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The class K of algebraic systems of signature o is called a formula-definable class if there exists an algebraic
system A of signature o such that for any algebraic system B of signature o it is B € K if and only
if Th(B) - Th(A) = Th(A). The paper shows that the formula-definable class of algebraic systems is
idempotently formula-definable and is an axiomatizable class of algebraic systems. Any sariety of algebraic
systems is an idempotently formula-definite class. If the class K of all existentially clesed‘\algebraic systems
of a theory T is formula-definable, then a theory of the class K is a model companion of the theory T'. Also,
in the paper the examples of some theories on the properties of formula-definability, pseudofiniteness and
smoothly approximability of their model companion were discussed.
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Introductiom

In the literature on model theory and uamiversal algebra, after the theorem of Feferman S.,
Vaught R.L. [1], the product of complete theoriesMg considered in various articles. In particular, in [2],
it is shown that the product of two stable (superstable, w-stable) theories will be a stable (superstable,
w-stable) theory, that is, the set of all stables(Superstable, w-stable) theories with the operation of the
product of theories is a commutative sgmigtoup.

A. Robinson introduced the definitionsef a model companion for a theory [3]. In articles by various
authors, results are obtained regafding the existence of a model companion for a theory. In particular,
in [4], there is the following,criterionsor the existence of a model companion for inductive theories.

Theorem 1. (P. Eklof, GySabbagh [4]) Let T be an inductive theory. Then T" has a model companion
T’ if and only if the glas$of akistentially closed models of a theory T is elementary.

Various properties” ofpmodel companions from different points of view have been studied in the
works of [5-7]. Pseudéfifite models and w-categorical smoothly approximated models were considered
in [8-12].

1 Background information

Let us give the necessary definitions and known results on the theory of models and universal
algebra. For brevity, by the word model, we mean an algebraic system.

Let L be a countable language of first-order signature o. For any model A of language L, we denote
by Th(A) the set of all sentences (bounded formulas) of language L that are true in model A, that is,
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Th(A) the complete theory of model A. For models B, A of language L, the notation B = A means
Th(B) = Th(A).

For a class IC (we assume that all classes are abstract, that is, closed with respect to isomorphism),
Th(K) is the set of complete theories of all models of class K. Th(L) is the set of all complete theories of
the language L. Since the language L is countable, the power is |Th(L)| < 2¢. If K is an axiomatizable
class of models of a language L, then Th(K) is the theory of class K.

Definition 1. [13] A class K of models of signature o is called a formula-definable class if there exists
a model A of signature o such that for any model B of signature o, B € K if and only if Th(B)-Th(A) =
Th(A). The model A is then called the determinant of the class K, and if Th(A) - Th(A) = Th(A),
then the class K is called idempotently formula-definable.

Preliminary results in this direction were obtained in works [14-16].

Definition 2. If S C Th(L), then M(S) is the class of all models of all theories from S. We call
the set S of theories axiomatizable if M (S) is an axiomatizable class. A class ¢C of models is called
inductive if Th(K) is an inductive theory, that is, Th(K) is a V3-theory. Noteaevery set of theories is
axiomatizable.

Theorem 2. (S. Feferman, R. Vaught [1]) Filtered products and direet products of models of a
language L preserve elementary equivalence.

This theorem allows us to introduce the product operation Th{ A)-Z'H(B) < Th(Ax B), (the symbol
4 means by definition), the direct product [[,.; 7; of complete theéries T}, i € I < Th([[;c; Ti), the
ultraproduct [[;c;T;/D of complete theories T;, i € I bysaultrafilter D over set I < Th([[;c;Ti/D),
the ultradegree T? /D of complete theory T by ultrafiltefByover set I < Th(],.; T;/D), where T; = T
for all ¢ € I.

We assume that the direct product of modéls is the direct product of a non-empty set of models.
The direct product of an empty set of models is a%teifial model.

It is clear that S C Th(L) is axiomatizable if and only if S is closed with respect to ultraproducts
of theories.

i€l

A theory T is called an idempotent\theory if T'-T = T. A model A is called an idempotent model
if Th(A x A) = Th(A).

