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Abstract—This article is devoted to the study of the solvability of a periodic boundary=v

for a third-order pseudoparabolic equation with a mixed derivative. Nonlocal prgbtemsfor pseudo-
parabolic equations have been investigated by many authors. Of particular in tin study of
these problems is caused in connection with their applied values. Such i

porous media with a complex topology, and first of all, soil and groun his problem,
new functions are introduced and the boundary-value problem for a¢th rder pseudoparabolic
equation is reduced to a periodic boundary-value problem for a system of h olic equations with
a second-order mixed derivative. Based on the equivalence ary-value problem for a
system of hyperbolic equations and the periodic boundary-va ro for a family of systems
of ordinary differential equations, two-parameter families or s for finding an approximate

solution are constructed and the conditions for unambig@ous solability of the problem under study
are established.

DOI: 10.1134/S1995080220090218

Keywords and phrases: partial differential equati hird-order pseudoparabolic equation,

algorithm, approximate solution. :
ONTRODUCTION

On Q= [0,w] x [0,T] W, s e semi-periodic boundary-value problem
O3u ou ou
ou20r DAY (2,1) 5+ Cw,t) o+ Diw u+ f(w,1),  (w,1) €9, (1)
u(0,t) = o(t), tel0,T], (3)
ou(0,t)
oe =¥, te0.T], (4)

where (n x n) are the matrices A(z,t), B(z,t),C(x,t), D(x,t), n-vector functions f(x,t) are continu-
ouson 2, n-vector functions ¢(t), 1(t) are continuously differentiable on [0, T, here

||’LL(.’L’,t)|| = n_lax |ul(x7t)|7 ||A($,t)|| = ma'XZ |alj(x7t)|

1=1n =Ln j=1
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ON ONE SOLUTION OF A PERIODIC BOUNDARY-VALUE PROBLEM 1865

Let C(Q2, R™) be the function space w:Q — R™ continuous on €, with the norm ||ullp =
max |Ju(z,t)||. A function u(z, t) € C(Q, R™), having partial derivatives

(z,t)e
Ou(x,t) n ou?(z,t) n
ox € C(Qa R )7 o2 S C(Qa R )7
Ou(x,t) " Ou(x,t) "
Y e C(Q,R"), Py e C(Q,R")

is called a solution to problem (1)—(3) if it satisfies system (1) for all (z,t) € Q, and conditions (2)—(4).
Boundary-value problems for evolution equations of the pseudoparabolic type in certain areas are
well studied [1—4]. In this paper, a periodic boundary-value problem for a third-order pseudopar
equation is investigated using the method of a parameterization [5]. Previously, this meth
the study of boundary-value problems for a system of hyperbolic equations with a segon
derivative [6—18].In this paper, we propose an algorithm for finding an approximate solu
coefficient attributes for the unique solvability of the periodic boundary -value proble

To find a solution, we introduce the functions z(z,t) = 6“(%? , 1te problem
(1)—(4)in the form

0= — A% 1 Bla ) + Cle,tyw + Dla, 1) +f (5)

opar =A@t o x,t)z x, t)w x,t)u
2(x,0) = z(z,T), z€ Qw (6)
Z(O, t) = T/J(t% (7)
w(z,t) = o) + (8)

0

x, t) )d§. (9)
For fixed u(z, t) and w(z,t) proble )is a semi- per10d1c boundary-value problem for a system of

third-order hyperbolic equatlo

We re-introduce the notati Z(’” 2 , and also reduce problem (5)—(9) to a family of periodic
boundary-value problems fordmary differential equations of the form

(x,t)z + C(z,t)w + D(z,t)u + f(z,t), (x,t)€Q, (10)

_’U(:L‘aT)? T € [O?W]a (11)

o) = w0 + [o(e0ds, (o€ (12)

0

2. MAIN RESULT
To solve problem (8)—(12), we apply the method of a parametrization.

N

By thesteph > 0: Nh = T we make fragmentation [0,7) = J [(r — 1)h,7h), N = 1,2,.... More-
r=1

over, the area € is divided into N parts. By v,.(z,t), z.(x,t), u.(z,t) we denote, respectively, the

restriction of the function v(z,t), z(z,t),u(z,t) in Q, = [0,w]| X [(r — 1)h,rh), r=1,N.By A\ (x)

we denote the value of the function v,(z,t) at t = (r — 1)h, i.e. A\.(x) = v.(z, (r — 1)h) and make
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1866 ORUMBAYEVA, KELDIBEKOVA

the replacement v,.(z,t) = v.(x,t) — A\r(z),r = 1, N. We obtain an equivalent boundary-value problem
with unknown functions A, (x):

