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Abstract—This article is devoted to the study of the solvability of a periodic boundary-value problem
for a third-order pseudoparabolic equation with a mixed derivative. Nonlocal problems for pseudo-
parabolic equations have been investigated by many authors. Of particular interest in the study of
these problems is caused in connection with their applied values. Such problems include highly
porous media with a complex topology, and first of all, soil and ground. To solve this problem,
new functions are introduced and the boundary-value problem for a third-order pseudoparabolic
equation is reduced to a periodic boundary-value problem for a system of hyperbolic equations with
a second-order mixed derivative. Based on the equivalence of the boundary-value problem for a
system of hyperbolic equations and the periodic boundary-value problem for a family of systems
of ordinary differential equations, two-parameter families of algorithms for finding an approximate
solution are constructed and the conditions for unambiguous solvability of the problem under study
are established.
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1. INTRODUCTION

On Ω = [0, ω]× [0, T ] we consider the semi-periodic boundary-value problem

∂3u

∂x2∂t
= A(x, t)

∂2u

∂x2
+B(x, t)

∂u

∂x
+ C(x, t)

∂u

∂t
+D(x, t)u+ f(x, t), (x, t) ∈ Ω, . (1)

u(x, 0) = u(x, T ), x ∈ [0, ω], (2)

u(0, t) = ϕ(t), t ∈ [0, T ], (3)

∂u(0, t)

∂x
= ψ(t), t ∈ [0, T ], (4)

where (n× n) are the matrices A(x, t), B(x, t), C(x, t),D(x, t), n-vector functions f(x, t) are continu-
ous on Ω, n-vector functions ϕ(t), ψ(t) are continuously differentiable on [0, T ], here

||u(x, t)|| = max
i=1,n

|ui(x, t)|, ||A(x, t)|| = max
i=1,n

n∑

j=1

|aij(x, t)|.
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ON ONE SOLUTION OF A PERIODIC BOUNDARY-VALUE PROBLEM 1865

Let C(Ω, Rn) be the function space u : Ω → Rn continuous on Ω, with the norm ||u||0 =
max

(x,t)∈Ω
||u(x, t)||. A function u(x, t) ∈ C(Ω, Rn), having partial derivatives

∂u(x, t)

∂x
∈ C(Ω, Rn),

∂u2(x, t)

∂x2
∈ C(Ω, Rn),

∂u(x, t)

∂t
∈ C(Ω, Rn),

∂3u(x, t)

∂x2∂t
∈ C(Ω, Rn)

is called a solution to problem (1)–(3) if it satisfies system (1) for all (x, t) ∈ Ω, and conditions (2)–(4).
Boundary-value problems for evolution equations of the pseudoparabolic type in certain areas are

well studied [1–4]. In this paper, a periodic boundary-value problem for a third-order pseudoparabolic
equation is investigated using the method of a parameterization [5]. Previously, this method was used in
the study of boundary-value problems for a system of hyperbolic equations with a second-order mixed
derivative [6–18].In this paper, we propose an algorithm for finding an approximate solution, and set the
coefficient attributes for the unique solvability of the periodic boundary-value problem (1)–(4).

To find a solution, we introduce the functions z(x, t) = ∂u(x,t)
∂x , w(x, t) = ∂u(x,t)

∂t and write problem
(1)–(4) in the form

∂2z

∂x∂t
= A(x, t)

∂z

∂x
+B(x, t)z + C(x, t)w +D(x, t)u+ f(x, t), (x, t) ∈ Ω, (5)

z(x, 0) = z(x, T ), x ∈ [0, ω], (6)

z(0, t) = ψ(t), t ∈ [0, T ], (7)

w(x, t) = ϕ̇(t) +

x∫

0

∂z(ξ, t)

∂t
dξ, (8)

u(x, t) = ϕ(t) +

x∫

0

z(ξ, t)dξ. (9)

For fixed u(x, t) and w(x, t) problem (5)–(7) is a semi-periodic boundary-value problem for a system of
third-order hyperbolic equations.

We re-introduce the notation v(x, t) = ∂z(x,t)
∂x , and also reduce problem (5)–(9) to a family of periodic

boundary-value problems for a system of ordinary differential equations of the form

∂v

∂t
= A(x, t)v +B(x, t)z + C(x, t)w +D(x, t)u+ f(x, t), (x, t) ∈ Ω, (10)

v(x, 0) = v(x, T ), x ∈ [0, ω], (11)

z(x, t) = ψ(t) +

x∫

0

v(ξ, t)dξ, (x, t) ∈ Ω. (12)

2. MAIN RESULT

To solve problem (8)–(12), we apply the method of a parametrization.

