UDC 517.95

M.T.Dzhenaliyevl, VK Kalantarov®, M.T.Kosmakova®, M.I.Ramazanov”

!Institute of mathematics and mathematical modelling of MES RK, Almaty;
’Koch University, Istanbul, Turkey,

3 Al Farabi Kazakh National University, Almaty;
“Ye.A.Buketov Karaganda State University (E-mail: muvasharkhan@gmail.com)

Volterra’s equation of the second kind with «incompressible» kernel

In the article the singular Volterra’s integral equation of the second kind is considered, which because of the
«incompressible» of the kernel classical methods of solutions are not applicable. It is shown that the corre-

sponding homogeneous equation at W >1 has a continuous spectrum, and the multiplicity of the characteris-

tic numbers grows with increasing W By the Carleman-Vekua method the equation is. reduced

to Abelequation. The eigenfunctions of the equation are found in an explicit form.

Key words: the singular Volterra’s integral equation of the second kind, «incompressible» kernel,
eigenfunction, Abel’s equation.

When solving model problems for parabolic equations in domains with'moving boundary tne singular
integral equations of the following form arise

o) = L[ K(t,0) o(v)dT = £ (1), 130, (1)

where

1 t+1 exp| — (t+l')2 N ox [_t—rj
2a\/g (t—r)% P 4a2(t—1:) (t—r)% P 4q0% )|
The kernel K (z,7)has the following properties:

K(t,t)=

1) K(¢,7) > 0and continuously at 0 <1 <z < oo;

t-t,

2) limjK(t,r)drzo, t,2e>0;

3) ltirr()le(t,r)dr=l, tlim_[l((t,r)dr=1 [1].
0 0

Such equations are called by us Volterra integral equations with «incompressible» kernel. The feature
the equation in question consists in property 3) of the kernel K(#,7) and is expressed in the fact that the cor-
responding inhomogeneous equation can not be solved by the method of successive approximations for
|}\4| >1. Obviously, if |k| <1 then the equation (1) has a unique solution, that can be found by the method

of successive approximations. Case |k| =1 was considered in [1]. Therefore, further in this paper, weas sume

that [\ > 1.

Equations of the form (1) was first considered in Refs of S.N.Kharin in which the asymptotics of inte-
grals of the double layer potentials was studied, and approximate solutions of some applied problems were
constructed [2, 3]. And in the further such integral equations were the object of research by many authors.

It should be noted that to this kind of singular integral equations also boundary value problems for spec-
trally loaded parabolic equations are reduced when the load line moves by law x = a.(¢) [4-7].

By means of relations:
(t+1)° 1 t—1

=2— — =
S ey s el PR e
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we reduce the equation (1) to the form

(P(t)—j : 2t exp{_ & }_ 1 exp{_ 1 }+ N
' 2a~/n (t—r)% a’(t—n) (t—r)% a’(t—m) (t—r)%
xexp{— t4 — }(p(r)drz £(0).
a

From [8;183] it follows, that it suffices to find a solution «simplified» equation

o() A [ k(t, D) @(v)dT= f(1). 3)

k(t,t)= ! 2 exp{— it }+ ! [l—exp{—t—TH
’ 2an (t—’E)% a’(t—r) (t—r)% a*(t—1) Johi-

To investigate the full equation (3) we will allocate part of its characteristic, namely

2

where

o() =1 [ k, (6, D) p(x)dT= £, (1), ©)
where
t 4o
k,(t,t)= ————7¢Xp {—2—};
a\/;(t—r)é a (=1
H@0)= F@O)+ 1k, (¢, 7)), (5)
where

1 1T
by (t,1) =—— | 17expy—————¢|.
0 2a\/E(t—‘C)A ( exp{ a U‘“«')H

Equation (4) is characteristic for equation (2), since
t t
ltgl(}!ko(t,r)dt =1 1t1_r)101'([kh (t,1)dt=0.