3;: = A(z, )0, + A(z, )\ (7) + B(z,t)2-(2,t) + C(x,)w, + D(z, t)u, + f(x,t),  (13)
Ur(z,(r—1)h) =0, z€0,w], r=1,N, (14)
)\l(w)_)\N(:L‘)_t_ljzgioaN(wat):O’ T e [O,CU], (15)
As(z) + t_l)irl?_ois(w,t) —As+1(z) =0, ze€0,w], s=1,N-1. (16)
Zr(ﬂj‘,t) = l/’(t) + /”Er(f,t)df + /)\r(g)dgv (:I;at) € Qra r= 17&\\ (1 )
0 0
[ 02 (€, 6
wp(z,t) = $(1) +/ Zéf D e, K (18)
0 < :|
up(z,t) = (t) + / (€ 0)dE, (2,0 Q LN, (19)
0
where (16) is the condition for combining functions in the j ines of the partition.

Problem (13), (14) for fixed A.(z), 2, (z,t), w, (z,
problems for systems of ordinary differential equations,
equation

a one-parameter family of Cauchy
[0,w], and is equivalent to the integral

t t t
Up(x,t) = / Az, 7)o, (x, 7)dT + Az, 7)dr - \p(x) + / F(z, 7, zp, wp,up)dr,  (20)
(r=1)h (r—=1)h
where
t t
/ F(x,7, 2, udT = B(x, )z (z,7)dT + / C(z, )w,(z, 7)dT
(r—1)h (r—1)h (r—=1)h
t
/ D(z,m)u,(x,7)dr + / flx,7)dr.
(r=1)h (r=1)h
In oy we substitute the corresponding right-handed part of (20) and by repeating this
pro ,2,...) times we obtain
(x,t) = Dyp(z,t) A\ (2) + Fur(, t, 20y wp, up) + Gor (2, t,0,), 7=1,N, (21)
where
v—1 t 3
D, (x,t) = Z / A(z,m)dry ... / Az, Tj1)dTjp ... dT,
=04 "1)n (r—1)h

t
F(z,t, 2z, wp, up) = / [B(a:,ﬁ)zr(az,ﬁ) + C(x, m)we(x,m1) + D(x, 71 )ur(z,71)
(r—=1)h
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ON ONE SOLUTION OF A PERIODIC BOUNDARY-VALUE PROBLEM 1867

flx,m) dTl—l-Z / (z,711) / Az, 1)) / [B(QS,T]'+1)ZT(33,T]'+1)
=102 (r—1)h (r—1)h

+ C(=x, Tj+1)w,«(a¢, Tj+1) + D(z, Tj+1)u,«(x, Tj+1) + f(.%‘, Tj+1)] drjqidrj ... dm,

Ty Ty

Gyr(z,t,v,) = / A(z, 1) / Az, 1y-1) / A(z, )0, (z,7,)drydTy—1 . . . dTY,
(r—1)h (r—1)h (r—=1)h

7o = t,r = 1, N. Passing to the limit as ¢ — rh — 0in (21) we have

lim vr(x t) = Dy (z,rh)\p(z) + F (2, mhy 20y wp uy) + G (e rh‘
t—rh—

x € [0,w],r = 1, N. Substituting in (15), (16) instead of hm vr x,t),r=1,N ndifig
right-handed parts for unknown functions A.(z),r = 1, N, we obtam the syste lequatlons

Qu(z,h)\(x) = —F,(z,h, 2z, w,u) (z,h,0) (
where Q

I 0 I+ Dyn(z,Nh)]
I+ Dyi(z,h) I
0 I+ Dya(x,2h) ... 0
QV(J"a h): " 2(x ) 5
0 0 0 0
0 0 V,N—].(x7 (N - 1)h) —TI
9 h7 Z, W, U)
= (=F,n(z,Nh, ZN,wN,uN),FQh 1,U1)s - Fyun—1 (2, (N = 1)h, v 1, wN—1,uN—1)),
Gy(.’lf, h7 ’1}/) = (_GV 7Gl/1 (II?, h7 61)7 s 7GV,N—1(:1:7 (N - 1)h7 ’61\7—1))7
I is the unit matrix of dim . To find a system of five functions {\.(z), v, (x,t), z(x, t), w,(x, 1),
up(z,t)}, r=1, sed system consisting of equations (22), (21), (17), (18) and (19).

matrix Q, (x, h) for all z € [0,w], from equation (21), where
,t) =0, Zr(xvt) = 1/)(t)7w?"(x7t) = Qb(t)’uT(x’t) = Qo(t)v

we XOG) 2000 (@).057 @), AV @)+ A (@) = ~[Qule, )] T Eula b, f.0) +
Gy ( ing equation (20), for A, (z) = A0 (x) we find the functions {'177(~0) (xz,t)},r=1,N,ie.