By the step h > 0 : Nh = T we make fragmentation [0, T ) =
N⋃
r=1

[(r− 1)h, rh), N = 1, 2, . . . . More-

over, the area Ω is divided into N parts. By vr(x, t), zr(x, t), ur(x, t) we denote, respectively, the
restriction of the function v(x, t), z(x, t), u(x, t) in Ωr = [0, ω] × [(r − 1)h, rh), r = 1, N. By λr(x)
we denote the value of the function vr(x, t) at t = (r − 1)h, i.e. λr(x) = vr(x, (r − 1)h) and make
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1866 ORUMBAYEVA, KELDIBEKOVA

the replacement ṽr(x, t) = vr(x, t)− λr(x), r = 1, N . We obtain an equivalent boundary-value problem
with unknown functions λr(x):

∂ṽr
∂t

= A(x, t)ṽr +A(x, t)λr(x) +B(x, t)zr(x, t) + C(x, t)wr +D(x, t)ur + f(x, t), (13)

ṽr(x, (r − 1)h) = 0, x ∈ [0, ω], r = 1, N, (14)

λ1(x)− λN (x)− lim
t→T−0

ṽN (x, t) = 0, x ∈ [0, ω], (15)

λs(x) + lim
t→sh−0

ṽs(x, t)− λs+1(x) = 0, x ∈ [0, ω], s = 1, N − 1. (16)

zr(x, t) = ψ(t) +

x∫

0

ṽr(ξ, t)dξ +

x∫

0

λr(ξ)dξ, (x, t) ∈ Ωr, r = 1, N, (17)

wr(x, t) = ϕ̇(t) +

x∫

0

∂zr(ξ, t)

∂t
dξ, (18)

ur(x, t) = ϕ(t) +

x∫

0

zr(ξ, t)dξ, (x, t) ∈ Ωr, r = 1, N, (19)

where (16) is the condition for combining functions in the internal lines of the partition.
Problem (13), (14) for fixed λr(x), zr(x, t), wr(x, t), ur(x, t) is a one-parameter family of Cauchy

problems for systems of ordinary differential equations, where x ∈ [0, ω], and is equivalent to the integral
equation

ṽr(x, t) =

t∫

(r−1)h

A(x, τ)ṽr(x, τ)dτ +

t∫

(r−1)h

A(x, τ)dτ · λr(x) +

t∫

(r−1)h

F (x, τ, zr, wr, ur)dτ, (20)

where
t∫

(r−1)h

F (x, τ, zr , wr, ur)dτ =

t∫

(r−1)h

B(x, τ)zr(x, τ)dτ +

t∫

(r−1)h

C(x, τ)wr(x, τ)dτ

+

t∫

(r−1)h

D(x, τ)ur(x, τ)dτ +

t∫

(r−1)h

f(x, τ)dτ.

Instead of ṽr(x, τ) we substitute the corresponding right-handed part of (20) and by repeating this
process ν (ν = 1, 2, ...) times we obtain

ṽr(x, t) = Dνr(x, t)λr(x) + Fνr(x, t, zr , wr, ur) +Gνr(x, t, ṽr), r = 1, N, (21)

where

Dνr(x, t) =

ν−1∑

j=0

t∫

(r−1)h

A(x, τ1)dτ1 . . .

τj∫

(r−1)h

A(x, τj+1)dτj+1 . . . dτ1,

Fνr(x, t, zr, wr, ur) =

t∫

(r−1)h

[
B(x, τ1)zr(x, τ1) + C(x, τ1)wr(x, τ1) +D(x, τ1)ur(x, τ1)
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ON ONE SOLUTION OF A PERIODIC BOUNDARY-VALUE PROBLEM 1867

+ f(x, τ1)
]
dτ1 +

ν−1∑

j=1

t∫

(r−1)h

A(x, τ1) . . .

τj−1∫

(r−1)h

A(x, τj)

τj∫

(r−1)h

[
B(x, τj+1)zr(x, τj+1)

+ C(x, τj+1)wr(x, τj+1) +D(x, τj+1)ur(x, τj+1) + f(x, τj+1)
]
dτj+1dτj . . . dτ1,

Gνr(x, t, ṽr) =

t∫

(r−1)h

A(x, τ1) . . .

