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Abstract: Let k be an integer. A subset A of a group G is a k-approximate subgroup if there is a
finite set E of size at most k such that A2 € EA. They were first studied by Freiman (1973) in the
abelian setting; following work of Hrushovski (2011), finite approximate subgroups were classified
by Breuillard, Green and Tao (2012). The first step of the proof is Hrushovski’s Lie Model
Theorem: Up to commensurability, an pseudo-finite (or definably measurable) approximate group
has a quotient which is a locally compact Lie group. The original proof uses a Stabilizer Theorem,
assuming the existence of an Sl-ideal of negligible sets; an alternative version due to Sanders,
Massicot and myself uses more of the measure but has better definability properties.

In his thesis under the supervision of Hrushovski, Arturo Rodriguez Faflo» (2022)\generalizes
the Lie Model Theorem to rough approximate subgroups, where A% € EAT“fopsome A-invariant
type-definable subgroup T (for instance an infinitesimal neighbourhood of the,identity“th a metric
group). While Arturo again passes through a near-group theorem, wefhavestecently been able to
adapt the alternative approach using outer measures.
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In the last several decades there haseen@ gradual“shift from first order model theory to its
non-elementary versions. This is driven by ‘discoveries both of new model-theoretic notions and
constructions and of new applications iy,numbertheory and algebraic geometry.

I will discuss one of such directions: categoricity and stability of abstract elementary classes and
their connection to analytic aspects of algebrai€farithmetic geometry.
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JlaHHBIM QIOKIam KacaeTcsl MOHATHS CIAOOU YUKIUYEeCKOU MUHUMATbHOCTMU, TIGPBOHAYAIBHO
n3yueHHOTOWB [ 1 I[lycts A © M, rne M — HMKJIMYECKU YNOPSIOUEHHAs! CTPYKTypa. MHOXKECTBO
AgHa3bIBaeTCAY GbINYKIbIM, €CIIA Ui JIOObIX a,b € A BBINOJHSAETCS CIEAYIONIee CBONCTBO: IS
1o00re, €M c ycnoBueMm K (a,c,b) umeer mecto ¢ € A niam ais Joboro ¢ € M ¢ ycinoBuem
K(D, c, @)umeer wmectoc € A.Cnabo yuxiuyecku MUHUMATbHASL CMPYKMYpPAd €CTh IHKINYSCKU
yopsfioueHnast crpykrypa M = (M, K, ...) Takas, uto m000oe OMpeaenuMoe TOIMHOXKECTBO
CTPYKTYpBl M siBnsieTcsi 00beIMHEHHEM KOHEUYHOTO YMCIIa BBITTYKIIBIX MHOKECTB B M.

IIyctb M — cyeTHO KaTeropuyHas cia00 HUKIMYECKH MHHHMAllbHAs CTPyKTypa, G:=
Aut(M). Cnenys cTaHAapTHOM TEOPETHKO-TPYNIIOBONH TEPMUHOJOTHH, Tpynna G Has3biBaeTcs k-
MPAau3umMueHo, €Cii JUist TIOObIX MOMApHO Pa3IUYHBIX A4, dy, ..., A € M ¥ TOMApHO Pa3IUYHBIX
by, by, ...,b € M cymectByer g € G, ans kotoporo g(aq) = by, g(ay) = by, ..., g(ay) = by.
Kounepysnyueii na M’ Ha3bpiBaeTcs J1000e (G -MHBAPUAHTHOE OTHOIICHHE DKBUBAJCHTHOCTH Ha M .
I'pynna G HaseiBaetrcsd  npumumueHou, ecnu G sBasercss 1-TpaH3UTHBHOM M HE CYILECTBYET
HETPUBHUAIBHBIX COOCTBEHHBIX KOHTPYIHIIHH Ha M .
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Ilycte M', ' — LUKIMYECKH YNOPSA0YEHHbIE CTPYKTYpbl. HazoBeM 2-pedykmom CTpyKTYpbl
M UMKIUYECKH YMOPSIOYEHHYIO CTPYKTYPY C T€M e HOCUTeNleM, 4To U M, U COCTOSIIYI0 U3
MPEJUKATOB U KaXJI0ro (-ompenenuMoro OTHOIIeHUs Ha M apHocTu He Oonee 2, a Takke U3
TepHApHOTo Tpeaukara K Ui IMUKINYECKOTO MOpsKa, HO HE MUMEIOIIYI0 JPYTHX MPEIUKaToB,
apHOCTh KOTOPBIX Ooubiie aByX. Bysem roBoputh, uto crpykrypa M uszomopgnalN'c mounocmoio
00 OuHapHocmu, €Ciu 2-peayKT CTpyKTYpsl M uzoMopdeH 2-peayKTy CTpyKTypsl V.