57(‘0) (J" t) = DVT(J" t))"E‘O) (33) + FVT(:Ea tv wv Sba 90) + GV'I'(J"a tv O)
The functions 2" (z,t), wy © (z,t),u © (xz,t),r =1, N, are determined from the relations

T T

2O (1) = (1) + / 3O (¢, 1)de + / AO©)de, (,6) € Q. r=1,N,

0 0

% a_(0)
w (x,t) = $(t) + / 8’“855’”%, (x,t) €Q, r=1,N,

0
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1868 ORUMBAYEVA, KELDIBEKOVA

w0 (2,1) = () + / O dE, (m.1) €D r=1,N.

For the initial approximation of the problem (13)—(18) we take the system ()\7(9) (), © 70 (z,1),

20 (z,t),u © (z,t)),r = 1, N and successive approximations are constructed according to the following
algorithm:
Step 1. A) Assuming that

ze(z,t) = 202, 0), we(z,t) = w(x,t), ur(z,t) =u(x,t), r=1,N,
are first approximations in A.(z), v, (z,t),r = 1, N, we find by solving problem ( 13)—( 16), Bygaki
AED () = MO (z), 31O (z,8) = 7O (2,
the system couple {)\51)( ), oY (x,t)},r =1,N, we find as the limit of the

3™ (2, ¢), are defined the next way:
Step 1.1. Assuming the invertibility of the matrix @, (z, h) € [0,w], from n (22), where
(2, t) = 007 (2, t), we find AGD () = (WY (@), )\(1 D)., A0
XD (@) = —[Qy (w, ) " { Fy (i, h, 20 Q
0
Substituting the found Agl’l)(x), r =1, N into (21), we find
7V (2, t) = Dy (2, )AL () + F (2, 8, 208 0w Qu )—i—watv

Step 1.2. From equation (22), where v,.(z,t) =
A1 (@) = ~[Qu(, ) { B,

By using expression (20) again, we find thefunctions {v(l 2) (x,t)},r=1,N,
912 (2,8) = Dy (1) x (2,20 w® w4 Gy, t, D).

At the (1,m) step, we obtal @ of couple O™ (@), 5™ (2,0}, 7 = 1, N.
Let’s suppose that the s blem )—(16) is a sequence of systems of couples {A(l’m) (x),
ot m)( t)} is defined an oo converges to continuous, respectively, on z € [0,w], (z,t) € Q,

functions A\ )(93), (1)

2

B) The functi (w,t (w t),r =1, N, are determined from the relations
M) = v(1) + / W nde+ [Nl @)t r=LN,
0 0
9z (¢, 1)

w,(l)(x,t) = p(t) +/ ot ¢, (x,t)eQ,, r=1,N,

ul) (z /<1 & tde, (z,t) e, r=1,N.

Step 2. A) Assuming that
al,t) =20 (@ t), wi(zt) =w (@), wet)=u(@t), r=1N,
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are the second approximations in A\.(z), v, (z,t),r =1, N, we find solving problem (13)—(16). Taking
A0 (x) = )\,(nl)(a:), 520 (x,t) = oY (z,t), the system of couples {)\( (x),v o2 (x,t)},r=1,N, we
find as the limit of the sequence A2 )( ), o m)( t), that defines in the following way:

Step 2.1. Assuming the matrix Q, (z, h), e [0, w] is invertible, from equation (22), where v, (z,t) =
5% (2, 1), we find XD (z) = AP (2), A8V (@), . AG Y (2)'

A2 (2) = —[Q,(x, h)] { (2, h, 21w ) + G, (, h 0(20))}

By substituting the found AV (2), » = 1, N, in (21) we find
33 (,t) = Dyr(z, ) A>V (2) + Fop (2, t, 20, 0™ u) 4+ Gy (2,8, 530),
. ~ ~(2,1) *
Step 2.2. From equation (22), where v,.(z,t) = 0"/ (z,t), we define \
A22)(z) = —[Q,,(x,h)]_l{Fy(x, h, 20w (z, h, 00

Using expression (21) again, we find the functions {552 (x,t)},r=1,N:
722 (2,1) = Dy (2, OA>? (2) + Fp (2, t, 2D 0™ o)