τν−2∫

(r−1)h

A(x, τν−1)

τν−1∫

(r−1)h

A(x, τν)ṽr(x, τν)dτνdτν−1 . . . dτ1,

τ0 = t, r = 1, N. Passing to the limit as t → rh− 0 in (21) we have

lim
t→rh−0

ṽr(x, t) = Dνr(x, rh)λr(x) + Fνr(x, rh, zr , wr, ur) +Gνr(x, rh, ṽr),

x ∈ [0, ω], r = 1, N. Substituting in (15), (16) instead of lim
t→rh−0

ṽr(x, t), r = 1, N, the corresponding

right-handed parts for unknown functions λr(x), r = 1, N, we obtain the system of functional equations:

Qν(x, h)λ(x) = −Fν(x, h, z, w, u) −Gν(x, h, ṽ), (22)

where

Qν(x, h)=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

I 0 . . . 0 −[I +DνN (x,Nh)]

I +Dν1(x, h) −I . . . 0 0

0 I +Dν2(x, 2h) . . . 0 0

0 0 . . . 0 0

. . . . . . . . . . . . . . .

0 0 . . . I +Dν,N−1(x, (N − 1)h) −I

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

,

Fν(x, h, z, w, u)

= (−FνN (x,Nh, zN , wN , uN ), Fν1(x, h, z1, w1, u1), . . . , Fν,N−1(x, (N − 1)h, zN−1, wN−1, uN−1)),

Gν(x, h, ṽ) = (−GνN (x,Nh, ṽN ), Gν1(x, h, ṽ1), . . . , Gν,N−1(x, (N − 1)h, ṽN−1)),

I is the unit matrix of dimension n. To find a system of five functions {λr(x), ṽr(x, t), zr(x, t), wr(x, t),

ur(x, t)}, r = 1, N, we have a closed system consisting of equations (22), (21), (17), (18) and (19).
Assuming the invertibility of the matrix Qν(x, h) for all x ∈ [0, ω], from equation (21), where

ṽr(x, t) = 0, zr(x, t) = ψ(t), wr(x, t) = ϕ̇(t), ur(x, t) = ϕ(t),

we find λ(0)(x) = (λ
(0)
1 (x), λ

(0)
2 (x), . . . , λ

(0)
N (x))′ : λ(0)(x) = −[Qν(x, h)]

−1{Fν(x, h, ψ, ϕ̇, ϕ) +

Gν(x, h, 0)
}
. Using equation (20), for λr(x) = λ

(0)
r (x) we find the functions {ṽ(0)r (x, t)}, r = 1, N, i.e.

ṽ(0)r (x, t) = Dνr(x, t)λ
(0)
r (x) + Fνr(x, t, ψ, ϕ̇, ϕ) +Gνr(x, t, 0).

The functions z(0)r (x, t), w
(0)
r (x, t), u

(0)
r (x, t), r = 1, N, are determined from the relations

z(0)r (x, t) = ψ(t) +

x∫

0

ṽ(0)r (ξ, t)dξ +

x∫

0

λ(0)
r (ξ)dξ, (x, t) ∈ Ωr, r = 1, N,

w(0)
r (x, t) = ϕ̇(t) +

x∫

0

∂z
(0)
r (ξ, t)

∂t
dξ, (x, t) ∈ Ωr, r = 1, N,
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1868 ORUMBAYEVA, KELDIBEKOVA

u(0)r (x, t) = ϕ(t) +

x∫

0

z(0)r (ξ, t)dξ, (x, t) ∈ Ωr, r = 1, N.

For the initial approximation of the problem (13)–(18) we take the system (λ
(0)
r (x), ṽ

(0)
r (x, t),

z
(0)
r (x, t), u

(0)
r (x, t)), r = 1, N and successive approximations are constructed according to the following

algorithm:
Step 1. A) Assuming that

zr(x, t) = z(0)r (x, t), wr(x, t) = w(0)
r (x, t), ur(x, t) = u(0)r (x, t), r = 1, N,

are first approximations in λr(x), ṽr(x, t), r = 1, N, we find by solving problem (13)–(16). By taking

λ(1,0)
r (x) = λ(0)

r (x), ṽ(1,0)r (x, t) = ṽ(0)r (x, t),

the system couple {λ(1)
r (x), ṽ

(1)
r (x, t)}, r = 1, N, we find as the limit of the sequence λ

(1,m)
r (x),

ṽ
(1,m)
r (x, t), are defined the next way:

Step 1.1. Assuming the invertibility of the matrix Qν(x, h), x ∈ [0, ω], from the equation (22), where

ṽr(x, t) = ṽ
(1,0)
r (x, t), we find λ(1,1)(x) = (λ

(1,1)
1 (x), λ

(1,1)
2 (x), . . . , λ

(1,1)
N (x))′ :

λ(1,1)(x) = −[Qν(x, h)]
−1

{
Fν(x, h, z

(0) , w(0), u(0)) +Gν(x, h, ṽ
(1,0))

}
.

Substituting the found λ
(1,1)
r (x), r = 1, N into (21), we find

ṽ(1,1)r (x, t) = Dνr(x, t)λ
(1,1)
r (x) + Fνr(x, t, z

(0), w(0), u(0)) +Gνr(x, t, ṽ
(1,0)).

Step 1.2. From equation (22), where ṽr(x, t) = ṽ
(1,1)
r (x, t), we define

λ(1,2)(x) = −[Qν(x, h)]
−1

{
Fν(x, h, z

(0) , w(0), u(0)) +Gν(x, h, ṽ
(1,1))

}
.

By using expression (20) again, we find the functions {ṽ(1,2)r (x, t)}, r = 1, N,

ṽ(1,2)r (x, t) = Dνr(x, t)λ
(1,2)
r (x) + Fνr(x, t, z

(0), w(0), u(0)) +Gνr(x, t, ṽ
(1,1)).

At the (1,m) step, we obtain the system of couple {λ(1,m)
r (x), ṽ

(1,m)
r (x, t)}, r = 1, N.

Let’s suppose that the solution of problem (13)–(16) is a sequence of systems of couples {λ(1,m)
r (x),

ṽ
(1,m)
r (x, t)} is defined and for m → ∞ converges to continuous, respectively, on x ∈ [0, ω], (x, t) ∈ Ωr

functions λ(1)
r (x), ṽ

(1)
r (x, t), r = 1, N.

B) The functions z
(1)
r (x, t), w

(1)
r (x, t), u

(1)
r (x, t), r = 1, N, are determined from the relations

z(1)r (x, t) = ψ(t) +

x∫

0

ṽ(1)r (ξ, t)dξ +

x∫

0

λ(1)
r (ξ)dξ, (x, t) ∈ Ωr, r = 1, N,

w(1)
r (x, t) = ϕ̇(t) +

x∫

0

∂z
(1)
r (ξ, t)

∂t
dξ, (x, t) ∈ Ωr, r = 1, N,

u(1)r (x, t) = ϕ(t) +

x∫

0

z(1)r (ξ, t)dξ, (x, t) ∈ Ωr, r = 1, N.

Step 2. A) Assuming that

zr(x, t) = z(1)r (x, t), wr(x, t) = w(1)
r (x, t), ur(x, t) = u(1)r (x, t), r = 1, N,
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ON ONE SOLUTION OF A PERIODIC BOUNDARY-VALUE PROBLEM 1869

are the second approximations in λr(x), ṽr(x, t), r = 1, N, we find solving problem (13)–(16). Taking

λ
(2,0)
r (x) = λ

(1)
r (x), ṽ

(2,0)
r (x, t) = ṽ

(1)
r (x, t), the system of couples {λ(2)

r (x), ṽ
(2)
r (x, t)}, r = 1, N, we

find as the limit of the sequence λ
(2,m)
r (x), ṽ

(2,m)
r (x, t), that defines in the following way:

Step 2.1. Assuming the matrix Qν(x, h), x ∈ [0, ω] is invertible, from equation (22), where ṽr(x, t) =

ṽ
(2,0)
r (x, t), we find λ(2,1)(x) = (λ

(2,1)
1 (x), λ

(2,1)
2 (x), ..., λ

(2,1)
N (x))′ :

λ(2,1)(x) = −[Qν(x, h)]
−1

{
Fν(x, h, z

(1) , w(1), u(1)) +Gν(x, h, ṽ
(2,0))

}
.

By substituting the found λ
(2,1)
r (x), r = 1, N, in (21) we find

ṽ(2,1)r (x, t) = Dνr(x, t)λ
(2,1)
r (x) + Fνr(x, t, z

(1), w(1), u(1)) +Gνr(x, t, ṽ
(2,0)).

