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To plasma electrons motion theory in high-frequency fields 

The article is dedicated to the kinetic theory of plasma, where the problem of interaction of high-frequency 

electric fields with weakly non-uniform plasma is investigated using kinetic equations with binary collision 

integrals for plasma particles. A new methodology for determining the expression of the averaged high-

frequency pressure force is proposed based on solving the kinetic equation and using the method of succes-

sive approximations (separation of slow motions and fast oscillations) under the limiting conditions. An ex-

pression for the averaged quasi-potential force is derived based on the kinetic equation for the electron distri-

bution function in weakly inhomogeneous magnetoactive plasma, taking into account electrons collisions 

with fixed ions and the presence of a longitudinally inhomogeneous high-frequency electric field using well-

known methods of theoretical and mathematical physics, such as successive approximations, averaging over 

the effective field oscillation period, and integration over trajectories. The amplitude of the field is a slowly 

varying function in both time and space coordinates. The obtained expression allows us to estimate the influ-

ence of collisions of plasma particles on the Miller force, and under limiting conditions it coincides with the 

known expressions for the high-frequency pressure force derived from the equation of plasma electrons mo-

tion in high-frequency fields. In all calculations, the contribution of the magnetic component of the electro-

magnetic field is neglected, which is quite justified for the longitudinal electric field. 

Keywords: weakly inhomogeneous plasma, plasma electrons, kinetic equation, averaged force, electricfield, 

particle collisions, fixed ions, high frequency. 

Introduction 

The heightened interest shown by scientists in plasma physics over the last quarter-century is primarily 

due to space exploration and the prospect of obtaining controlled thermonuclear reactions. Among other 

fields of application, it is worth mentioning plasma accelerators and generators, gas-discharge devices, plas-

ma electronics, etc. Just from this list, it is evident that the plasma under scrutiny by researchers exhibits a 

tremendous diversity of numerical parameters, sometimes differing by many orders of magnitude. 

It is difficult to imagine laboratory plasma without external fields. The existence of powerful sources of 

monochromatic electromagnetic radiation in various frequency ranges has stimulated the publication of a 

large number of studies on the interaction of such radiation with matter. In particular, the interaction of in-

tense electromagnetic waves with magnetically active plasma is of interest due to solving a number of issues 

arising in the fusion programme development process, the study of nonlinear properties of the ionosphere 

with both given and artificially created inhomogeneity. The peculiar properties plasma appears very clearly 

when its behaviour under the influence of an electric field of high frequency is examined. Studies of the in-

teraction of charged plasma particles with high-frequency fields have recently gained particular relevance 

addressing issues related to plasma heating and confinement, nonlinear wave evolution in laboratory and 

space plasmas, the development of charged particle acceleration methods, exploration of new wave genera-

tion and transformation techniques, and more. The initial studies in the late 1950s on the interaction of 

charged plasma particles with inhomogeneous high-frequency fields revealed the existence of the Miller qua-

si-potential force and led to ideas for high-frequency plasma confinement and acceleration [1‒7]. The aver-

aged effect of high-frequency fields on the plasma has been studied by many authors. At the same time, the 

theoretical description of the particle motion was based on simple physical grounds on the possibility of sep-

aration of slow motions and fast oscillations under compliance with a number of limiting conditions (non-

relativistic approximation stationary and homogeneous external magnetic field, homogeneous plasma, high-

frequency fields in the quasi-stationary approximation or in the form of plane waves, etc.). Along with this, 

there is a significant interest in moving beyond the dipole approximation and studying a spatially inhomoge-
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neous system of charged particles in inhomogeneous alternating fields. All this indicates the relevance of the 

study of plasma behaviour in high-frequency fields. 

In the works of a number of authors [2‒4] devoted to the acceleration of plasma particles and the reten-

tion of high-temperature plasma by high-frequency electromagnetic fields, an expression for the force in 

question was determined based on the equation of electron motion. In this paper, the expression for the Mil-

ler force is derived from the kinetic equation for the electron distribution function, which takes into account 

collisions of electrons with ions and the influence of a longitudinal, high-frequency and inhomogeneous elec-

tric field on a weakly inhomogeneous magnetoactive plasma, using the method of successive approximations 

(separation of slow movements and fast oscillations). 