The set Th(L) with the operatiéng- product of theories is a commutative semigroup with identity
(we will not take much into%aceountt®the theory of the trivial model, although, of course, it is a neutral
element for the operation -y

Subsemigroups ofsserigrotps < Th(L);- > we call them semigroups of complete theories.

Definition 3. |IW#A set S C Th(L) is called a formula-definable set of theories if there is a theory
T € Th(L) such that fot any theory 77 € Th(L) it holds, 71 € S if and only if T} - T'= T. The theory
T, in this case, is called the determinant of the set S. If the determinant of the set S is an idempotent
theory T, then S is called an idempotent formula-definable set of theories, and T in this case is called
the idempotent determinant of the set S.

It is clear that the class of models K is formula-definable if and only if Th(K) is formula-definable.
Furthermore, the class of models K is idempotent formula-definable if and only if Th(K) is idempotent
formula-definable.

In proving the results of the article, we will use the following theorems:

Theorem 3. (J. Keisler [18]) For any model A and any ultrafilter D over I, A= A!/D.

Theorem 4. (J. Keisler [18]) By any sentence ¢ there is a number n such that for any index set
I and any models A;,7 € I, there is a subset J in I that contains at most n elements, and for any
V,JcV ClI, [liey Ai E ¢ if and only if [[,c; Ai = ¢.
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Theorem 5. (S. Feferman — R. Vaught [1]) For any two sets of models {4;|i € I}, {B;|i € I} and
for any ultrafilter D on I, [[;c;(A:i x B;)/D = [[;c; Ai/D x [[;c; Bi/D.

Theorem 6. (F. Galvin, J. Weinstein [19]) Let A, B, C' be models of the language L. If Ax BxC = A,
then A x B = A.

2 Formula-definable semigroups of complete theories

This section presents the results obtained on formula-definable semigroups of complete theories [14]
and formula-definable classes of models.

Let 7" mean [[,.; T3, where |I| =n, T; =T, for all i € I, and T! mean [Lic; Ti, where T; = T for
all i € I.

Lemma 2.1. For any theory € Th(L) it holds

1) TT/D =T for any ultrafilter D over the set I.

2) If T is an idempotent theory, then T/ = T for any set I.

Proof. 1) T'/D = T. To prove it, you should use the fact that 77 /R & Th{]]
T; =T for all i € I and apply Theorem 4, relying on Theorem 3.

2) Let T be an idempotent theory. It is clear that for any finite g8 7" ='T.

Let I be an infinite set. And for some sentence ¢ € T, sentenee, &y 7!, then by Theorem 5, this
contradicts the fact that for all finite m greater than a sufficientdy large n, ¢ € T™ = T holds. This
means T =T.

ier 11/ D), where

Lemma 2.2. For any two sets of complete theorieso ;I T} and {T}|i € I} and for any ultrafilter
D oon I, [lic/(Ti - T7)/D = 1lie; Ti/D - 1ie; T/ D-

Proof. Follows directly from Theorem 6, relyinggefi Theorem 3.

Lemma 2.8. Let T1,T5, T3 be complete theories. If T - 15 - T3 = T3, then T - T3 = T3.

Proof. Follows from Theorem 7,JBased on Theorem 3.

Theorem 7. The formula-definable'set of complete theories S is closed under finite, arbitrary direct
products of theories.

Proof. Let the theor T Be the determinant of the set S. The finite closedness of S with respect
to the product is $eyend, doubt due to the associativity and commutativity of the direct product of
theories.

Let {T;|i € I} C S be an infinite set. If T is an idempotent theory, which means 7' € S, then to
prove the infinite closedness of S with respect to the product, one should use the same reasoning as in
the proof of Lemma 2.1.

