHIO. Mo NepBoii 3agaye foKasaHbl paBHOMepHas
CXOAMMOCTb PEe30/bBEHTbI AApa MoAyvatol,erocs UWHTerpafbHoro ypasHeHus BonbTeppa BTOPOro poaa u
NMPUHaAIeXHOCTb ero peweHus Tpebyemomy Knaccy. FHOgBTopoit 3ajaye Hali4eHbl [OCTaTOUYHbIE YCOBUS Ha
3aflaHHble (YHKUKUK, 06ecneynBaroLine cyllecTBoBaHME eJUHCTBEHHOTO peLleHWs MHTErpanbHOro ypasHe-
HWs ®pearonbMa BTOPOro poAa co cnaboii 0606eHHOCTLI0 U3 TPeGyeMoro Knacca. B HEKOTOPbIX YacTHbBIX
cnyyasx peweHus 3agay BbiMUCaHbl B ABHOM, BUAE.

KntoueBble cnoBa: BONHOBOE ypaBHeHue, BbipoXjatoleecs runepboanyeckoe ypaBHeHe nepeoro poaa, MH-
TerpanbHoe ypaBHeHue Bonbr€ppapuHTerpanbHoe ypaBHeHUe ®pearonbma, MeTos TPUKOMMU, METOA WUHTe-
rpanbHbIX ypaBHEHWIA, MeTOALIEEOPUI APO6HOTO UCUUCAEHUS.
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