Ceuyenuem C(X) B LMKIMYECKH YHOPSAAOYEHHOW CTPYyKType M sBisieTcs MaKCUMalbHOE
HEMPOTUBOPEUYNBOE MHOKecTBO ¢opmyn Buga K(a, x, b), rme a, b € M. Ceuenue sBusercs
aneebpauveckum, €Ciii CyIIECTBYeT ¢ € M, peanusytonuii ero. B mpoTuBHOM cilydae, Takoe
ceueHHe HaszbIBaeTcsi HeaneeoOpauueckum. Ilyctp C(X) — HeanreOpanueckoe cedenue. Ecin
CYIIECTBYET HEKOTOpHhIil a € M Takoi, uro mbo s Bcex b € M dpopmyna K(a, x, bjhe C(x), mudo
st Bcex b € M popmyna K(b, x, a) € C(x), To C(X) Ha3bIBaeTCs payuoHaibHpiM. B, mIpoTHBHOM
cllydae, TaKO€ CEUYEHUE HAa3bIBACTCS UPPAYUOHATLHBIM.

Onpeodenumvim ceuenuem B M HazpiBaeTcs cedenne C(x) takoe, uto a, &, e M takue, uro K(a,
X, b) € C(x) u mHO)ecTBO {¢ € M | K(a, ¢, b) u K(a, x, ¢) € C(X)§BIsS€ECS ONPEACIUMBIM.
Onpeoenumoe nononnenue M ctpyktypsl M coctout u3 M BMmeg#e €@ BCEMH OIpEICITMMBIMU

CEYCHUSMH B M, SIBJISIONIMMUCS HPPAIMOHATBHBIMU (110 cymiecTBY M COCTOUT M3 KOHIIEBBIX
TOYEK OIpeNeIUMbIX TOAMHOKECTB CTPYKTYpPbI M).

[Mycte F(x,y) — J-ompemenmumas Qopmyna, Taxasg 9p0F(M.b) BeImykiIoe OECKOHEYHOE
KOGECKOHEUHO® MHOXKECTBO uist Kaxaoro be M.ITyers ! (V) dopmyita, roBopsiiias 4To y —neBas
KOHIIeBas Touka MHOXecTBaF(M,Y).MbI roBopum uro B(x,y) =ewinyrias enpaso, ecim

M |= VyVx [F(x,y)—>FaY 20K (y,2, x)—>F(z,y))].

EcmuF1(x,y), F2(X,y)— mnpowusBosbHbIC BRINTYRIbIC BHPaBO GOPMYIIbI, TO MBI TOBOpUM 49TOF2(X,
y)oonvuie uem Fi(X, y), eciu cymectByer ac Mye yenosuem Fi(M,a)c F2(M,a).Eciiu M siBnsiercs 1-
TPAH3UTHUBHOM U TIOCIICJIHEE YCIOBHAE UMEET MECTO [UTsI HEKOTOPOTO a, TO OHO HMMEETMECTO IS BCEX
a. DTO JaeT HaM TMIOJIHOE YIOPSIOYCHHEE HKOHCUHOTO MHOXKECTBA BCEX BBIMYKIIBIX BIPABO
dopmynF(x,y). Ecnu st Hekotopofo a€ M BoinonuHsiercsdel(a)={a}, Toraa mis 1100601 BBITYKIION
BrpaBo (opmyinsl F(x,y) u mo6ero ae Mwmuoxecrso F(M,a) He nuMeeT npaBoil KOHIIEBO TOYKH B
M. Msr Oynem mnucarbf(y);zeend F(M,y), moapasymeBass uto f(y) — mpaBas KOHIIEBash TOYKa

MHOkecTBa F(M,y), KQTOPASUICKAT B 00IIeM Cliydae B OmpeaeuMoM nonojgHeHnn M cTpykTypsi
M. Torna f sBasiercs pyRKIHEHFOTOOpaxaromeiit M B M .