If the determinant of T' ¢ {T;|i € I}, then consider the set {T;|i € I} U{T'}. Let for some sentence
¢ € T, sentence ¢ ¢ [[,c;Ti - T, then by Theorem 5, there exists a finite J C I such that for any
V,J CV CI, ¢ ¢ [lie;Ti-T. However, this contradicts the fact that for all finite V,J €V C I and
the power V' is greater than a sufficiently large n, ¢ € [[;c; T; - T holds.

Corollary 2.1. The formula-definable class of models K is closed under finite, arbitrary direct
products of models. Its set of complete theories Th(K) is also closed with respect to finite, arbitrary
direct products of theories.

Lemma 2.4. The set of complete theories, closed under arbitrary direct products of theories, contains
an idempotent theory 77 € S such that for each theory T' € S, the following holds: T'- T = T".
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Proof. Let us take the direct product of all theories from S, that is [[p.gT. Since S is closed
with respect to arbitrary direct products of theories, then [[;cg7" € S. (In general, |S| < 2¢). Due
to the closedness of S, the product [[pcgT - [[regT € S. This means there is a theory 7" € S and
[IresT - IlpegT = T, which is present in both products. Now applying Lemma 2.3, we obtain that
for any theory T' € S, the following holds: T - T = T, including T" - T" = T".

Corollary 2.2. The class of models K, which is closed with respect to arbitrary direct products of
models, contains an idempotent model A € K such that for each model B € K, Th(B x A) = Th(A)
holds.

Theorem 8. A formula-definable set of complete theories S is an idempotent formula-definable set
of theories. And the idempotent determinant of the set S is unique.

Proof. Let T* be the determinant of the set S. By Theorem 7, S is closed under arbitrary direct
products of theories. By Lemma 2.4, there is an idempotent theory 77 € S such that for any theory
T € S, the following holds: T'- 7" = T". Now, if for some complete theory Ty ¢35, T1 - T' = T’, then
since Ty -T"-T* = T*, then by Lemma 2.3, T} -T* = T* holds. That is, 71 € S& Wé¥Hhave a contradiction.
This means that the theory 7" is an idempotent determinant of the set S.

There is only one idempotent determinant for S. Indeed, if there are4#®9 idempotent determinants
T7 and 15 for S, then since 77 € S and Tb € S we have T7 = T7 - To'= 15"

Corollary 2.3. A formula-definable class of models of compléteitheories S is an idempotent formula-
definable class of models.

Theorem 9. A formula-definable set of complete theosies S is an axiomatizable set of complete
theories.

Proof. Let {T;|i € I} C S and [[,c; Ti/D be the ulfraproduct of theories over the ultrafilter D over
I. Using Lemmas 2.1 and 2.2, we obtain [[,& T;/D T = [[,c; T;/D - T?/D = [1;,c;(T; - T)/D = T.
This means that .S is closed under the ultraproduct of theories, that is, S is an axiomatizable set of
theories.

Corollary 2.4. A formula-definable ‘¢lass of models is an axiomatizable class.
Theorem 10. Each variety ' issant idempotent formula-definable class of models.

Proof. The variety V istlosed under arbitrary direct products. This means that Th(V) is closed
under the product offempletg theories. Then, by Lemma 2.4, there is an idempotent theory T € Th(V')
such that for any medél Bye V,Th(B)-T = T. Let A be a model of a theory T', then A is an idempotent
model, and for any model B € V| it is true Th(Bx A) = Th(A). Since T' € Th(V'), then in model A, the
truths are all the identities that define the variety V. Therefore, if B ¢ V, then Th(B x A) # Th(A).
This means that the variety V is an idempotent formula-definable class of models.

3  Some examples of theories with a model companion

Here, we study examples of some theories and their model companions for fulfilling formula-
definable, pseudofinite and smoothly approximable properties. In what follows, 71" is not necessarily
a complete theory.

Definition 4. (model companion of theory [3]) Theory T3 is called a model companion of theory T
if 77 and T are mutually model consistent (i.e. models of theory T} are embedded in models of theory
T, and models of theory T} are embedded in models of theory). The theory T} is model complete.

A model companion to a theory does not always exist, but if it does, it is unique.

Mathematics Series. No.2(114),/2024 117



Kabidenov A., Kasatova A. et al.