Experimental 

Plasma can be considered as an ideal system where particles interact only in collisions. In this case col-

lisions of plasma particles are considered as a correction leading to slow dissipation of energy, concentrated 

in collective degrees of freedom. Developing a consistent collision theory in plasma encounters significant 

difficulties associated with the slow decrease of Coulomb forces with increasing distance between interacting 

particles. At any given time, each charged plasma particle is exposed to a huge number of surrounding parti-

cles, and all of these effects shall be somehow taken into account. Instead of a simple two-body problem, we 

face the challenging problem of many-body interactions. In a strict formulation such a problem is hardly 

solvable. To make a solution possible, it is necessary to introduce some simplifications. The simplest is the 

pair collision approximation, in which the plasma particle interactions are reduced to independent and instan-

taneous interactions of pairs of particles. 

Results and Discussion 

It is known that in high-frequency electromagnetic fields, particles (specifically, electrons) experience 

not only the generalized Lorentz force 0F but also an additional force Mf determined by the high-frequency 

quasi-potential eU , i.e., 
M e r ef n grad U= − where en is the electron concentration. As a result of its action, 

the plasma electrons tend to move to the field minimum. The physics of such a phenomenon can be ex-

plained as follows. The electromagnetic field, causing high-frequency oscillations of electrons with velocity 

e creates as if an additional high-frequency pressure
2

hf e e eP n m (or ehf eP n U , where em is the elec-

tron mass), as a result of which the plasma electrons are displaced from the areas occupied by the field. In 

oscillatory motion, the force M r hff grad P= − is directed against the displacement of electrons, so when an 

electron is displaced to the right, a return force of greater magnitude acts on it compared to when it is dis-

placed to the left. The averaged force Mf , so called the high-frequency pressure force, or sometimes the

quasi-potential Miller force, do not depend on the particle charge sign. An expression for the studied force, 

based on the equation of motion of electrons, was defined in the works of a number of authors [8‒12], devot-

ed to the acceleration of plasma particles and the confinement of high-temperature plasma by high-frequency 

electromagnetic fields. In this article, the expression for the Miller force is derived from the kinetic equation 

for the electron distribution function, considering electron-ion collisions and the influence of a longitudinal, 

high-frequency electric field 

( )0 0, sinE E r t t  = (1) 

on weakly inhomogeneous magnetically active plasma, using the method of successive approximations (sep-

aration of slow motions and fast oscillations), where 
0E the amplitude of the field is a slowly varying func-

tion in both time t and space coordinates r . The parameter  , characterising the slowness of change
0E , 

fulfils the condition ( )0/ 1TV L =  , where TV ― thermal velocity of electrons; 0  ― frequency, L  

― typical value of the change in the electron distribution function eF (or typical size of the area occupied by

the plasma). When referring to high field frequencies, we will assume that during the period of field oscilla-
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tion 02 /T  =  the electron goes a distance 
0

l  much shorter than the free path length l , i.e., 
0

l l L  

and hence it can be considered as moving in an almost homogeneous field. Here 
0

1

0Tl V  −= and 

1

T eil V v −= ; eiv is the frequency of electron-ion collisions. We will assume that the plasma

- is weakly inhomogeneous, i.e., the functions eF and E do not change much at a distance of the Debye radius

dr or the condition ( )0/ 1L T  is fulfilled, where 0 is the average particle velocity;

- fully ionised, i.e., 𝛾 → ∞, where 𝛾 is the degree of ionisation;

- strongly discharged, i.e.,

0

eiv



 or 0 eiv   (*). 