[Mycte f — ghapras @ynkuus B8 M ¢ Dom(f) =1 S M, rne I — OTKpPBITOE BBIMYKIOE
MHOKECTBQ. MBI TOBOPHM, 4TO f SIBISICTCS MOHOMOHHOU 6npaso (61e60) Ha I, eciii OHa COXpaHseT
(oOpamaet)yotHomeHne K,, 1.e. mig moOwsix a,b,c €1 Ttakux, uro Ky(a,b,c), Mbl uMeeM
Ko(f (@), ADYRE(C)) (Ko (f (), £ (b), £ (@))).

Byzmem TeBopUTh, 4TO Cl1a00 IMUKIMYECKH MHHUMAIIbHAS TEOPHSI UMEET pawne evbinykiocmu 1,
¢CIA HEWCYUICCTBYET OIPEICIUMOTO OTHOIICHUS DKBUBAJICHTHOCTH C OCCKOHEYHBIM YHCIIOM
OCCKOHEHHBIX BBITYKJIBIX KIIACCOB.

B pabore [2] ObUM OMUCAHBI CYETHO KATETOPUYHBIC |-TpaH3UTHUBHBIC HEIIPHUMHUTHBHBIE C1a00
UKIIYECK MUHUMAJIbHBIE CTPYKTYPBI paHra BBIMYKJIOCTH | C TPUBHAIBHBIM OMPEICITUMBIM
3aMbIKaHHEM C TOUYHOCTBIO 10 OMHAPHOCTH.

AnreOpbl  OMHApHBIX (OPMYN SIBISIFOTCS WHCTPYMEHTOM JUIsl OMMCAaHUS CBSI3€H MexXIy
AIIEMEHTAMU MHOXKECTB peah3alfii TUIIOB HAa OMHAPHOM YPOBHE OTHOCHUTEIBHO CYMEPHO3UIIUU
OMHApHBIX OMpENECNIMMBIX MHOXKECTB. Mpbl OyaeMm paccMaTpuBaTh anredpsl  OWHAPHBIX
M30JHpYyIOIMKX (opMynn, TepBOHAYaNbHO H3ydeHHbIe B pabotax [3, 4], rae mox OWHApPHOM
u3onupyoomed ¢Gopmynoil monumaercs Qopmyna Buma @(x,y) Takas, 4TO JUIsI HEKOTOPOTO
napamerpa a (opmyna @(a,y) uzonupyer Hekotopblii monusli Tun w3z S({a}). Ionarus wu
0003HaueHMsI, OTHOCAIINECS K 3TUM ajaredpam, MOXKHO TakKe HalTu B paboTax [3, 4]. B mocnennue
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rojpl anreOpsl OMHAPHBIX (HOPMYS HM3YYalOTCS WHTEHCHBHO U TOJYYMIIM CBOE MPOJOJDKCHHE B
pabotax [S]-[8].

B mactosmiem nokiane Mbel oOCyxkmaeM anreOpbl OMHAPHBIX H30JIHPYIOMUX (HOPMYI st
CUETHO KATETOPHYHBIX CJIa00 NMKINYECKM MHHUMAIBHBIX TEOPHH paHra BeIIyKiIocTH 1 ¢ 1-
TPAH3UTUBHOW HENPUMUTUBHOW TpYNIONH aBTOMOP(PHU3MOB M TPUBUAIBHBIM OIPEICIUMBIM
3aMBbIKaHHEM.

Teopema. Ilycmv M — cuemno kameeopuynas 1-mpan3umueHas HenpumMumueHdas ciabo
YuKIuYecky Munumansias cmpykmypa panza svinykiocmu 1 ¢ del(a) = {a} ona nexomopozo a €
M. Tozoa ancebpa Py OuHapHbIX UFOIUPYIOWUX POPMYT KOMMYMAMUBHA <015 110001 8bINYKIOLL
enpaso opmyast R(X, ), He ssngiowelcs 3KEUBALIEHMHOCMb-2eHepupylouell, QYHKYus
r(y):=rendR(M, y)sersemcs monomonnou enpaso na M.

HNannoe uccnenoBanue noanepxkano KH MOH PK (I'pant AP08855544 OCCUICKHM
HaydHbIM QonugoM ([TpoekT 22-21-00044). .
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