Theorem 11. If the class K of existentially closed models of a theory T is a formula-definable class,
then K is a model companion of the theory T

Proof. Follows from Corollary 2.4 and Theorem 2. (P. Eklof, G. Sabbagh [4]).

Some important types of companions of incomplete theories and their model-theoretic properties
have been studied in the works [5-7].

In the work of J. Ax [8], the concept of pseudofiniteness was first defined. The groundworks obtained
to date for pseudofinite structures directly depend on the results of J. Ax. The basic definitions of
pseudofiniteness are as follows.

Definition 5. [8] An infinite structure M of a fixed language L is pseudofinite if for all L-sentences
v, M [= ¢ implies that there is a finite L-structure My such that Mg = ¢. The theory T' = Th(M)
of the pseudofinite structure M is called pseudofinite.

Many beautiful theorems in model theory of the 1950s-60s were proved using ultraproducts. Set
theorists love ultraproducts because they give rise to elementary embeddings,.a staple of large cardinal
theory. J. Ax in [8] connect the notion of pseudofiniteness and the consttuction ofjultraproducts.

Proposition 3.1. |[8] Fix a language L and an L-structure M. Then ghe fellowifig are equivalent:

1) an L-structure M is pseudofinite;

2) M |= T}, where Ty is the common theory of all finite L-structures;

3) M is elementarily equivalent to an ultraproduct of finite L gtmictures.

In classical logic, the following property is a straightforward cémsequence of pseudofiniteness.

Proposition 3.2. Let M be a pseudofinite structure ahd f* M* — MP* be a definable function.
Then f is injective if and only if f is surjective.

The study of countably infinite and countably“gategorical smoothly approximable structures is
relevant in many areas of mathematics, including, topology, analysis, and algebra.

Definition 6. [10] Let ¥ be a countable ggignature and let M be a countable and w-categorical
Y-structure. X-structure M (or Th(M)) isssaid to be smoothly approzimable if there is an ascending
chain of finite substructures Mg C M#CH\ . C M such that Uiew M; = M and for every i, and for
every a,b € M; if tppm(a) = tpa(b)thendthere is an automorphism o of M such that o(a) = b and
o(M;) = M;, or equivalently, if 1% the>union of an w-chain of finite homogeneous substructures; or
equivalently, if any sentencg ingdTh{LM) is true of some finite homogeneous substructure of M.

It is noted that the cemcept of a “finitely homogeneous substructure” does not mean that the
substructure is homogeneous:

Smoothly approximated structures were first examined in generality in [10], subsequently in [11].
The model theory of'sSmo6thly approximable structures has been developed much further by G. Cherlin
and E. Hrushovski [12[-

A. Lachlan introduced the concept of smoothly approrimable structures to change the direction
of analysis from finite to infinite, that is, to classify large finite structures that appear to be smooth
approzrimations to an infinite limit.

When proving the above properties for examples, in order to avoid textual routine, the following
known results are used.

Corollary 3.1. [10] Every w-categorical, w-stable structure over a language with just finitely many
function symbols is smoothly approximated.

Corollary 3.2. [10] If M is smoothly approximated, then Th(M) is not finitely axiomatisable.

Remark. Any smoothly approximable structures are pseudofinite, but the converse is not always
true.

Ezxample 1. Theory T of the class of all Boolean algebras, T} theory of atomless Boolean algebras.
It is known that T3 is a model companion for T'. It is clear that 717 - T} will be the theory of atomless
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Boolean algebra, and all countable atomless Boolean algebras are isomorphic. If some Boolean algebra
A has an atom, then its theory Th(A) will satisfy Th(A)-Ty # T;. This means that the class of models
T is a formula-definable class. Since the class of models of a theory T is a variety, then by Theorem
11, this class is a formula-definable class. Thus, we have obtained an example of a formula-definable
class of models of theory T in which theory T3 is a model companion and the class of all models of
theory T is a formula-definable class. A Boolean algebra is known to be pseudofinite if and only if each
element has an atom [20]. It is clear that the theory of this model companion is not pseudofinite. Since
the T theory is finitely axiomatizable, the countable model of the model companion is not smoothly
approximable by Corollary 3.2.