Step 2.2. From equation (22), where ṽr(x, t) = ṽ
(2,1)
r (x, t), we define

λ(2,2)(x) = −[Qν(x, h)]
−1

{
Fν(x, h, z

(1) , w(1), u(1)) +Gν(x, h, ṽ
(2,1))

}
.

Using expression (21) again, we find the functions {ṽ(2,2)r (x, t)}, r = 1, N :

ṽ(2,2)r (x, t) = Dνr(x, t)λ
(2,2)
r (x) + Fνr(x, t, z

(1), w(1), u(1)) +Gνr(x, t, ṽ
(2,1)).

At the (2,m) step, we obtain the system of couples {λ(2,m)
r (x), ṽ

(2,m)
r (x, t)}, r = 1, N.

Let’s suppose that the solution to problem (13)–(16) is a sequence of systems of couples {λ(2,m)
r (x),

ṽ
(2,m)
r (x, t)} are defined and at m → ∞ converges to {λ(2)

r (x), ṽ
(2)
r (x, t)}, r = 1, N.

B) The functions z
(2)
r (x, t), w(2)

r (x, t), u(2)r (x, t), r = 1, N, are determined from the ratios

z(2)r (x, t) = ψ(t) +

x∫

0

ṽ(2)r (ξ, t)dξ +

x∫

0

λ(2)
r (ξ)dξ, (x, t) ∈ Ωr, r = 1, N,

w(2)
r (x, t) = ϕ̇(t) +

x∫

0

∂z
(2)
r (ξ, t)

∂t
dξ, (x, t) ∈ Ωr, r = 1, N,

u(2)r (x, t) = ϕ(t) +

x∫

0

z(2)r (ξ, t)dξ, (x, t) ∈ Ωr, r = 1, N.

By continuing the process, at the step k we obtain the system {λ(k)
r (x), ṽ

(k)
r (x, t), z

(k)
r (x, t), w

(k)
r (x, t),

u
(k)
r (x, t)}, r = 1, N. The conditions of the following statement provide feasibility and convergence of

the proposed algorithm, as well as unique solvability problems (13)–(19).
Theorem 1. Let’s suppose that for some h > 0 : Nh = T,N = 1, 2, ..., and ν, ν ∈ N, (nN × nN)

the matrix Qν(x, h) is invertible for all x ∈ [0, ω] and the inequalities are carried out

1) ||[Qν(x, h)]
−1|| ≤ γν(x, h);

2) qν(x, h)
(α(x)h)ν

ν! ≤ μ < 1, where qν(x, h) = 1 + γν(x, h)
ν∑

j=1

(α(x)h)j

j! .

Then there is a unique solution of problem (13)–(19) and the estimates are valid

a) max

{
max
r=1,N

||λ∗
r(x)− λ(k)

r (x)|| + max
r=1,N

sup
t∈[(r−1)h,rh)

||ṽ∗r (x, t)− ṽ(k)r (x, t)||,

max
r=1,N

sup
t∈[(r−1)h,rh)

∣∣∣|
∂ṽ∗r (x, t)

∂t
− ∂ṽ

(k)
r (x, t)

∂t

∣∣∣|,
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1870 ORUMBAYEVA, KELDIBEKOVA

x∫

0

(
max
r=1,N

||λ∗
r(ξ)− λ(k)

r (ξ)|| + max
r=1,N

sup
t∈[(r−1)h,rh)

||ṽ∗r (ξ, t)− ṽ(k)r (ξ, t)||
)
dξ

}

≤ d0(x)

∞∑

j=k−1

1

j!

( x∫

0

d0(ξ)dξ

)j
x∫

0

max
{
d1(ξ), d2(ξ),

ξ∫

0

d1(ξ̃)dξ̃
}
dξ

×max

{
max
t∈[0,T ]

||ψ(t)||, max
t∈[0,T ]

||ϕ̇(t)||, max
t∈[0,T ]

||ϕ(t)||, ||f ||0
}
,

b) max

{
max
r=1,N

sup
t∈[(r−1)h,rh)

||z∗r (x, t)− z(k)r (x, t)||, max
r=1,N

sup
t∈[(r−1)h,rh)

||w∗
r(x, t)− w(k)

r (x, t)||,

max
r=1,N

sup
t∈[(r−1)h,rh)

||u∗r(x, t) − u(k)r (x, t)||
}

≤
x∫

0

max

{
max
r=1,N

||λ∗
r(ξ)− λ(k)

r (ξ)|| + max
r=1,N

sup
t∈[(r−1)h,rh)

||ṽ∗r (ξ, t)− ṽ(k)r (ξ, t)||,

max
r=1,N

sup
t∈[(r−1)h,rh)