Considering the right side of equation (4) known, we find its solution, ie solution of the characteristic
equation (4).

Similarly, [9; 174], integral equation (4) is reduced to an equation with a difference kernel. To do this,
we make in it replacements:

1 1 1 1 1 1
:—, :—; = — —’ 5 = —_— 1 — . 6
t PR v(y) ﬁyq{yJ L) hyf(y] (6)

Then we obtain the equation of the form

©

1 1
Y _
o) 3[ a\/E(x—y)% eXp{ a’(x—y)

Solution of equation (7) can be found either by the operational method, or by its reduction to Riemann
boundary value problem [9].

}\y(x)dx =f2(y). (y>0). @)

If we denote L[y(y)] =$( p) as the Laplace transform, we can prove the following theorem of the
convolution

L{ [K(-x) w(x)dx]J(—p)E(p), ®)

where

K(-p)= TK (—1) e™ dt.
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2
L %exp —k—
2
_ 25 _
\v(p)-[l—Xe ‘ j=f2(p)-

The corresponding homogeneous equation has the form

— 2
\v(p)-(l—le a”}o. ©)
Nonzero solutions of equation (9) hold in the case when
1-2e J_ =0. (10)
If p = p, are the roots of equation (10), the eigenfunctions of equation (7) will have the form [9]
v, (»)=C,e™”", C, =const. (11)

2
We shall find the roots of equation (10). When |l| >1we have eanzk [9]. Taking the logarithm,
we obtain

2 J7p =t +ifargh+ 2kn); Kk =0,1, 2%
a

2 2
p, :%(mz 3|~ (arg 2. + 2kn)2)+i%1n\x\2 fargh4-2kn); k=0,1,2,.. (12)

For boundedness of functions (11) at infinity it is necessaty that.Re(—p, )= 0, icIn® [ > (arg) + 2kn)’ or
—1nw < arg?»+2kn§lnm.
lnm + argk} Ny = {lnk —argh

Hence,—N, <k <N,, where N, =
2n 2n

}, k is number of eigenfunctions

of (11). Obviously, the larger
Thereby, VA, W >1we have

, the greater the eigenfunctions.

N,
\lloéom)u(y) = z Ckemy'

k=N,

Passing to the variables{(6), we obtain the solution of the homogeneous equation (4)

(Pnﬁ.(u)u (t) z C

k=—N,
Where Re p, <0by (12).
We note that if A =1, then p, =0. This case is considered in detail in [1] and [10].
Thus, the solution of inhomogeneous equation (7) has the form

\|1(y):fz(y)+7uJ‘rf(y—x)f2(x)dx+ zz C.e™, (Ck—const), (13)

where

n2
7 a\/_( EOTEe {a%—y)}'

Performing reverse replacements (6) to (13), we obtain the solution of the inhomogeneous equation (4)

o) = /() +A[r(1,7) fi()dr+ Z ck-%ep‘/. (14)
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Where

T
e T/Z { a(H)}

We shall now begin to solving equation (3), i.e. the simplified variant of initial equation (1).
Using the formula for the solution of characteristic equation (14), taking into account relation (5) for the
function f,(¢), we obtain

A
(P(t) f(t)+>\‘J. a\/ﬁ(l_ Xp{ —,I:)}J(p(f)d'f+
+X£r(t,t){f(r)+?{[#m(l—exp{ e 1)H(p(r )dTIJdTJrkZ‘VIC %e/

Changing the order of integration in the right-hand side of this equation and intérchanging the roles
of t and 1, we have

T ‘ 1
AMi——|1—expi——— rMr(tt ) ———
o= J.{2a,/n(t— )( © p{ az(t—r)}}_ '[ (tt)2a1/n(1:1—1:)
x(l—exp{ Lﬂ}}dq} (r)dr+f(t)+7»J. t1: (’L’)d‘t+ Z C,- \ﬁ pV

a (T1 k=-N,

(15)