Example 2. Theory of T abelian groups of exponent of a prime number p. The complete theory T of
the infinite model of a theory T is a model companion of a theory T since the infinite model of a theory
T is an existentially closed model and categorical. It is clear that the class of models of the theory
T is formula-definable, the determinant of this class is the infinite model of the theory T7. However,
the model companion of 77 is not a formula-definable class. The theory of this model companion is, of
course, pseudofinite. The infinite countable model of the model companion isw-Gategorical, w-stable,
and by Corollary 3.1. is smoothly approximable.

Ezxample 3. Theory T of one equivalence relation. The class of mgdels ‘of theory T is a formula-
definable class; its determinant is a model with an infinite number of,€lasses; and each class contains an
infinite number of elements. The theory of the 77 model, in whichgthe thfinite countable model contains
for each 1 < n < w an infinite number of n - element classes, ig,awhodel companion of the theory of T'.
The class of models of the theory of 77 is not formula-definableisince for some non-existentially closed
models B in the theory of T, Th(B) - T1 = T holds. In the work [21], it is proved that any theory
with one equivalence relation is pseudofinite. It is eleax that, theory T} is pseudofinite. Also, this work
proves that any countably categorical model of this“theery is smoothly approximable. Therefore, an
infinite countable model of T} theory is smoothlyhapproximable by [21].

Example 4. Theory T of linear order. Théymodel companion of theory 7' is the theory 77 of dense
linear order without endpoints. The classe§%f models of theory T and the class of models of theory T}
are not formula-definable classes of models.¥f it is a formula-definable class of models, it must be closed
under the product of models, but thig #m0t the case. Theory T is not pseudofinite (see [22]). The
infinite countable model of theory T»is¥iot smoothly approximable since no automorphism permutes
elements.

Conclusion

The paper shows%hat the formula-definable class of algebraic systems is idempotently formula-
definable and is an axiomatizable class of algebraic systems. Any variety of algebraic systems is an
idempotently formula-definite class. If the class IC of all existentially closed algebraic systems of a
theory T is formula-definable, then a theory of the class K is a model companion of the theory T'. Also,
the paper discusses examples of some theories on the properties of formula-definability, pseudofiniteness
and smoothly approximability of their model companion.
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A. Kabunenos', A. Kacarosa?, M.I1. Bekenos', H.JI. Mapxabaros'>

1 .
JIL.H. l'ymunes amvndagv. Eypagusayammuok ynusepcumemsi, Acmana, Kasaxcman;
H ol ol
2 Kapaeanduv, Mmeduyume, yrueepcumemi, Kapaeanow, Kasaxcman;
3 Kasax- Bpumarymednukanvy, yrusepcumemi, Aamamos, Kazaxcman

0 CUTHATYPACBIHBIH aJrebpabikfzkyienepinin K kiacsl GopMyIaMeH aHBIKTAJIATHIH KJIACC eI aTaJIaJIbl,
erep 0 CHUTHATYDPACBIHBIH Ke3 KedTed B ajrebpaJsbik »Kyiieci 6ap 6osica, onma tek B € K ymin, srHn
Th(B) - Th(A) = Th(A) epslaganarsiaiail o curaarypacbHblE, A anreGpanbik »kyieci Tabbuica. Maka-
Jazia anrebpaJiblk, KyiteAepIiH OpMyIaMeH aHBIKTAJATHIH KJIACHI HAEMIIOTEHTTI Typ/e POpMyIaMeH aii-
KBIHJIQJIATHIH KJIACC *kQHE aJlBeOpaJIbIK XKYiieJep/IiH aKCHOMATA3AINIJIAHATHIH KJIaChl €KEH I KOPCEeTiIreH.
Anrebpanbik, Kfiie/IepIIHgKE3 KeJIreH TYPi UIEMIIOTEHTT] Typae (POpMyIaMeH aHBIKTAJATHIH KJIACC OOJIBIIT
canasagbl. 1 TEQPHACHIHBIH OAPJIBIK SK3UCTEHINAJIBI TYWBIK aareOpastblK, XKyitesrepinig K kmacer hopmy-
JIaMeH aHBbIKTaJaTBiEgboIIca, oHta K KIIaChIHBIH, TeOPUsIChl 1 TEOPUSICBIHBIH, MO/JIEJIb/IIK KOMIIAHBOHBI GOJIBIIT
Tabputabl. CoHmal-ak, Makaaamsa OpMyJaMeH aHBIKTAJATHIH, MICEBIOAKBIPJIbI YKOHE OJIAPIBIH MOIETb-
JIK KOMIIAHBOHBIHBIH, TEriC ANMPOKCUMAIUSIAHY KACHeTTepl TypaJsibl Kefbip TeopusijIapIblH, MbICAJIAPbI
TaJIKbLIAHFAH.