∣∣∣|
∂ṽ∗r (ξ, t)

∂t
− ∂ṽ

(k)
r (ξ, t)

∂t

∣∣∣|,

ξ∫

0

(
max
r=1,N

||λ∗
r(ξ̃)− λ(k)

r (ξ̃)||+ max
r=1,N

sup
t∈[(r−1)h,rh)

||ṽ∗r (ξ̃, t)− ṽ(k)r (ξ̃, t)||
)
dξ̃

}
dξ, k = 1, 2, ...,

where
α(x) = max

t∈[0,T ]
||A(x, t)||, β(x) = max

t∈[0,T ]
||B(x, t)||, σ(x) = max

t∈[0,T ]
||C(x, t)||,

δ(x) = max
t∈[0,T ]

||D(x, t)||, ρ1(x) = β(x) + σ(x) + δ(x) + 1,

ρ2(x) = α(ξ)

(
1 + qν(ξ, h)h

ν−1∑

j=0

(α(ξ)h)j

j!

)
+ 1,

ρ3(x) =

(qν(x, h) + γν(x, h))h
ν−1∑
j=0

(α(x)h)j

j!

1− qν(x, h)
(α(x)h)ν

ν!

,

d0(x) = max

{
ρ3(x)(ρ1(x)− 1),

x∫

0

[ρ2(ξ)(ρ1(ξ)− 1)]dξ,

x∫

0

ρ3(ξ)(ρ1(ξ)− 1)dξ

}
,

d1(x) =
[1 + γν(x, h)

(α(x)h)ν

ν!

1− qν(x, h)
(α(x)h)ν

ν!

qν(x, h) + γν(x, h)
][
h

ν−1∑

j=0

(α(x)h)j

j!
β(x)

x∫

0

ρ(ξ)θν(ξ, h)dξ

+ h
ν−1∑

j=0

(α(x)h)j

j!
σ(x)

x∫

0

ρ1(ξ)ρ2(ξ)dξ + h
ν−1∑

j=0

(α(x)h)j

j!
δ(x)

x∫

0

ξ∫

0

ρ(ξ1)θν(ξ1, h)dξ1dξ

+
(α(x)h)ν

ν!
ρ1(x)qν(x, h)h

ν−1∑

j=0

(α(x)h)j

j!

]
,
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d2(x) =

x∫

0

ρ2(ξ)

[
β(ξ)

ξ∫

0

ρ1(ξ1)θν(ξ1, h)dξ1 + σ(ξ)

ξ∫

0

ρ2(ξ1)ρ1(ξ1)dξ1

+ δ(ξ)

ξ∫

0

ξ1∫

0

ρ(ξ2)θν(ξ2, h)dξ2dξ1

]
dξ.

The proof of the theorem is given according to the scheme of the algorithm.
Because of the equivalence of problems (1)–(4) and (13)–(19), Theorem 1 implies
Theorem 2. Let’s suppose that the conditions of Theorem 1 are satisfied. Then problem (1)–

(4) has a unique solution u∗(x, t) and the estimate are valid

max

{∣∣∣∣

∣∣∣∣
∂u∗(x, t)

∂x
− ∂u(k)(x, t)

∂x

∣∣∣∣

∣∣∣∣
0

,

∣∣∣∣

∣∣∣∣
∂u∗(x, t)

∂t
− ∂u(k)(x, t)

∂t

∣∣∣∣

∣∣∣∣
0

,

∣∣∣∣

∣∣∣∣u
∗
r(x, t)− u(k)r (x, t)

∣∣∣∣

∣∣∣∣
0

}

≤
x∫

0

d0(ξ)

∞∑

j=k−1

1

j!

( ξ∫

0

d0(ξ1)dξ

)j
ξ∫

0

max
{
d1(ξ1), d2(ξ1),

ξ1∫

0

d1(ξ2)dξ2

}
dξ1dξ

×max

{
max
t∈[0,T ]

||ψ(t)||, max
t∈[0,T ]

||ϕ̇(t)||, max
t∈[0,T ]

||ϕ(t)||, ||f ||0
}
.
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