X

(16)

We compute the inner integral in (16)

0 1 7,7
J(ten) = [ (67— | 1—expt—e 1T Ll =
(1,;1) !r(t T )2a s —r)[ exp{ T —T)H T
N 1T, T
T 24 n;‘[ A(r-1,) /1/ -1 eXp{ a’ (f—T)}[l_ p{_az(Tl—T)Hdrl

I & 1 T T,T
J(t,;;\) = — exp —nz—l} 1—exp{—+} dt, =
( ) 2a2n;k" J;(t—‘cl)% (rl—r) { a(t-r,) ( a’(t, —1) :

= ZF 1 (t,7). (17)

As a result of computing the integral /, (,7) takes the form

L (7)) = _n ta\i;__r (exp {_ aZrétt_TT)} —exp {_ (:2"(;11 i)’t }]

Substituting in (17), we obtain
ntt _(n+1)2tr _
Za\/n(t— z [ { a (t )} exp{ az(t—'c) }J

1 { It }
=————Xpi -
2ad\n(t — 1) a (t—r)

Then equation (16) can be rewritten as

or

(trk

T

o) = kJ. —(l—exp{— }J+ ! exp{— L }(p(’t)d’t+
2a\n(t—1) a*(t—m) 2a/T(t —71) a’(t-1)

+f(t)+xj (t7)f (r)deZN]c w”‘/
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Finally, after introducing the notation
L0 = O +1[r(t7) f(D)dx,
0

where r(t,t) is defined by (15), we obtain

o)~ j“’“) di= £+ Y € - (s)

k=—N,
Thus, initial «simplifiedy integral equation (3) is reduced to equation (18) that is Abel integral equation
of the second kind.
According to [8; 117]
Solution of the Abel equation of the second kind
y(0)

y(x)+uj =

has the form
y(x) = F(x)+ npzjexp[npz(x -0 |F(dt, (19)

where

f(t)

F(x)=f(x)- j

We find the solution of Abel equation (18) for f,(¢) = 0, that is, we will find a solution of corresponding
homogeneous equation (3) for each k; — N, <k <N, (eigenfunctions). Under this condition, equation (18)
for eachk; — N, <k<N,, has the form

0, (1) 1 p’{/
_ di=—
0, (®) 2a \/EJ‘ ,—t— te

The solution of this equation can be written as (see (19))

B S S ()
(Pk(t)—F;c(t)+4a2jeXP( 17 )F( )dr,

0
where

1
F()=—7F
* \/; 2a \/E j Tt —
In calculating the last integral we use the formula [1 1, formula 3.471 (2)].
Function F, (¢) is bounded for V¢ €[0; 4+ o0) at £ — 400 and F; (0) =0.

Thus, the eigenfunctions of equation (3) have the form

VA

b5 )
2 Ji

¢, (1) = \/— NG

2t (Ve-9) |1 on/ wr (-
+4—2£exp[ 17 j-{ﬁe/Jr 2 erfc( NE j}dt

We rewrite the last function in the form

o w_ ),
Ve

2 2 t [t [ 2
+ xzexp K—z jexp - 7» i+ 2 Ld‘t-f-k n_‘-erfc L. -exp —th dt
4qa 4a’ ) |4 4 1 Jt 2a Jt 4a
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or
o=+ ﬁen‘c(@}jf p@aﬂ{ (5:2) xf (¢ 7»)}
where
ll(t,k)zj.exp(—j—ZT-k P J%d’t,
. a T T
]z(t,k)=j.erfc[\/:/_7k}exp(——2zr)dr
0 T

After replacing z = J7 the integral 1, (t;?») can be written as

Vi 2
A p
I (th)=2 - P4k dz
N ) I[exp( 4azz +22Jz

We compute the integral 7, (#;1) by parts:

,_ 2
uzerfc[ P ]; dv=exp[—Lerdr;
4a

N

A e v
Then
4> A2 V- | Hda’y-p, Ao op) ]
L(t;h)=— exp| ——t | + exp| —— 1+ % | —drt.
2 (63) == p[ 4a2Jerfc[ N Wlr ! T2 71

After replacing z = Jt we obtain

2 2 '_ 8 2 _ \/; 2
12(t;7»)=—%exp(—4k—aztj-erfc( \/I;Uk }L B _[eXp{—k—zzz +%]i2dz.
0

After substituting the expressions obtained for /, (#;A) and

12
pA/ N \ V- Kz Al A 2 & .
o, ()= \/_ ef( \/; 4a2 exp v 2J.exp e + = dz +

After some simple transformations we obtain

2 2, \Vt 2
K 2 —
9 () =—=e + 1 exp[%jf GXP(‘ ; Z”p—i‘j[u%yzz
a zZ

Jt 24 0 4q* z

Vi 2 [
! p/ —exp(—i}jexp[—k—zzzﬁtp—é‘j f)k dz =
\/; a d4a” )y 4a z 2
2, \Vr 2 [
_ L —&exp[ﬂlJ.exp[p—;‘—j—zzzld[i—iz}
o a

z
z 2a
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2 [ 8 2 Jt 2
k\/_ 2 eXp - }sz -erfc P |4 2P J.exp _7»_222+p_§ izdz .
Za 7\, 4a Jt N 0 4a z )z

(20)
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After the introduction of replacement & = NTPe 2—2 we obtain
z a
/ 7\4 zt _pk e 2

t :—e —_— exp(—&° )dE =

0= “exp| o= f p(-8)dg
Za\/;
) % - -\t

—Lep/ + Mn exp A l; - erfc .

t 2a 4a a 2a\/_

Thus, the function
. w Ve J-n 2a\/-p, —t
t :—e - erfe| ————— 21
0, (1) N p[4a2 p rfc N/, (1)

is an eigenfunction of «simplified» equation (3) for each k; — N, <k<N,,

N, z{lnxntargk} N, :{lnk—argk}‘

2 2

where

Then, the function

o)=Y Coo(1) (22)

k=—N,
is a solution of Abel equation (18) for £, () =0, that isa solution of «simplified» homogeneous equation (3),

and the functions ¢, () and values p, are determined by formulas (21) and (12) respectively.

t . .
We note that after multiplying equality (22) by exp( AL ), we obtain the solution of the homogene-
a

ous equation corresponding to original equation.(1.)

o(1) = i G {Lexp(ﬂ t2j+ 72/; exp[(}:‘_zl)t N J.erfc(wj}
a a

k=—N, \/; t 4a

Thus, the following theorem holds
Theorem. Inhomogeneous equation (1) is solvable for any function f(¢): Jt f(t) € L(0; 0) N C(0; 0).
The corresponding homo geneouse quation has (N, + N, +1) eigen functions

AV -1) - -
O D e

4a a

and the general solution of equation (1) can be written as

(p(t)zF(t)+ M Iexp( G JF(r)err Z C,o,(0),
4q°

0 k==N,

where

J LM 4
N N

and the function £, (¢) = f(¢) + kjr(t,t)f(t) dt, where r(t,7)is defined by formula (15).
0

F(t)=fz(t)—
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M.T.dxenanues, B.K.Kanantapos, M.T.KocmakoBa, M.bl.Pama3zanoB

«KbICBUIMAUTBIHY» AAPOCHI 0ap eKiHmi TeKTi BosabTeppaHbiH
0ip Tenaeyi KaiibIHAA

Makanazna siAPOCHIHBIH «CBHIFBIIIMAybIHa» OailTaHBICTBI LICHIIMICPAIH ASCTYPJIi SAICTEPiH KOJIAHY MYMKIH
emec eKiHn TekTi BoJbreppa epexiiie MHTErpaIblK TeH eyl KapacTeipbliraH. Colikec OipTeKTi TeHaeyiHae