( )2 /e Tl m V eE . (**) 

In addition, we will assume that: 

- the activity of the electric field on the length l  is greater than the energy of thermal motion ekT (strong field

condition), i.e. / 1Б eeEl k T  ;  

- due to the smallness of the ratio ( )/ 1e im m  (or im = ) we can assume that the ions are fixed, where 

e ― electron charge; im ― ion mass, k ― Boltzmann constant; eT ― electron temperature. It should be noted that 

due to the field's longitudinally E , the magnetic component of the electromagnetic field can be neglected, which gives

significant simplifications of a computational nature, and the collisions of electrons among themselves are also neglect-

ed. 

The kinetic equation for eF , taking into account collisions of electrons with ions and fields (1), is writ-

ten in the form  

𝐿̂0𝐹𝑒 + 𝜐⃗
𝜕𝐹𝑒

𝜕𝑟
= 𝑆𝑡𝑒𝑖(𝐹𝑒), (2) 

where 𝜐⃗ = 𝑝/𝑚𝑒 is the electron velocity;

0L eE
t p

 
= −
 

. 

In accordance with (1) the function eF depends on both fast and slow variables, i.e. 

( ), , ,e eF F t p t r = . In this connection, using the method of successive approximations, we can write:

;

,

e e e

e e

F F F

t t t

F F

r r







   
→ + 

   

 
→

 

(3) 

and also  
0 1

e e eF F F= + , (4) 

where 
1

eF is the fast-variable part, 
0

eF is the stationary (slowly changing) part of the distribution func-

tion. 

Substituting expressions (3) and (4) into (2), then equating terms at the same degrees of the parameter 
 , we obtain the following two equations of zero and first approximations
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( )0 0

0

0 0

0 1

ˆ

ˆ ˆ

e ei e

e e

L F St F

L F L F

 =


= − ,

(5)

(6)

where 

1L̂
t r


 

 
= +
 .

Considering the obtained system of equations, it is seen that the left part of the subsequent equation is 

determined by the solution of the previous equation and can be considered to be known. The integral of colli-

sions of electrons with ions in (5) is defined by the expression [13-14]:  

( )
( )

3/2 0
0

2

/3

8

e e e
ei e

ei e e

kT m F
St F



  


=


, (7) 

where 
11/ei eiv −

― characteristic time of collisions of electrons with ions:

( )
3/2

2 2

3

4 2

e e

ei

i i

m kT

e e n



=


. 

Coulomb logarithm; ie and in ― charge and ion concentration, respectively. It should be noted that

in (7) the terms of order ( )/e im m are neglected. After substituting instead of 
0

eF in expression (7), the so-

lution 

( ) ( ) ( ) 
23/2 10(0) 1

0 0 02 exp 2 cose e e e e eF n m kT m kT p e E t  
− − −= − − , 

of the homogeneous equation 
0(0)

0
ˆ 0eL F = , we have 

( )
( )

( )

( ) ( ) 

2 2
3/20 1

0 0 0 03

21 1

0 0 0

4ˆ 2 cos

exp 2 cos .

i i
e e e e

e e e

e e

e e n
L F n m kT p p e E t

m kT

m kT p e E t


  



 

− −

− −


=  = − 

 − −

(5А) 

The general solution of this equation can be represented as 

0 0(0) 0(1)

e e eF F F= + , (5B) 

where 
0(1)

eF  is the solution of the inhomogeneous equation. The first approximation equations (6) can 

be rewritten in the form 

( )1

0
ˆ , , ,eL F G t p t r = − , (6А) 

where 
0

1
ˆ

eG L F= . The solution 
1(0)

eF of the homogeneous equation 
1(0)

0
ˆ 0eL F = is the expression for 

0(0)

eF , and the general solution of (6A) is of the form: 
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1 1(0) 1(1)

e e eF F F= + , (8) 

where 
1(1)

eF  is the solution of the inhomogeneous equation. In order to find the solutions 
1(1)

eF and 

0(1)

eF  let’s write down the characteristics of the homogeneous equation (2), i.e. 

dp
eE

dt
= − ; e

dr
m p

dt
= , (9) 

solutions ща which are the values of impulses p and coordinates r at time instant t ; they are related to 

the values 0P and R at the initial time instant t as follows [15‒18]: 