At the (2, m) step, we obtain the system of couples {)\ S m) =
Let’s suppose that the solution to problem (13)—(16) 1s a seq stems of couples {)\(2 ™) (x),
HeEm) (x,t)} are defined and at m — oo converges to {)\ } r=1,N.
B) The functions 2 (x,t), w 2 (x,t), u (2) z,t), termined from the ratios
x
Az, 1) = ww+/#@»@+ Q. r=1N,

22(€,t)de,  (r,t) €Qp, 7=1,N.

step k we obtain the system {)\,(nk) (x), v k) (z,t), 2P (x,t), w (&) (z,t),

ditions of the following statement provide feasibility and convergence of
well as unique solvability problems (13)—(19).

ppose that for someh >0: Nh=T,N =1,2,...,andv,v € N, (nN x nN)
is invertible for all x € [0,w] and the inequalities are carried out

< (x, h);

By continuing th

u (@, 1)}, r =
the proposed algo

) v < u < 1,where q,(x,h) =1+ v,(z,h) > (a(:;?h)j'
j=1
Then there is a unique solution of problem (13)—(19) and the estimates are valid

a) max{ max ||\ (x) — )\gk)(az)H + max sup |05 (z,t) — v(k) (z,t)]],

r=1,N r=1,N te[(r—1)h,rh)
v (z,t) oo (a,t
max sup | 8( ) _ 6( ) l,
r=1,N te[(r—1)h,rh) t t
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1870 ORUMBAYEVA, KELDIBEKOVA

x

/(max IA(E) = AP ()] + max  sup Hﬁi‘f(&,t)—iﬁk)(§,t)\l)d£}
0

r=1,N r=1,N te[(r—1)h,rh)
. 3
< do(x Z ( / do(& dg) / max d1 ), do (& / dy (€
=k— 0 0

m{ ma (0] mace [|£(2)], max ot >||,||f||o},

€[0,T] t€[0,7]

b) max{ max sup |25 (x,t) — 2 (2, 1)]|, max sup  ||wy(z, t) w®) l,
r=1,N te[(r—1)h,rh) r=1,N te[(r—1)h,rh)
max  sup  ||ul(z,t) — ulP)(z,¢) ||
r=1,N te[(r—1)h,rh)
T
</ max{ mas [XF(6) = AL+ max sup ]
0

| Hv é
r=1,N r=1,N te[(r—1)h,rh)
It (€, 1) NT

max  sup |
r=1,N te[(r—1)h,rh) ot

¢
[ (o 10:@ - X9 @1+ max s Q( ol)achde, k=12...,
/ r=1,N r=L,N te[(r—1)h,rh)

where
a(r) —tgﬁ]l\/l(w Ol Blx) _tIer[l(?}’.I(“] z,b)l[, o(x) —ggﬁ\lﬂx O,
—tn[l(f];u:,g]HD( () +o(x)+0(x) +
v— 1
K@+qu &, h) hz (g.) y )+1,
j=0 :
Q (gv (2, h) + Y (, ) Z (el
z) = |~ g (2, h) (a(x)h)" ’
o(Bh= p3(@)(p1(x) — 1), [ [p2(&)(p1(&) — DA, [ p3(§)(p1(§) — 1)dE ¢,
) / / }
F e, ) @@y g T
A= [ oy e 25+ ) [hg " Bl 0/ p(E)6 (€, )i
v—1 z z &
(a(z)h)’
+h L ol@) [ pr(&)pa(§)dE + h v(&1, h)d€1dg
J§=:0 i O/Pl P2 ; O/O/p 1 1
v v—1
+ O @y (]?’”]
! =~
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ON ONE SOLUTION OF A PERIODIC BOUNDARY-VALUE PROBLEM 1871
¢ ¢

da () :] [ /Pl v(&1, h)déy +U(€)/p2(§1)m(§1)d51
0

0
£ &
0/ 0/ p(€2)6, (€2, h d&gd&]dé-

The proof of the theorem is given according to the scheme of the algorithm.
Because of the equivalence of problems (1)—(4) and (13)—(19), Theorem I implies

Theorem 2. Let’'s suppose that the conditions of Theorem I are satisfied. Then problem (I )—
(4) has a unique solution u*(x,t) and the estimate are valid
up(w,t) — u@(

* (k) * (k)
max{Hau (z,t)  oul(x,1) ’ ou*(w,t)  Oul™(z,1)

0

gZ%( oy (/d0€1 d&) /max {ar(&). da(&) 7d1<

xmax{ n%a};]llw()ll H[lo}:;]llsO()ll treng};]llso B

Oox ot ot

0
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