W >1 OonraHzma TyTac CHEKTP OOJIATHIHBL, COHBIMEH Katap W JKOFapJIaFaH/a CUIIATTaMAIBIK CaHAPBIHBIH

ecenenyi e ecertiHi kepcerinni. Terney Kapneman-Bekya omiciHiH kemeriMeH AOenb TEHICYiHE OKETiHII.
TeraeyniH MEHIIIKTI QYHKIHUSIAPH AUKBIH TYPe TaObLIIBL

M.T.dxenanues, B.K.Kanantapos, M.T.KocmakoBa, M.l .Pama3zanoB

O0 ognoM ypaBHeHuu BosibTeppa BTOpOro poaa ¢ «Hec:kuMaeMbIM» SIIPOM

B cratbe paccMOTpeHO 0c000€e HHTErpanbHOE YpaBHEHHE BonbTeppa BTOporo poaa, K KOTOpOMY B CHITY «He-
CKMMAeMOCTH» Spa HE NMPUMEHUMBI KIIACCHYECKHE METOABI perieHus. [Toka3aHo, YTO COOTBETCTBYIOIIEE

OJHOPOAHOC YPaBHEHUE IIPU P\.‘ > 1 uMeeT CIUTOIIHON CIIEKTP, NPHUIEM KPATHOCTb XapaKTCPUCTUUCCKUX UYNUCEIL

pacTeT ¢ BO3pacTaHHEM W VYpasHenue meronoMm Kapnemana-Bekya cBeneHo k ypaBHenuto Abens. Cober-

BCHHBIC CI)yHKI.[I/II/I YpaBHECHUSA Hal/ICHBI B IBHOM BHJIC.
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Integral transforms and boundary value problems

This article is devoted to determine the solution of the none stationary heat conduction equation for unlimited
space and to investigate the two-dimensional Helmholtz equation. The solutions of the considered boundary
value problems are obtained with the use of the mixed Fourier transform and of the double Fourier transform.
From these line items in work it is illustrated how the integral transforms method can be used to obtain
the solution of boundary value problems for partial differential-equations. of different kinds. In addition,
the Green’s function is built for the two-dimensional Poisson equation in this article.

Key words: a heat conduction equation, the two-dimensional Helmholtz equation, the two-dimensional Pois-
son equation, the mixed Fourier transform, the double Fourier transform, a Green’s function.

Many boundary value problems in applied mathematics, mathematical physics, and engineering science
can be effectively solved by the use of the Fourier transform, the Fourier cosine transform, or the Fourier
sine transform. These transforms are very useful for solving partial differential or integral equations for the
following reasons. First, these equations are replaced by ordinary differential equations, which enable us to
find the solution of the transform function. The solution of the given equation is then obtained in the original
variables by inverting the transform solution. Second, the Fourier transform of the elementary source term is
used for determination of the fundamental solution that illustrates the basic ideas behind the construction and
implementation of Green’s functions. Third, the transform solution combined with the convolution theorem
provides an elegant representation of the solution for the boundary value and initial value problems [1].

The boundary value problem for u(x,y,z,t) satisfies the following heat conduction equation and

boundary conditions

U =a’Au, —0<x,y<+0, 0<z,t<+o; (1)
0 = f(x,y,t), u|t:0 =g(x,y,2). (2)
We use the mixed Fourier transform [2] defined by (3)

u

a(h,u,v,1) = %J‘ I e"[“my]dxdyj‘ u(x,y,z,t)sinvzdz, 3)
27‘5 —0 0
to the problem (1), (2) which reduces to
i +a (W +p+ v = \/zava(k,u,t);
T “)

a(h,1,v,0)=G(A, 1, V).

Thus, this transformed problem (4) is solved to obtain

- 2O 422 2 £ O v ) (i -
Ak, 1, v, 1) = G(h,p,v)e @ e +\/:a2VIF(X,u,T)e R (5)
n 0
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