( ) ( ) 

( ) ( ) ( ) ( ) 

0
0 0

0

10 0
0 0 0

0

, , , , 1 cos ;

, , , , , sin .
e e

eE
P t t p t r p t t

P eE
R t t P r t r r t t t t t t

m m

  


   


−

  + − −

    − − − − − −

Moving from p  to 0P and from r to R , he required solutions are determined [9; 10]:

( ) ( )1(1)

0 0

0

, , , , , ,

t

eF t P t R G t t t R P dt    = − − . (10) 

( ) ( )0(1)

0 0

0

, ,

t

eF t P t t P dt =  − . (10А) 

Hence, the general solution of equation (2), according to (4), (5B) and (8) will be as follows 

0(0) 1(0)

0 0

t t

e e eF F dt F Gdt
 

 = +  + − 
 

  . (11) 

Note that when integrating the integrand exponential functions   and G , in (10) the condition 

( )0 0 0/ 1eE P  was taken into account, using which these functions were expanded into a series. At the

same time, only terms were considered in the expansion 
2

0E . 

Oscillatory components in (11) can be eliminated by averaging this relation over T . The operator of 

averaging the function eF will be denoted by the symbol : 

1

0

T

e eF T F dt−=  .  (11А) 

Representing the solution in this form involves constructing the first approximation, the so-called aver-

aging method, which has found wide application in nonlinear physics tasks [19‒21]. 

Finally, integrating the product of 
1

0 eT P F−
 over 0P in the limit from − to +  , we obtain the fi-

nal expressions for the force Mf : 
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2
2

0 0

2

0 0

3
1 0,5

2

e ei
M

e

n e E E v
f

m R 

    
= − −  

    

, (12) 

or 
2

0

3
1 0,5

2

e ei
M e

U v
f n

R 

    
= − −  

    

, 

and 
2

0

0

1

2
e

e

eE
U

m 

 
= −  

  . 

Under condition (*), from (12) follows the expression [11‒13]: 

2

0 0

2

0

3

2

e
M

e

n e E E
f

m R 


= −


. 

The obtained result coincides, up to a constant, with known expressions for the Miller force, and is also 

of theoretical interest and reveals the picture of the interaction of a weakly inhomogeneous plasma with a 

high-frequency electric field. However, the approximate solution (11) allows estimating the influence of 

electron-ion collisions on the high-frequency pressure forceand can be used in constructing the kinetic theory 

of inhomogeneous plasma located in high-frequency electromagnetic fields. In all calculations, the contribu-

tion of the magnetic component of the electromagnetic field is neglected, which is quite true for the longitu-

dinal electric field, and well-known methods of theoretical and mathematical physics are used, such as aver-

aging over the period of oscillation of the electric field and integration along trajectories. 

Conclusions 

Therefore, in the article a new methodology has been proposed for determining the expression of the 

averaged high-frequency pressure force. It is based on solving the kinetic equation with the collision integral 

of plasma particles and the method of successive approximations, while adhering to a number of limiting 

conditions (weakly inhomogeneous and fully ionized plasma, longitudinal and inhomogeneous high-

frequency electric field, nonrelativistic approximation, as well as fixed ions approximations, strong electric 

field, and pair collisions between particles). The effects of the weak inhomogeneity of the plasma and the 

external field on particle collisions and the Miller force are estimated. The motion of charged particles in an 

electric field is considered on the basis of representations of classical physics and these representations retain 

their force not only when analyzing the movements of charged particles under the action of macroscopic ex-

ternal fields, but form the foundation necessary for understanding the processes of particle interaction in 

plasma‒processes involving microscopic fields of individual particles. 
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Т. Қоштыбаев, М. Алиева 

Плазмадағы электрондардың жоғарыжиілікті өрістердегі 

қозғалыс теориясына  

Мақала плазманың кинетикалық теориясына арналған және жоғарыжиілікті электр өрісінің әлсіз бір-

тексіз плазмаға әсері туралы мәселе плазма бөлшектері арасындағы жұптық әсерлесу интегралы бар 