Kiam cesdep: MONENbIIK KOMIIAHBOH, IICEBIOAKBIPJILI TEOPUs, (popMy/ia OOMBIHINA AHBIKTAIATHIH KJIACC,
Teric ammpOKCUMAITHSIIAHATHIH KYPBLIBIM.
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CBoiicTBa MOIeJIbHOIO KOMIIAHBOHA HEKOTOPBIX TEOPHii

A. Kabunenos!, A. Kacarosa?, M.I1. Bekenos!, H.JI. Mapxa6aTos'?

! Bepasutickuti nayuonasonsidi yrusepcumem umeny JIH. Dymusesa, Acmana, Kasaxcman;
2 Meduuyuncrkut yrusepcumem Kapaeanow, Kapaeanda, Kasaxcman;
3 Kasaxcmancko-Bpumancruti meznuveckuti yrusepcumem, Aamamon, Kazazcman

Knacc K amrebpanmdecknx cucreM CUTHATYPBI 0 HA3BIBAETCsT (POPMYJIBHO-OMPEIETUMBIM, €CJIU CYIECTBY-
er ajirebpandeckasi CUCT€Ma CUTHATYPBI 0, TakKasl 4TO JiJis Jiro0oii arebparmvecKoil CHCTEMbl CHTHATY-
pel o BbioaHsiercst B € K Torga u tosnbko torga, korma Th(B) - Th(A) = Th(A). B craree nokasa-
HO, 9TO (DOPMYJIBHO-OMPEAETUMBIN KIACC AJIredpandecKuxX CUCTEM SIBISETCS WAEMIIOTEHTHO (POpPMYJIBHO-
OIPE/IETTUMBIM U aKCHOMaTU3UPYEMbBIM KJIACCOM aJjredbpanmdeckux cucrem. J[roboe mHOroobpasue ajredbpa-
WYECKUX CHCTEM SIBJISIETCSI MIEMIIOTEHTHO (POPMYIBHO-OIPEIEIUMBIM KiaccoM. Ecau kinacc K Bcex 3K3u-
CTEHITHAJIBHO 3aMKHYTBHIX AJIre0pamdecKuX CUCTEM TEeOPHHU (POPMYJIBHO-OIPEIe UM, TO Teopus Kiacca K
SIBJISIETCSI MOJIEJIBHBIM KOMITAaHBLOHOM Teopuu 1. Takzke B craThe pacCMOTPEHBI IPUMEPBI HEKOTOPBIX T€OPUR
Ha CBOMCTBa (POPMYIBLHO-OMPEIETUMOCTH, TICEBJOKOHEYHOCTH U TJIAIKOM alllTPOKCUMUPYEMOCTH MOJIETeH UX
MOJEIBHOTO KOMITAHBOHA.

Kmouesvie cr06a: MOIETBHBIN KOMITAHBOH, IICEBIOKOHETHAS TEOPUs, POPMYIHHO-QITPEICTUMBIN KJIACC, TIal-
KO alllIPOKCUMUPYeMasl CTPYKTypa.
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