кинетикалық теңдеуді қолдану арқылы шешілген. Белгілі бір шектеу шарттары орындалған жағдай 

үшін орташаланған жоғарыжиілікті қысым күшін табудың жаңа әдістемесі ұсынылған және ол кине-

тикалық теңдеуді шешуге, кезектестік жуықтау тәсіліне негізделген. Соңғы айтылған тәсілде баяу 

қозғалыстар мен шапшаң тербелістерді бөліп қарастырған. Әлсіз біртексіз, әрі магнитті-белсенді 

плазмадағы бөлшектердің үлестірім функциясына арналған кинетикалық теңдеуді шешу арқылы ор-

ташаланған квазипотенциалды күштің өрнегі қорытылып шығарылды. Қолданылған кинетикалық 

теңдеу электрондардың қозғалмайтын иондармен соқтығысуын және жоғарыжиілікті бойлық-

біртексіз электр өрісінің әсерін ескереді. Сонымен бірге, күштің өрнегін шығару барысында теория-

лық және математикалық физиканың белгілі тәсілдері қолданылды, атап айтқанда: кезектестік жуық-

тау тәсілі, сыртқы өрістің тербеліс периоды бойынша орташалау тәсілі және траектория бойынша ин-

тегралдау тәсілі. Өрістің амплитудасы уақыт пен координатаға тәуелді баяу өзгермелі функция болып 

табылады. Алынған өрнек плазма бөлшектерінің соқтығысуларының Миллер күшіне ықпалын баға-

лауға мүмкіндік жасайды және шектеу шарттары орындалған кезде электрондардың жоғарыжиілікті 

өрістердегі қозғалыс теңдеуінен алынған жоғарыжиілікті қысым күшінің өрнегімен белгілі бір тұрақ-

тыға дейінгі дәлдікпен сәйкес келеді. Жүргізілген барлық есептеулер кезінде электромагниттік өрістің 

магниттік құраушысы ескерілмеді және бұл жағдай бойлық электр өрісіне тура болады. 

Кілт сөздер: әлсіз біртексіз плазма, плазмалық электрондар, кинетикалық теңдеу, орташаланған күш, 

электр өрісі, бөлшектердің соқтығысуы, қозғалмайтын иондар, жоғарыжиілік. 
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Т. Коштыбаев, М. Алиева 

К теории движения плазменных электронов в высокочастотных полях 

Статья посвящена кинетической теории плазмы, и в ней исследована проблема взаимодействия элек-

трического поля высокой частоты со слабо неоднородной плазмой методом кинетических уравнений с 

интегралами парных столкновений частиц плазмы. Предложена новая методика определения выраже-

ния усредненной силы высокочастотного давления, основанная на решении кинетического уравнения 

и методе последовательных приближений (разделение медленных движений и быстрых осцилляций) 

при соблюдении ограничительных условий. Выведено выражение для усредненной квазипотенциаль-

ной силы на основе кинетического уравнения для функции распределения электронов слабо 

неоднородной магнитоактивной плазмы, учитывающей столкновение электронов с неподвижными 

ионами и наличие продольно-неоднородного электрического поля высокой частоты с использованием 

общеизвестных методов теоретической и математической физики, таких как последовательные 

приближения, усреднения по периоду колебания действующего поля и интегрирования по траектори-

ям. Амплитуда поля является медленно меняющейся функцией по времени и координатам. Получен-

ное выражение позволяет оценить влияние столкновений плазменных частиц на силу Миллера, и при 

ограничительных условий оно совпадает с точностью до постоянной с известными выражениями для 

силы высокочастотного давления, рассчитанного на основе уравнения движения электронов плазмы в 

высокочастотных полях. Во всех вычислениях не учитывается вклад магнитной составляющей элек-

тромагнитного поля, что вполне справедливо для продольного электрического поля. 

Ключевые слова: слабо неоднородная плазма, плазменные электроны, кинетическое уравнение, усред-

ненная сила, электрическое поле, столкновение частиц, неподвижные ионы, высокая частота. 
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